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PREFACE 


Since many stiidents who enter college liave had only two semesters of 
high school algebra, and since most of the students who have studied alge¬ 
bra three or even four semesters need a substantial review before taking up 
advanced topics, the approach to college algebra for the vast majority of 
present-day freshmen must of necessity be elementary. 

In the light of existing conditions, this text has been written for college 
freshmen as they are found to be, and not as one would wish them to be. 
The earlier chaptere contain review material in which the treatment is 
sufficiently elementary and detailed for students who have had only one 
year of high school algebra. And the later chapters contain all the mate¬ 
rial which is usually taught in freshmen algebra courses. In this part, tis 
in the introductory' chapters, careful thought luxs been given to the reading 
ability of the student. The discussions and explanations are in clear and 
simple language, and a studied effort has been made to avoid a too brief 
or too mature treatment. Each new topic is amply illustrated with solved 
problems, these c.xamples having been carefully planned to make clear the 
principles involved and to obviate troublesome points. Although manipu¬ 
lative processes and problem-solving techniques are emphasized, the chief 
aim is that of developing a real understanding of the subject. Thus a 
student should be Irettcr equipped for mastering the mathematics courses 

which follow and for attacking problems where algebra may be advan¬ 
tageously used. 


As mth the text proper, meticulous care has been used in mnkinE the 
exercs^. The exercises begin with quite simple problems and increase in 
difficulty. Thus the less experienced students may gain confidence by 
doing the easier problems and be encouraged to further study; and the 
better prepared students will find sufficienfly difficult problems to chah 

lenge and s imulate their best efforts. The lengths of the exercises are 
such that adequate dri 1 should be fumishAd hv no • • ? 

of the problel. Answers to the proMe!:?are SlTe ^‘ 1 ""^' 
whose numbers are multiples of three. xcept for those 

Although the text provides a course fnr u , 

review of the fundamentals, it is also well suitedt 
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Preface 


good foundation in high school mathematics. For such a group the review 
material could be covered rapidly or only in part. A quick review of the 
fundamental operations and of factoring may be accomplished through the 
supplementary problems at the end of each of these chapters. 

The changes embodied in the new edition, both in material and exposi¬ 
tion, are the result of the classroom e.xperience of the author and the sug¬ 
gestions of other teachers who have used the first edition. The major 
changes comprise the following. 

1. The problem sets are new, and virtually all the text proper has been 
rewritten. 

2. The problems are more plentiful, making possible a longer use of the 
book without repetition in problem assignments. 

3. Complex numbers are treated adequately in a new chapter. The first 
edition gave only a brief introduction to complex numbers. 

4. In addition to the new chapter, several other topics are either new or 
have more detailed treatments. The maximum and minimum values of 
quadratic functions are discussed in the chapter on quadratic equations. 
The chapter on systems of (juadratic e{iuations contains a more careful 
consideration of the graphs of the conic sections and includes some addi¬ 
tional methods of solving systems of second degree equations. Limits for 
the roots of polynomial equations and Descartes’ mle of signs are included. 
Systems of linear equations with more equations than unknoums and sys¬ 
tems of homogeneous linear equations are introduced. 

5. The chapter on logarithms has been materially strengthened in expo¬ 
sition. One simple rule giving the relation of the decimal point of a num¬ 
ber and the characteristic of its logarithm replaces the frequently used 
multiple rules. Logarithms to different bases are discussed. 


G. F. 
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Chapter One 


REVIEW OF FUNDAMENTAL OPERATIONS 


1. Introduction. A student who plans to pursue courees in oollcKO matli- 
ematics should study algebra thoroughly and persistently. Algebra is 
basic to the courses which follow, and a good understanding of its principles 
augurs well for a continued efficient and pleasant study of mathematics. 

Most students who study algebra in college have had a beginning course 
in high school algebra. But even with this previous experience a review is 
usually helpful. Consequently, the earlier chapters of this text treat quite 
elementary aspects of algebra. 

2. Real Numbers. Arithmetic deals with positive numbej's and zero. 
ICarly in the study of algebra, however, negative numljers are introduced. 
The pasitive and negative numbers and zero constitute the numbers of the 
real number system. They are called real numbers in distinction to the 
imaginary numbers, later to be defined. 

A real nuinber is either rational or irrational. If a number can be e.x- 
pres-sed iis the c|uotient of two integers it is called a rational number. A 
number which is not expressible ns the quotient of two integers is called 
an irrational number. The integers, or whole numbers, are rational, since 
each is e(iual to the quotient of itself and 1. Fractions like - f. and f 
are rational. The numbers -y/^ and a- arc irrational. Neither is equal to 
the quotient of two integers. 

The points of a straight line furnish a convenient and useful geometrical 
representation of the real numbers. The plan is as follows. Select anv 
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pomt of the hne as he ongm. Let this point represent the number 0. Then 

riahrof"r ® TU '• 2. 3, und so on, to the 

right of the ongm. The points thus determined represent the positive 
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integers. The points at distances 1, 2, 3, an<l so on, to the left of the ori¬ 
gin represent the negative integers. A number between two consecutive 
integers ha.s its point between tlie points of those integers. Thus the point 

ween 0 and I: the point corre.sponding to — 1.25 is one 
fourth of the way from —1 to —2. The line of Figure 1, with its points 
representing numbers, is called a number scale. 

.1 number M is greater than a number A’ if its point on the n^imber scale, 
is to the right of the point associated with A^ This relation is also expressed 
by saying N is less than M. 

The symbol > is used to mean is greater than and the symbol < means 
is less than. Employing these symbols, we ma}' write 

3 < 5 or 5 > 3; 

-2 < 1 or 1 > -2; 

-4 < -1 or -I > -4. 


The inecjuality symbol in every case points to the smaller of the two num¬ 
bers. 


3. Some Definitions. In addition to the specific numbers used in arith¬ 
metic, letters are u.'ied in algebra to stand for numbers. A letter may 
stand for any number or for certain restricted numbers. Numbers which 
are indicated by letters are called literal numbers. The operations of addi¬ 
tion. subtraction, multiplication, and divisif)n are applied to them just as in 
arithmetic. The signs for tho.se operations also apply. However, the mul¬ 
tiplication sign is u.sually omitted in products involving literal numbei'S. 
Thus 3a5 means the product of the numbers 3, a, and b. 

Addition, subtraction, multiplication, and division are called the funda¬ 
mental operations of algebra. 

Each of two or more numbers which are multiplied together to form a 
product i.s called a factor of the product. In 7xy, the numbers 7, x, and y 
are factors. The letters in a prmluct, as j" and y, are called literal factors. 
And usually the numerical factor, such as the 7, is called the coefficient of 
the other factors. But, more generally, any factor or factors may be 
regarded us the coefficient of the remaining factors. Thus in 7xy, 7i is the 


coefficient of y: and 7y is the coefficient of x. 

A single number or a grouping of numbers with some or all the funda¬ 
mental operations indicated by the proper signs is called an algebraic ex¬ 
pression. The plus (-f-) and minus ( —) sign.s separate an expression into 
parts when there are more than one of these signs. Each of those parts 
with the sign preceding it is called a term. Frequently the first term of an 
expression has its sign omitted; in all such cases the plus sign is understood. 
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Illustrations: 

4 

3a is Jin expression of one term. 

2x — 3y is an expression of two terms, the terms being +2/ and —3j/. 

-I- 7 is an expression with the terms mn, -pq, and +7. 

An expression of one term is called a monomial; an expression of two 
terms is called a binomial; and an expression of three terms is called a 
trinomial. The wort! multinomial is used to indicate an expression of two 
or more terms. 

In algebraic expressions the terms whicli have the same literal factors 
are called like terms. In the expression 3xj/ — 3i/ — 2j y — 3x the terms 
3xy and —2jy jire like terms. 

4. Addition. The result of adding two or more numbers is called their 
sum. We assume that the operation of addition obeys the following laws: 

1. The Co.MMt'T.\TiVE L.\w. The sum of fu'o numbers is the same when 
the first is added to the second or when the second is added to the first. Hence 

4 + 5 = 5 + 4 and a + 6 = 6 + a. 

2. The Associ.\tive L.\w. The sum of three or more numbers is the sa/nc 
in whatever »ia/iHer they are grouped in adding. Hence 

3 + 4 + 0 = (3+ 4)+ 5 = 7 + 5 
= 3 + (4 + 5) = 3 + 9, 

and 

a + 6 + c= {a + 6) + c 


= a + (6 + c). 


In arithmetic positive numbers are added, but in algebra the operation 
of addition is performed on both positive and negative numbers. Addi¬ 
tion in this wider system of numbers is called algebraic addition. Before 
stating the rules for algebraic addition, we shall define the absolute, or 
numerical, value of a number. 

The absolute, or numerical, value of any positive number a is the number 
Itself. The absolute value of a negative number -a is a. ^'ertical bars 
are often used to denote the absolute value. Thus 


Id] -3, |~3[=3, and |0|=0. 

Rule I The ahjcbraic e,m oj Im numbers of the same sign is the sum of 
their absolute values preceded by the common sign. 

T the num- 

er obtained by subtracting the smaller absolute value from the larger absolute 
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value and taking the sign of (he number of greater absolute value. If the two 
numbers have different signs and the same absolute value, the sum is zero. 

Rule 3. The algebraic sum of like terms is a term with the same literal 
factor or factors and whose coefficient is (he algebraic sum of the coefficients of 
the terms. 

Henceforth, in speaking of addition, we shall mean algebraic addition 
as defined by these rules. The operation of Rule 3 is called combining 
or collecting like terms. 

In the following illustrations of addition the quantities to be added are 
enclosed in parentheses. 

Illustrations: 

(11) + (-9) = 2; (-11) + (-9) = -20; 

(-11) + (9) = -2; (a) + (-3a) + (4a) = 2a. 

Addition may be interpreted graphically by use of the number scale 
(Fig. 1). To obtain the sum (3) + (5), for e.xample, we start at the origin 
and count 3 units to the right and then count 5 more units to the right. 
This brings us to 8, which is the sum. If we first count 5 units to the right 
and then 3 more units, we arrive again at 8. Tliis illustrates the commu¬ 
tative law. To find the sum (—5) + (3), we start at the origin and move 

5 units to the left and then move 3 units to the right, stopping at —2. 
The same point would be reached, of course, by first moving 3 units to the 
right and then 5 units to the left. 

Example. Add the expressions 3a — 7ab + 106, —2a -f 7a6 -|- 126, and 
ab - 146 - 7a. 

Solution. Write the expressions with like terms in columns. The order 
of the terms in the last expression is changed for this purpose. 

3a — 7a6 -|- 106 
-2a -b 7ah + 126 
—7a -f a6 — 146 


—6a -b a6 -b 86 

6. Subtraction. To .subtract a number g from a number p means to find 
the number which added to q gives a sum equal to p. That is, p — q = x 
i( q + X = p. For example, 

(13) — (5) = 8 because 8 added to 5 is 13. 

Similarly, 

(13) — (—5) = 18 because 18 added to —5 is 13. 
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We note that in each of these examples the same result is obtained by 
changing the sign of the subtrahend (number to be subtracted) and then 
adding. That is, 

(13) _ (5) = (13) + (-5) = 8 

and 

(13) - (-5) = (13) + (5) = 18. 

These results are in accordance with the rule for subtraction. 

Rule. To subtract one expression from another, change the signs of the 
terms in the expression to be subtracted and then add the two expressions. 

In the following illustrations the signs of the subtrahends are changed 
to emphasize the process. Usually it is preferable to make changes in signs 
mentally. 

Illustrations: 

(9) - (4) = 9 - 4 = 5; (9) - (-4) = 9 + 4 = 13; 

(3J-) - (4/) = 3x - 4 j: = -i; (3x) - (-4x) = 3x + 4x = 7x. 

Example 1. From the sum of 8x + 7y — 42 and -ox + 4y + 52 sub¬ 
tract 2x -h Oy — 32. 

Solution. We write the expressions with like terms in columns, and with 
the signs reversed in the last expression. 

8x + 7y — 42 
—5x -}- 4y -I- 52 
-2x - (>y + 32 


•r + oy -h 42 

The result could also be obtained by adding the first and second expres¬ 
sions and, from their sum, subtracting the last expression. 

Example 2. Combine like terms of the expression 


11a -I- 2ac + 06c - 4 - 7a -h 5ac - 36c -h 6 - a 


Solution. Rearrange by placing like terms together: 


lla - 7a - a -h 2ac -f 5ac -|- 66c - 36c - 4 -f- 6 = 3a 4- 7ac + 36c 


The rearranging was done to make evident 
intermediate step may be omitted. 


the collection process. 


+ 2 . 
This 
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Add as indicated: 


Exercise 1 


1. (14) + (6). 

4. (-14)+ (-16). 

7. (-12) +(4). 

10. (2a) + (-8a). 
13. ixy) + (Zxy). 


2. (14) + (-6). 

6. (7)+(-8). 

8. (-4) +(12). 

11. (-7a) + (7a). 
U. {-x) + {-4x). 


3. (-14) +(6). 
6. (-9)+(9). 

9. (9)+ (-13). 

12. (-3o) + (-c) 
16. (3jr) + (-7 j). 


16. (18)+ (-17)+(-10). 
18. (-7) +(-9)+ (-13). 
20. (5a) + (6a) + (-11a). 
22. (14a) + (8a) + (-30a). 
24. (2ac) + (-r)ar) + (9ar). 

26. (mn) + ( —mn) + (6mn). 


17. (-21) +(24)+ (-13). 
19. (-23)+ (17)+(12). 

21. (-2a) + (9a) + (-a). 
23. (-8 x) + (-4j-) + (15x). 

26. (Smn) + (—mn) + (7mn) 

27. (-3j/) + (-7i/) + (-6i/) 


Perform the subtractions: 

28. (12)-(4). 

31. (-7)-(4). 

34. (6)-(-6). 

37. (3x) - (2J-). 

40. (mn) — (-4mn). 


29. (16)-(-7). 

32. (-8)-(-5). 

35. (6) - (6). 

38. (ox) - (-3x). 

41. (—3mn) — (7nin). 


30. (-5)-(12). 
33. (17) - (14). 

36. (-20)-(13). 
39. (-x)-(-7x). 
42. (2mn) — (4mn). 


43. (13) - (-17) - (10). 

45. (-7)-(I)-(-6). 

47. (4x) - (3x) - (7x). 

49. (6c) - (12c) - (-Sc). 

61. (-8a) - (-3a) - (-2a). 


44. (-9)-(-6)-(7). 
46. (8)-(-4)-(12). 
48. (.6x) - (-6x) - (-X) 

60. (-4c)-(-c)-(2c). 

62. (5a) — (6a) — (7a). 


.\dd the two expressions in each problem 53-69. Next subtract the second ex- 
l>resiiion from the first. 


63. X + 2»/ - 8 
3x - 4j/ + 9 


64. 2x + lOy + 16 
7x - Sy + 10 


66. 2a - 36 - c 
a + .66 — 3c 


66. 4a — 66 — 7c 
—a + 56 + 3c 


57. 5a + 96 - 10c 
—6a + 7c 


68. 3x — 3y — X 
2x + 5y 


69. 7x + 7y 
3x — 9y + 63 


60. 3wi — lOn — 13 
-m + 13n + 23 


61. 11m - 7n + 13 
3m - 8n - 21 


62. 10a - 176 + 24c; 13a + 146 - 16c. 

63. 3o + 46 — 5c + 3; Oa + 76 — 8c — 5. 

64. 156 + 16c - 17a; 12a - 1.36 + 16c. 
66. 16x - lly - 143; lOz + 17x - lly. 
66. 4x — 7y + 63 + 5; 6x + 3y — 53 + 7. 
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67. ox + 6 xy + 3 i/ 2 ; 3j + ~r>j - dyz- 

68. _ 2(1 -f 76 + 3c - 4; 5fi + 66 - 4c - 11. 

69. 4a + 106 + 17c; - 10a + 7 - 1 Ic + 146. 

A(Ui the tliree expressions in each problem 70-77. Next subtract the third ex¬ 
pression from the .sum of tlie first and second. 

70. 2x + ~y - 3; ox - Oy - 5; 4x - oy + ~. 

71. a - 36 + 4r; On -h 76 - 3c; -a + 46 + 7c. 

72. 3n - 46 - 7; -Oa + 76-1- 2; on - 6 - 3. 

73. 7x - 5y - 4; ox + 4y + 6 ; lOx - lly - 13. 

74. 2x — y - 25; 10 — 4j/ — 13x: oy - Ox — 30. 

76. -9x + 7y + 19; 7x - 13y - 15; lOx - 14 + 7x. 

76. X - 14y - IO 2 ; -4x + IKy + 1.32; lox - 19y + 142. 

77. 7a - 36 + 11c; -14a + 106 + I0c;Sa +S 6 + 13c. 

78. From the sum of 2x — 4y + 22 and 3x + oy — S 2 subtract the sum of 
X — y + 72 ami Ox + 4y — 92. 

79. From the sum of 5a — 76 + Oc and 4a — 46 — or subtract the sum of 
3a — 96 — 1 Ic and —a + 26 — 3c. 

80. .\(ld 5x - Oy + 72. Ox + 7y + 102 , and 8 x + 4y — 2 . Subtract tlic result 
from lOx — 4y. 

81. From I lx — 13y + 172 subtract the sum of 2x — y — z, 3x + 2y + 32, and 
X — y — O 2 . 

Combine like terms; 

82. 3x + 7y - 32 + Ox - 8 y - 72 + 5 - 1. 

83. 5 - 2u + 46 - 0 - 7c + 86 + lOa - 4. 

84. 3mn + 2m — 4n + 3/« — On + 7»m + 7 + n. 

86 . 4x — 7 + 5xy + Oy + 8 — 2xy + 2x + y — 5. 

86 . 7y + 3c — 4a — 11 + 7c — 9y + G — a + 6 . 

87. 2x + 3y + 0 - 5 + 2 - 2y - 4x + Ox - 5 + 4y. 

88 . 3a6 — 2ac + 46c — 5 — 06c — S 06 + 1 lac. 

89. ac — 2a +3c+ 6 — 4 + 26 + Grrc + 7a — 3c. 

90. 4 + wi + 2n — om + 0 — 3»in + i/m — 3n + 4. 

91. xy - 2 x 2 + 4 y 2 - 5 + oyz ~ 2xy + 2 x 2 - 9 y 2 + 4. 

92. m + a - 4 + c - 5c + 6 m + 4a + 7c - 2 + 3m. 

93. 9xy + 3x + 4a - 5ax + lOa - 7x + 3xy + Oax. 

6. Grouping Symbols. It is often desirable to think of an expression of 
two or more terms as a single quantity. An expression may be thus singled 
out or set apart by enclosing it in grouping symbols. The grouping sym- 
hols generally used are parentheses ( ), brackets [ ], and braces { |. ' 

We may indicate that two expressions are to be multiplietl by enclosing 
each expression in grouping symbols and writing them side by side. For 
example, (2j - 3y)(x + 4y) means to multiply x + 4y by 2x - 3y. Sim- 
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ilarly, (2x — Zy) — (r + 4?/) means that x + 4i/ is to be subtracted from 
2x — Zy. 

In performing algebraic operations it is often necessary to remove 
grouping symbols. For example, to cany' out the operation indicated by 
(8-r ~ 5y) — (2x — Zy), we first remove the parentheses from each ex¬ 
pression. Since no sign precedes the parentheses enclosing the first expres¬ 
sion, a plus sign is understood. Hence we omit the parentheses and write 
the enclosed expression as it is. The minus sign preceding the second ex- 
pre.ssion means to subtract the enclosed expression. Consequently, em¬ 
ploying the rule for .subtracting, we reverse the signs of the enclosed ex- 
pre.ssion. Thus we have 

(Sj - 5^) - (2j - 3^) = 3i- - 5i/ - 2x + 3!/ = X - 2y. 

For inserting or removing parentheses (or other grouping symbols), we 
have the following rules: 

Rule 1. Parenllifses preceded by a plus sign may be placed about, or re- 
moved from, an expression if no change is made in the signs of the expression. 

Rule 2. Parentheses preceded by a minus sign may be placed about, or 
removed from, an expression if the sign of each of the terms is changed. 

Frequently one or more sets of grouping symbols are contained within 
anotlier. To remove such multiple sets, it is better to begin with the in¬ 
nermost sjmbols. 

Illustrations: 

-[x - (-2x + 3) + 5 - 4j] = -[x -H 2x - 3 + 5 - 4x] 

= _[_x + 2I=x-2. 

[Gx - 13x - {x - y) - 4y] + i/| = !Gx - [Zx - x ■\-y - Ay] + y] 

= {6x - (2x - Zy] + y] 

= {6x - 2x -A-Zy + y] 

= 4x -H Ay. 

Exercise 2 

Remove the symbols of grouping and simplify by combining like terms: 

1. .3(1 - (6 + c) + (a + ft - c). 2. dr + (y - 3) - (2 j -I- 1). 

3. {3r - 2y) - (r + dy - 2). 4. (i - y) - (2r - 3y) - (-x + y). 

6. a - (6 + c - d) -h (a -1- c + 2). 6. 1 - (a - 26 - (3 - a) + 3]. 

7. 8a - ((a -|- 36) - {3a - 6)1. 8. -[r + (3 - x) - (4 -b 3 j)1. 
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9. {3x - 2j/ + -0 - [j - (x -I-!/) - 3i/ + 2]. 

10. -15o - 6 - (36 - (r - 26 -f «) - ■!«) + cj. 

11. 3xy - I -{'2xij + -lx) + I3i/ - (x - xy + x + 2xy))!. 

12. — 1 (« — 2ab + b — 13« + oob + (>/> — (o — fc) 4- o) |. 

13. 5 + !3x + 2y - (4 - X - lOy + (2y - 7x + 2) - 3] + 8x - y). 

14. -{4 - (7x - 8y + 3) - ((3x - 2y + (5) - (x + 2y) - 5] + (-Ox + y)}. 

15. 7a - {(-4a6 - 6 + 10) - l-(4a - Oat - 5) + (-7 + b + 5)!i. 

7. Multiplication. Tlie result uf multiplying two or more numbers is 
calleil their product. The sign X or • placed between numbers indicates 
multiplication. Multiplication is also indicated by writing letters witli 
no sign between them. Thus the pro<luct of a and b may be written as 
a X b, o b, or simply as a6. 

We assume tliat the operation of multiplication obeys the following laws: 

1. Tiik Commut.vtive Law. The product of two numbers is the same 
when (he first number is multiplied by the second or lehen the second number is 
multiplied by the first. Hence 

3 X 5 = 5 X 3 and ab = ba. 


2. The Associ.vtivk Law. The product of three or more numbers is the 
same in whatever manner they are grouped in multiplying. Hence 

3-4-6 = (3-4)-G = 12-G = 72 

= 3 (4-6) = 3-24 = 72, 

and 

abc = {ab)c = a(bc). 

3. The Distributive Law. The product of a number and the sum of 
numbers is the same as the sum of the products of the first number by each of 
the numbers forming the sum. Hence 

3-(4 + G) = 3-10 - 30 


and 


= 3'4 + 3'G = 12 + 18 = 30, 
a{b + c) = 4 - ac. 


In multiplying two or more numbers it is necessary to know what sign 
to give the product. Rules for this purpose may be formulated if we notice 
that multiphcation is essentially addition. Thus (3)(5) means 5 4 - 5 4 . 5 
- 15. Here both factom are positive and the product is positive The 
product (3)(-5) may be interpreted as -5 - 5 - 5 = -15 Siuce'multi- 
pl^afon .s .oinmuf.t.ve, then (-5)(3) = - 13 , Thus ,ve obtain a nega¬ 
tive number as the product of two numbers of unlike signs. Finally we 
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interpret the product (—5)(—3) as the negativ'e of the product (5)(—3). 
This makes C—5)(—3) = —(o){—3) = —( — 15) = 15, a positive result. 

We adopt rules for multiplication which are in harmony x\ith the results 
of the preceding examples. 

Rule 1 . The 'product of two numbers of like signs is positive. The product 
of two numbers of unlike signs is negative. 

CoROLL.\RY. The product of an even number of negative factors is positive. 
The product of an odd number of negative factors is negative. 

Illustrations: 

(-2)(-3) = G; {-2)(3) = -6; 

(-2)(-3)(4) = (6)(4) = 24; 

(-2)(3)(4) = (-G)(4) = -24; 

(-2)(-3)(-4) = {6){-4) = -24. 

Products often have the same factor occurring two, three, or more times. 
This may be represented by writing the factor the proper number of times. 
But it is more convenient to use a shorthand notation. For this purpose 
we have the following definitions: 

a a = a* (read “a square"), 

a-a-a = a^ (read “a cube”), 

a-a-a a = a* (read ‘‘a fourth"). 

The numbers 2, 3, and 4 in a*, a^, and a* are called exponents. They tell 
liow many times the number a is to occur as a factor. The quantities a , 
a ‘. and a* are called the second, third, and fourth powers of a. In general, 
n"‘ {m a positive integer) means that a is to be used m times as a factor. 
The product a”* is called the mth power of a. The number a is called the 
base and m is called the exponent. The first power of a number is usually 
expres'red without an exponent. Thus a = a'. 

Next let us note how we can find the product of two powers of the 
.«iime bo.se, that is, products like a^a^ and 2^-2^. By definition = a a 
and = a a-a. Hence a^a^ = a a a a-a — a®. Similarly, 2^*2* means 
u product in which 2 is a factor 3 + 4 times. We, therefore, have 

aV = 0^+3 = a’ and ^2* = 2^+^ = 2\ 

Now consider the more general product a^a", where m and n are any 
positive integers. The quantity o’” means the product of m factors, each 
of which is a, and a" means a is a factor n times. In all, a occurs as a fac- 
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tor m + n times, and consequently 

The product of two poicers of the same base is a number ivifk the same base 
and an exponent equal to the sum of the two exponents. 

Illustratioas: 

i2a%’){3ab*) = 

The following examples show how to find products involving multi¬ 
nomials. 

Example 1. Multiply j” — 3xy — 2y^ by 2i/. 

Solution. 

2y\x^ - 3xy - 2y^) = 2>Ax‘) + 2,/{-3xy) + 2y\-2,/) 

= 2x'y^ — i)Xi/ — -it/. 

This result, obtained by multiplying each term of the trinomial by 2y\ 
is an application of the distributive law for multiplication. The inter¬ 
mediate step is written to emphasize the process. The usual procedure is 
to write only the final result. 

Example 2. Multiply x- - 3x^ + 5x - (i by 2x - 3. 

Solution. Write the terms in order of descending powers of x. 

-Sx^* + x^ -h 5x - 6 

2x - 3 


—fix'* -f 2x^ + lOx^ — I2x (Each term multiplied by 2x) 

9x^ — 3x- — 15x -I- 18 (Each term multiplied by —3) 

—Cx -|- llx^ -1- 7x^ — 27x + 18 (Like terms combined) 

This scheme for multiplying is embodied in the following rule The 

mie may be fully justified by the commutative, associative, and dislribu- 
tive laws of multiplication. 


Rule 2. The product of Iwo muUinomwls is /he sum of a/l the results oh- 
lairted by multiplymg atl the terms of one multinomial by each term of the other. 
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Multiply as indicated: 

1. (5)(-l)(-2). 

4. (3a6)(2fl). 

7. (-2q-)(-3(i). 

10. (xy)(-2ij){Zx). 

13. (-a6)(-o26)(-62) 
16. 4x(x - Zij). 

19. -7a-(3fl - 4). 

22. ix + Z!/)(x - Zy). 

26. ix ~ 2)(j;+ 1). 

28. (2m — 3n)(m — 4«). 


Exercise 3 


2. {3)(-l)(7). 

6. (7fl){-46). 

8. (4mn)(—3mm). 

11. {-2a)(36)(-4o6). 
14. i-xy)i2y)(-5x). 
17. -2a(3a - 26). 

20. xyix^ - ,/). 

23. (2(1 - b)(2a + 6). 
26. (a + Zb){2a - 6). 
29. (4m + 5)(3m-6). 


31. .3/2(4j:2 - 7x + 2). 

33. 2x-i—4y + Zxy 4- x). 

36. —4mn(3 — om + 6mn + 3n). 

37. 7xy(2y — 4xy 4- i/* + 3). 

39. (j - l)(j2 + z 4- 1). 

41. (2a4-3)(4a*- 6a 4-9). 

43. iy-\-2x)(,/ + xy-x^). 

46. (a-36)(3a2 4-6n6 4-46-). 

47. (6* 4- 2)(26- - 36 4- 5). 

49. (n4-6 4-l)(a-6 4-l). 

61. (m 4“ n 4- l)(m + n — 2). 

63. (o2 4- 3a 4- 4)(a2 - 2a - 3). 

66. (2x‘ -X- 7)(Zx^ + 1 + 4). 

67. ix - l)(x - 2)(x - 3). 

69. (2x + l)(x - 3)(x + 5). 

61. (3 - m)(2 - 3m)(l - m). 


3. (-2)(-3)(-7). 

6. i5xy)i2xy). 

9. i-M)iZab^). 

12. (3xj/^(5xV)(xJ/). 

16. ixy^)i-x^y)i2xy). 
18. 5m(4 — 2m). 

21. 3xV(2xi/2 + y). 

24. (3x + 2//)(3x - 2y). 
27. (2x + 3)(3x-2). 
30. (1 -2x)(3 + 4x). 

32. 2a6(a2-4a6 + 3o6^). 

34. —ZxyH2x + Zxy ~ 4y 1). 

36. 5aH4a^ - 5a6 + 6*). 

38. -xy(x» - 2xy + Zx>/). 

40. (a + b)ia- - a6 + 6^). 

42. (m — 5n)(m* + 5ma + 25«^). 

44. (c — 4a)(2<:* — 5oc + a*). 

46. (3a + 2c)in^ + 7ac — 8c^). 

48. (x* - 7)(3x* + 5x + 6). 

60. (2x - y + 3)(2x + y + 3). 

62. (x* - 2x + 3)(x- + 3x - 2). 

64. (c* - 3c + 2)(c2 + c - 4). 

66. (m* — 4m — 3)(3m’ + m — 4). 

68. (a + 2)(o- l)(a+3). 

60. (3a + 2)(a - 2)(2a + I). 

62. (4 - x)(4 - 2x)(4 + x). 


8. Division. To divide a by h means to find a number which multiplied 
i)y h gives a. That is, a -i- 6 = x if 6x = a. The number a is called the 
dividend, h the divisor, and x the quotient. The signs — and / are also 
u ed to indicate division. Thus, a divided by 6 may be written as a ^ 6, 

7 , or a/6. 

6 

Illustrations: 



In each case the product of the (piotient and divisor is equal to the dividend. 
Divi.sion, being defined in terms of multiplication, has its rule of signs in 
confomity with those for multiplication. 
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Rule. The quotient of tieo numbers of like signs is positive. The quo¬ 
tient of two numbers of unlike signs is negative. 

If m and n are positive integers and m > n, then 



This result is correct because the quotient times the divisor is equal to the 
dividend. That is, = y”\ 

The quotient of a power of a base and a smaller power of the same base is 
a number with the same base and an exponent equal to the differcnee of the two 
exponents. 


Illustrations: 

s-2 1 , 

= y ; = -~3x~ 

Example 1. Divide Sx^y - Qx,f + \2x by 3.r. 

Solution. 

Zx^y - 6xi/ + I2x 
--= xy - 2y^ + 4. 


Each term of the multinomial is divided by the monomial and tl.e result 
e.xpressed as an algebraic sum. 


Example 2. Divide 3x - + 18 by 2x + 3. 

Solution. Arrange the dividend and divisor in 
powers of x, and place the work thus: 


order of descending 


^ ^ _ (Quotient) 

(Divisor) 2x4-3) -6x2+3x+ 18 (dividend) 

-6x2 _ 


12x+ 18 

12x+ 18 


Hence we have 


-6x2 d- 3 j. ^ 13 

27+3 


— —3x + 6. 


Explanation. 

1. Divide the first term of the divifl^m^t *k e 
(-Gr^ . 2x = -3r) to obtain the fimt te Jof the quotiZ“' 
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2. Then multiply the entire divisor by —3x and write the product 
(—6a;^ — 9 j) under like terms of the dividend. 

3. Subtract and obtain I2 j + 18, a new dividend. 

4. Next divide the first term of the new dividend by 2x and obtain 6, 
the second term of the quotient. 

5. Multiply the divisor by 6 and place the result under the new dividend. 
Subtraction now yields zero. 

Example 3. Divide fia"* — 41a^ + 3a + C by 2a" — 4a — 3. 

Solt/iwn. 

3a^ + fia — 4 (Quotient) 

2a^ — 4a — 3) fia^ — 41a^ + 3a + 6 (Dividend) 

Ga^ - 12a^ - 90^ 


12a^ - 32a^ + 3a 
12a^ - 240^ - 18a 


- 8a' + 21a + G 

- Sa^ + IGa + 12 


Flence 


5a — G (Remainder) 


Ga"* - 410^ + 3a + C 


= 3a* + Oa - 4 + 


5a — C 


2a* — 4a — 3 


The remainder in this division is not zero. Con-sequently we express the 
re.sult in the form used in arithmetic when the division is inexact. 

A proldcm in divi.sion can be checked by using the relation 

Dividend = quotient X divisor + remainder. 

9. Operations with Zero. The number 0 plays a unique and important 
role in mathematics. Its properties in the fundamental operations differ 
from those of anv other number. Its use for the.se operations conforms to 

to 

the folinwing rules and illustrations. 

If zero added to or subtracted from any number, the result is equal to 

the original number. As examples, 

2 + 0 = 2; 2-0 = 2; -4 + 0 = -4. 


The profluct of zero and any number is zero. Thus 

CO = 0; -90 = 0; 0-0 = 0. 
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If zero is divided by any number different from zero, the quotient is 
zero. Hence 

0 0 0 ^ 

_ = 0 ; -= 0 ; - = 0 . 

4 -0 a 


These results follow immediately from the definition of division. In each 
the quotient times the divisor gives zero, which is the dividend. 

Zero is never to be used as a divisor. 

The reason for rejecting zero as a divisor becomes evident when we tr>' 
to use it for this purpose. To divide a number k (ditTcrent from zero) by 
zero would mean to find a number which multiplied by zero gives k. This 
is impassible, of course, since the product of zero and any number is zero. 
This might suggest that zero may be used as a divisor if the tlividend is 
also zero. In this case, however, the quotient could be any number k 
because A: 0 = 0. Hence division by zero is never allowed. 


Di\ide as indicated: 

1. rVx-. 

4. b\’b\ 

7. -j/Vy*. 

10 . 12 aVf)a. 

13. 34«’fe-/l7a-6. 

Ox* - 3x 


16. 


19. 


22 . 


3x 

9x2 _ oj _ 3 

3 

25x’ — 5 j 2 — lOx 
5x 


Exercise 4 


2 . 

6 . 

8 . arz/ar. 

11. -MWdl 

14. 40x2j/V-Hxr. 

17. 


7x2 


3. 3/i/3a. 

6 . 

9, 10«6/ —Of?/). 
12 . 2lxv//2lj}f\ 
16. — / 

+ 9ab 

~ 3ab - 


20 . 


23. 


Hrn — itur -f mn 
mn 

8(i2 - 40* - 8n 
— 4a 


7i-ij + xy + zy- 

•r,'/ 

2x^ - Cj2 - 4j2 
-if2 


21 . 


24. 


Perform the division indicated in each of the following prohlerus. ('heck each 
result by finding the pro<luct of the divisor and (luoticnt and adding tlie remainder. 


26. 

28. 

31. 

34. 

37. 


x* - 5x + 4 
X - 1 

6x2 + 5 j _ 4 

2x - 1 
8 - Ox + X* 

x + 3 

a2 - 62 
a b 

X* + 10x2 + 12x + 27 


26. 


29. 


32. 


36. 


x2 - 7 x - 16 
x + 2 

12x2 - 7x - 10 
3x - 4 

x2 - 2x2 - 32 

X - 4 
a*+ 6* 


a + 6 


27. 


30. 


33. 


36. 


3x2 + X — 24 


x + 3 


12x2j^+ 10 
4x + 5 

2x2 ^ 20x - 5 

2x + 6 
n* — b* 


38. 


a ~ b 
4 - 7x + 10x2 4 . J 2 jj 


2x2 + j + 1 


x» + X + 3 
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3.4 _ - 7x2 + X - 10 ix* - 8x2 - 2x* + 1+ 3x 

39- - J31 - “• -- 

.. 2x'-5x2+11x-2x 2-6 4x'- 2x2 + Gx^ + x + 3 

i2 - 3x + 2 ' ■ 2x2 + 1+ X 

43. (4m2 + lOwrn — 5mn^ + Sn®) -5- (m + 3n). 

44. (3m2 - 2m‘n - Zmn- + 2n^) -i- (3m - 2n). 

46. (2m* - 3m2n + 3m2n2 + mn* - n*) -f- (2m - n). 

46. (x^ - 5x* + 7x2 + 3.2 _ 8j- + 7) ^ (x - 2). 

47. (6 + lOx + 3x2 + 3.3 + j4 + 3-5) ^ (j2 + 3. 2). 

48. (2x2 53.2 1 _ 53.4 _ 43.3 _ 5j.) ^ ( 2x _ 1). 

49. (2x2 _ 5^4 + 6^3 ^ 43.2 _ 113. + 4) (2x2 _ 33, ^ 1). 

10. Special Products. Certain kinds of algebraic expressions occur over 
and over in multiplications. Consequently it is worthwhile to learn to 
write their products speedily. We shall derive formulas, or rules, for multi¬ 
plying which greatly condense the procedure used in Section 7. The rules 
should be memorized and applied until proficiency is acquired. 

11. The Product of the Sum and Difference of Two Numbers. Indicat¬ 
ing one number by x and the other by y, we write the product of their sum 
and difference as 

(x + y)(x -y) = x^ - i/^ 

This is a simple formula for the product of the sum and difference of two 
numbers. We state the formula in words. 

The product of the sum and difference of two numbers is equal to the square 
of the first minus the square of the other. 

Example 1. Perform the multiplication (3x + 4i/)(3j — 4//).^ 

Solution. (3x + 4i/)(3x - 4ij) = (3x)'^ - (-iyf = 9x^ - Uiy‘. 

Example 2. Perform the multiplication (42)(38). 

Solution. (42)(38) = (40 + 2)(40 - 2) = 1600 - 4 = 1590. 


Exercise 6 

Ajjply tlie formula and write the products: 


1. (m + 4)(m - 4). 

4. (5 -1- m)(5 - m). 

7. (4 - 3x)(4 + 3x). 

10. {(tb 4- rdfiob — cd). 
13. (52)(4S). 

16. (ix -|- ’i//)(oJ^ “ aU)' 
18. (x* - i/){x* + >/)■ 


2. (2x-|-3)(2x-3). 
6. (2m -h n)(2m — n). 
8. (x2-|-i/2)(x2-j/2). 
11. (2x - y-){2x + >/■)■ 
14. (8o)(75). 


3. (4x + 3)(4x - 3). 

6. (5a + 26)(5a - 26). 
9. (x2 + 3)(x2 - 3). 

12 . (6 - 362)(6 + 362 ). 
16. (33)(27). 


17. (V + |j/)(^x - fy). 

19. (3a2- Il62)(3a2+ 116*). 



17 


Review of Fundamental Operations 


20. (4a- - 7c-)(4a- + 7c-). 
22. (3a* - 46’)(3a* + 46'). 



21 . 

23. 

26. 


(7j-^ + 3y*)(7j-= - 3i/*). 

\Sx by) V3j ^ by) 
(i\^ _ VN , %-\ 
V5r OcV' 


12. The Square of a Binomial. Let x represent the first term and y the 
second term of a binomial. We can verify by multiplication that 


(* + yf = X- + 2xy + 
and 

(X - y)^ = X- - 2xy + 


The.se formulas for the square of x + ?/ and the square of x — y are de¬ 
scribed in the statements which follow. 


The square of a binomial is a trinomial. The terms of the trinomial arc ol>- 
tained by the foUoii'ing steps: 

1. Square the first term of the binomial. 

2. Take twice the product of the terms of the binomial 

3. Square the second term of the binomial. 

The term determined by step 2 is given a plus sign if the terms of the 
binomial have like signs, and a minus sign if the terms have unlike signs. 

Example 1. Write the product (3x - 4y)^. 

Solution. 

(3x - 4y)2 = (3 x) 2 + 2(3x){-4y) -f- (-4y)2 
= 9x- - 24xy + 16y2. 

Example 2. Write the product (5a b)^. 

Solution. 

(oa -f- 6)2 = 25a2 -f I0a6 + 62. 

13. The Square ef a Multmomial. By multiplication we may show that 
.n,l + S' + + 2“ + 2rj, + 2xz + 2yz 


U 4- y z + 

-^ + y^ + ^^ + -^ + 2.y + 2zz + 2z„ + 2yz + 2yu, + 2zw 

These results indicate the correctness of the statement which follows. 
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The square of a multinomial is equal to the sum of the squares of the separate 
terms plus twice the product of each term by every term which follows it. 

Example 1. Write the product (a + 36 — 5)^. 

Solution. 

(a + 36 - 5)=^ = + 96^ + 25 + 2{a)(36) + 2(a)(-5) + 2(36H-5) 

= + 96^ + 25 + 6a6 - 10a - 306. 

Example 2. Write the product (2x — i/ + 3? — 1)^. 

Solution. 

i2x-y + Sz- 1)2 

= 4x2 + 1/2 + 9z^ + 1 — ^ J2x2 - 4x — Qyz + 2y — 6z. 


Exercise 6 

Write the products by inspection: 

1. (x + 1)*. 2. (x - 2)*. 3. (x + 5)®. 

4 . (2/71 - 1 )«. 6 . (m + 3n)2. 6 . (m - 4/1)*. 

7. (2x + 3>j)\ 8. (-1 - 2i/)2. 9. (mn + 5)*. 

10. (7//1 - 5n)2. 11. (xy - 3z)*. 12. (5x - 6j/)*. 

13. 612. 14. 49*. 16. 52*. 

16. (2a* + 6*)*. 17. (a» - 6»)*. 18. (x* - 2j/*)*. 

19. (w/*n - 4)*. 20. (-9 - 2n*)*. 21. (-4x* - 3y*)*. 

22. (x - y + X)*. 23. (x + 2y + x)*. 24. (a - 6 - 2c) . 

26. (a-2b- 3)*. 26. (4 - m - 3n)*. 27. (x* + x + 1) . 

28. (a* + 6* + 2)*. 29. (x + y + x - «’)*• 30. (x - y + x - ix) . 

31. (2a - 6 + 3c - d)*. 32. (3m - n - p + 2y)*. 33. (m - 2n + p - 3?) . 

Treat the factors in each problem as the sura and difference of two quantities 
and write the profiuct: 

34. (a + 6 + l)(a 4 . 6 _ 1 ), 36. (x - y + 2)(x - y - 2). 

36. (2x - y + 4)(2x - y - 4). 37. (3m + 2n - l)(3r7i + 2fi + 1). 

38. (I - 3//I + n)(l - 3w - «)• 39. (a + 6 + l)(a - 6 - 1). 

40. (x + 5y - l)(x - 5y + O- 41. (x* + 1 + x)(x* + 1 - j)- 

14. The Product of Two Binomials with Like Terms. The binomials 
ax + by and cr + dy have like terms. Their product is 

(ax + by)(cx + dy) = acx- + (ad + bc)xy + bdy . 

The following examples illustrate the application of this formula. 
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Example 1. Write by inspection the product of St — Ay and 2x + 5y. 
Solulion. W’rite the binomials side by side. 

-8xy 

n 


(3j - 4y)(2j- + 5^) -8xy + I5xy = 7xy 

I_I 

loxy 

The product of the first terms of the binomials is (3j‘)(2.r) = Gx". As 
indicated in the diagram, the product of the two inner terms is (—4f/){2.r) = 
—Sxy and the product of the outer terms is (3x)(5y) = 15.ry. The sum of 
these like terms is 7xi/. The product of the second terms of flic binomials 
is (—4y)(5i/) = —20^*. Hence we have 

{3x — 4y)(2j: + 5^) = Cx^ + 7xy - 20r/^. 

The middle term of this product is called the cross product term. Being 
the sum of two terms, it is the least simple to find. However, the idea is 
to determine mentally each term in a product of this kind and to write the 
result at once. 

Example 2. Write the product (4x - 3y)(x - 2y). 

Solulion. (4x - 3y)(x - 2y) = Ax- - llxy + Gx-. 

Multiplication by inspection can be performed on multinomials involv¬ 
ing more than two terms. This is illustrated in the next example. 

Example 3. Multiply 2x^ - 3x + 4 by 3x - 5 . 

Solution. We indicate the multiplication by placing the expressions side 
by side. 

-lOx^ 

-9X2 _ ^ 

12 x -|- lox = 27x 
15x 



The product of the first term of the trinomial «nrl n . . 
bmomial is 6.r^ The product of the Lt teZ of hJ < , 

term of the binomial is -20. The 0 ^ 0 ^ kZs 

an term and an r term. The diagram shows howZo fi"„d tZsc”'n™'co 
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we have 

(2x2 - 3x + 4)(3x - 5) = 6x3 _ _ 20 . 

Although we have explained, in words and by diagram, how the terms 
of the product are found, the suggested procedure is to write only the final 
result. 

Exercise 7 

Write the products by inspection: 

1. (x + l)(x + 2). 2. (i + 4)(x - 5). 3. (x + 4)(i + 6). 

4. (x - 5)(x - 3). 6. (x - y)(x - 2y). 6. (2x - l)(x - 2). 

7. (4 + 3»0(5 + 4m). 8. (3m - 2n)(3m + n). 9. (m - 3n)(m + 6n). 

10. (2a - 36)(5a - 6). 11. (3a - 46)(5a + 6). 12. (5a + 66)(o - 56). 

13. (7a + 6 )(-a - 66). 14. (-a - 56)(5a - 6). 15. (5o - 76)(3a - 86). 

16. (x* - 4)(2x2 - 1). 17. (3x* - 8)(4x- + 3). 18. (x* + 7)(x* + 6). 

19. (x^ + X + 2)(x + 1). 20. (x^ - X - 3)(x + 2). 

21. (m* - 2m + 3)(m + 3). 22. {2m^ - 4)(3m + 5). 

23. (4m- - 5m)(2m - 3). 24. (3m* + 3m - l)(2m - 4). 

26. [(x + !/) + l)((r -f-!/) -I- 3). 26. ((x - y) - 31[(x - y) + 2]. 

27. [(2x - y) + 4]((2x - y) - 6). 28. [2(x + y) - l]13(x + y) -|- D- 

16. The Cube of a Binomial. It may be verified by multiplication that 

(x + y)3 = x3 + Zx-y + 3xi^2 + ^ (1) 

and 

(x - y)3 = x3 - 3xV + 3xy2 - 1 ^. (2) 

.\ word description of these formulas follows. 

The cube of a has four terms determined by thefoUowing steps: 

1. Cube the first term of the binomial. 

2. Take three limes the square of the first term limes the second term. 

3. Take three times the first term times the square of the second term. 

4 . Cube the second term of the binomial. 

Example 1. Write the product {2x — Sy)^. 

Solution. 

(2x - oy)3 = (2x)3 + 3(2x)^(-5y) + 3(2x)(-5y)2 ^ (_5y)3 
= 8x3 _ (jox^y + loOxy^ - 125y3. 

Example 2. Write the product (3x + 2)®. 

Solution. 

(3x + 2)3 = 27x3 54 j 2 y _l_ 3 ^^ g. 
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Exercise 8 

Write the cube of each binomial: 

3. (x + 4)>. 

6 . (X - 2j/)». 

9. (6x + 1)*. 

12. {~n - 4)*. 
16. (2a- + 36)». 
18. (x» - 


1 . (x - 1 )». 

4. (3 + x)*. 

7. (5 - x)*. 

10. (2a - 36)*. 
13. (5 -1- a 6 )». 
16. (Cam — «/)*. 


2. (x - 3)*. 

6 . ( 2 x + D*. 

8 . (I - ox)». 

11 . (-a - 6 )». 
14. (o^ - 36)*. 
17. (3w + 4x)/)*. 


Supplementary Problems 

Add the two expressions. Next subtract tlie .second expression from the first: 

1. 3a — 46; 4a + 36. 2. 7x — 2ij; ox — Sy. 

3. llx - 3y: -4x + Gy. 4. 3c - 4d: 7c + 13d. 

6. 2x + 3j/ - 7:4x - y + 1. 6. 4o - 76 + 6; a + 6 - 4. 

7. 2m -h n 4- 5; m - 6n + 6. 8. x - 3y - x; 3x + y + z. 

9. 2x + 3y + 02 - 5; -3x - 7y + 2 + 10. 

10. a — 36 - 7c + 6; 4a - 6 + 12 c — 9. 

11 . ~7p - 4y 4- 7r - 7; 3p + 4g - Or - 13. 

12. 6p 4- 79 - 5r - 3; -9p - 2^ 4- 2r 4- 2. 

Add the three expressions. Next subtract the first expression from the sum of 
the second and third: 

13. 7x 4- 2i/ - 5; 3x - 6y 4- 3; 4x — 6y — 3. 

14. 5a - 6 - 4c; -7a + 66 4- 3c; 3a 4- 76 4- 4c. 

16. -4x 4- 5i/ - 72 ; 6x - 7y 4- 92; -9x - 3y 4- 82 . 

16. 2a - 26 - lie; -a 4- 46 - 6c; -2a 4- 46 4- 8c. 

17. 4p 4- 4y 4- 5r; 3p - 2^ - 7r; 2p ~ 7q - 7r. 

18 . X - 7y — 42 4- 5 ; 3x 4- 3y 4- 42 4- 6 ; X - 2 y - 32 — 4 . 

19. 5a - 56 - 6c - 7; -3o - 26 4- c 4- 1 : 7a 4 - 56 4 - 3c - 1 . 

20. p 2? - 3r - 4; 4p 4 - 5? - 6 r - 7; -Sp - 4? 4 - 5r 4- 3. 

Combine like terms: 


21. 4x - 3y - 3x 4 - 7y. 

23. 11a- 46 4- 66 - 7a. 

26. p - 4q + 7p - q. 

27. X - (y - 2) 4- 3. 

29. (2x - 4y) 4- (-x - 2y). 

31. (3m 4- n) — (m — 3n). 

33. 2a- 364- 7c4-6-4-c4-56- 
34.6x- 32 4-4y4-8-G-y + 7jr_ 

35. 2c 4 - 4y - 7 - 3y - 4c 4 - 2 4 - 5 c - 


22. 3a + -16 — 5 a — 

24. 4x - 4y - 3y 4 - 5x. 

26. 2 r 4 - 3 s — 43 ^ ^ 

28. (a - 36) 4- (-2a 4- 56). 
30. (-0 4-46)-(6-2a). 
32. ( 8 x 4 - 3y) - (-1 + 

^ 66 + 2a — 4c. 

“ IO 2 + 8. 

^ 3 + c. 
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36. xy-\-2x — Zy-\-z — Z-\-2z — 6x«/ — + Ay. 

37. I - (2z - y - 3) + (3x + 4y - 5). 

38. (a - 26 + 3c) - (2<i + 3b - 4c) + 2o - 6. 

39. (i - 3y - 4) - (3i + y + 3) + (4 - x - y). 

40. p [(z - y) - (3z - 2y) + 4) - 3p + 6. 

41. — (z — 6y — 2a — (6 — 4a) — 4) + 7z + 3y. 

42. a - [(z - 7y + 3) - (7 - 9z - y) - 2) - [-4 - (z + y)]. 

Perform mentally the indicated operation: 

43. 4m=(3m - 2). 44. 2ab(3a - 26). 46. -a6®(o® - 46®). 

46. (3z + y)(3z - y). 47. (4a - 5)(4a + 5). 48. (2m - 3n)(2m + 3n). 

49. (2z® - y®)(2z® + y®). 60. (3mn + 4)(3m7i - 4). 

61. (4z®y - 3)(4z®y + 3). 62. (z + l)(z + 3). 63. (a - l)(a - 2). 

64. (a 4- 4)(a — 5). 66. (2m — rj)(m + 2n). 66. (4m + 3n)(m — n). 

67. (2z + 3y)(3z - 2y). 68. (2 - 5z)(l + 4z). 

69. (2m - 3n)(2m - 3n). 60. (5z - 4y)(6z + 5y). 

61. (a® + a + l)(a + 1). 62. (a® - 2a + l)(2a + I). 

63. (2z + 3)(z® + 3z - 4). 64. (z - l)(2z® - 4z + 1). 

66 . (3m® + m - 4)(2m - 3). 66. (6m® + m + 3)(2m - 3). 

Perform the indicated operations: 

67. 2z{z - 2y) - 3z(y - 4z). 68. 3y(4z - 2y) + 4z(3z + 2y). 

69. 4m(m - 2n - 3) - 3a(2m - n). 70. a6(o - 6 + 1) - a(2a6 - 6® - 6). 

71. (3z® - 2)(4z® - z - 5). 72. (5z® + 3)(z® - 6z - 7). 

73. (a 4- 26 + l)(a 4* 26 - 1). 74. (2a - 36 - 2)(2a 4- 36 4- 2). 

76. (m® 4- 2m - 5)(2m® - 3m 4- 4). 76. (6m® 4- 3m 4- 2)(4m® - m 4- 3). 

77. (2z® - 3z 4- 7)(3z® 4- 4z - 5). 78. (3z - 4)(2z» - 4z® - 6z - 2). 

79. (y» - 7y® - 3y 4- 4)(2y 4* 3). 80. (3z - 4y 4- 2)(z® - 2zy - y*). 

81. (a® - 2o® 4- 3a 4- 5)(2a® 4- a* - 4o 4- 6). 

82. (m® - mn 4- n® 4- l)(2m® 4- 3mn - 2n* - 4). 

Divide the first expression by the second: 

83. 3x® 4- 7zy 4- 2y®; z 4- 2y. 84. 8o® - 6a6 - 96®; 2a - 36. 

86 . IOj® - 7zy - 12y®; 5z 4- 4y. 86. 66® 4- 136c - 15c®: 66 - 5c. 

87. Gz® - z* - 3z 4- IS: 2z 4- 3. 88. 3 - 17z 4- 9z® 4- 5z»: 1 - 5z. 

89. 2z® - z®y 4- xy® + y®; 2z 4- y- 

90. 2x* - 5j» 4- 2z® 4* 13z - 12; z® - 3z 4- 4. 

91. 6m* 4- 5m® — 10m® 4- 7m — 2; 3m® — 2m 4- 1- 

92. z® - 2z* - 3z® 4- 2z - 4; z» - z® - 2z - 4. 

93. 6z® - 2z* - llz® - 8z® 4- 7z - 12; 3z® - z - 4. 

94. 5z^ - 4z* 4- 4z® 4- IGz® - 12z - 3; 5z 4- 1. 
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Raise to the power indicated: 

96. ix + 2y)-. 

96. (3x - 4)». 

97. (2x - oy)-. 

98. (4 4- 2y)\ 

99. (7 + Zy)-. 

100 . (x* - 2y)*. 

101. (3m - n-)^ 

102. (mn + 7)*. 

103. (2x2 - t/y-. 

104. (3 - i)\ 

106. (2a + b)K 

106. (I - 2x)*. 

107. (x* - 1)». 

108. (2x* + y)». 

109. (mn + 2a)». 

110 . (x - y - z)-. 

111 . (2a + 6 - (•)'. 

112. (2m - 3n + 1)*. 

113. (a - 6 + c - rf)*. 

114. (2a + 36 - c - 3d)'. 



Chapter Two 


FACTORING 


16. Introduction. A considerable part of Chapter One dealt with find¬ 
ing the products of factors. In this chapter we shall consider the problem 
of finding the factors when the product is given. This process, called fac¬ 
toring, is used extensively in performing algebraic operations. Factoring 
is usually restricted to expressions of a special kind, which we now discuss. 

17. Rational Integral Expressions. A rational Integral expression in x 
is the sum of terms like kx", where « is a positive integer and k is a coeffi¬ 
cient free of x. In addition to the terms involving x, there may also be 
terms composed of other numbers called constant terms. The word poly¬ 
nomial is used with the same meaning as rational integral expression. The 
following are rational integral expressions, or polynomials: 

3x -f 4; — 5x -f 7; Sx^ — 5x^ + 7x. 

We may have polynomials in two, three, or more letters. The expressions 
5x^ - 2x^y -(- Zxi/ ~ 4y 5 and \x^y + 5xy‘^ - 2y^ - y* 
are polynomials in x and y. 

The degree of each term of a polynomial in x is the exponent of x in 
that term. The degree of the polynomial is defined as the greatest expo¬ 
nent of X in the expression. For example, the terras of 

7x^ -I- 6x^ - x^ - 5x + 3 

are, respectively, of degrees four, three, two, and one. The constant term 
3 may be regarded as of zero degree. The expression is of degree four. 

In a polynomial of more than one letter the degree of any term is the 
sum of the exponents of the letters in that term. And the term or teims 
of highest degree determine the degree of the expression. The terms of 

2x^y^^ - Sx^yz + xy - x + 5 

24 
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are. in order, of degrees seven, four. two. one, and zero. The polynomial 

FaToHn^g irpolvnomials is usually restricted to those in which each 
coefficient is a rational number. That is. each coefficient is equal to he 
cuotient of two integers. We say that a polynomial is actored when it is 
expres-scd as the product of polynomials each of winch has rational coeffi¬ 
cients And the polynomial is completely factored if none of its factors 
can be factored. Kach factor, then, being exprcs.sible as a product only 
as I times itself or minus 1 times its negative, is said to be prime. 

18. Common Factors. If each term of a polynomial has a common fac¬ 
tor, the polynomial may be written at once as the protiuct of two factoi-s, 
one of which is the common factor. 


Example 1. Factor ax -F ay — Qz. 

Solution. Each term has the factor a. Then if we divide the given 
c.vpression by a, we obtain the other factor x -|- y — 2- Hence, 

ax + ay — az ~ a{x + y — z). 


Example 2. Factor Oax -F 36x -F 9cx. 
Solution. Each term has 3x as a factor, and 


Oax -F 36x -F 9cx = 3x(2a -F h -F 3c). 

The common factor of each term of an expression may have more than 
one term. Now let us consider the case in which the common factor is a 
binomial. 

Example 3. Factor x(a -F h) + y(a + !>)• 

Solution. Here one term is x(a + b) and the other y(a -F b ); each of the 
terms has (a -F b) as a factor. Then dividing the given expression by 
a b, we obtain x -F y, which is the other factor. Hence, 

i(a + 6) -F y(a + 6) = (a -F 6)(x -F y). 

The factoring could also be done by first writing one letter to stand for 
a -F h. Thus, 


x(a -F h) + y(n + 6) = xc -F yc = c(x + y) = (a + 6)(j: + y), 

19. The Difference of Two Squares. We have noticed that the product 
of the sum and difference of two numbers is equal to the difference of their 
squares. That is, (x -F y)(x ~~ y) = x^ - y^. Reversing the order of 
writing these eijual quantities, we have the factoring formula 

= (x + y)(x - y). 
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From this formula we may state the rule for factoring the difference of the 
squares of two quantities. 

The difference of the squares of two numbers is equal to the 'product of the 
sum and difference of the numbers. 

Example 1. Factor 4a^ — 96^. 

Solution. 

4a^ - 9^2 = {2af - (Zbf = (2a + 36) (2a - 36). 

The intermediate step is wTitten to make it perfectly clear that the 
expression is really the square of one quantity minus the square of another. 
It is usually desirable to omit this step and wTite the factors at once. 

Example 2. Factor 4aj^ — \Za\ff. 

Solution. Remove the common factor 4a first. Then we have 

4ax^ — ItSay^ = 4a(x^ — 4i/^) = 4a(x + 2y){x — 2y). 

The quantities which are squared may be monomials, as in the examples 
above, or they may be of more than one term. 

Example 3. Factor (a + 6)^ — (c — Zdf^. 

Solution. We have the square of a + 6 minus the square of c — 2d. 
Hence, one factor is (a + 6) + (c — 2</) = a + 6 + c — 2d, and the other 
is (a + 6) — (c — 2d) = a -f 6 — c + 2d. Then we have 

{a-\-bf - (c-2df = (a + b + c - 2d){a + 6 - c + 2d). 
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Factor each expression completely: 


1. ax 4* oy. 

4. 5mn — Khn*. 
7. 4x’ — XI/ + X. 


2. 3x + 9i/. 

6. 8w* — 16m. 

8. 3x^ — 3x1/ + 6xj/*. 


3. 6x - \2xy. 

6. 20m* — 5m. 

9. x*j/ - xy* + xy. 


10. 3(x + 4) + o(x + 4). 11. p(m - n) + - n). 

12. m(a + 6) - (a + 6). 13. o(x* - x - 1) - 6(x* - x - 1). 

14. (3a - 26)(x + 6y) + (x + 6y). 16. (i - 2y) + (x + y){x - 2y). 


- 3n)(2m + 3n) + (3m - n)(2m + 3n). 

- y){x - 2y) + 3(4x - y) + (X + o)(4x - y). 


16. (m 

17. (4x 

18. 9x* - y*. 

21. 4a* - 256*. 

24. 36 — m*n*. 

27. 3a - 27a6*. 

30. 16x* - (2y - 3)*. 


19. X* - 16. 

22. 8a* - 326*. 

26. m’ — 16m. 

28. (a - 1)* - 6*. 

31. (i - y)* - 9a*' 


20. 1 - 25x*. 

23. 2ax* — 18oy*. 

26. 4m*n* — 9c*. 

29. a* - (6 + 2)*. 

32. 4x*y* - (z + D*. 
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33. (m + n)* — (a + 

36. (2m - 1)* - (« - 0*- 


34. (m + n)* - (a - 6)^ 

36. j-(2a - 3) - 4iA2a - 3). 


37. Ax-(p + q)- &4(P + 9)- 

38. (3j + 4)(m* - «*) - (2 j - 3)(m- n-). 

39 . (2x- - 8)(y* - a*) + (2x* - 8)(a- - x-). 


Factor and then multiply the two factors: 

40. (4S)* - (22)* = (48 + 22)(4S - 22) = 70(26) = 1820. 

41. (52)* - (48)*. 42. (56)* - (46)*. 43. (55)* - (35)*. 

20. The Sum or Difference of Two Cubes. If we divide + y by 
j we obtain the quotient j" — xy + y^. Hence, 


= (* + y)(JC' - xy-\- y‘). 


A word statement of this formula follows. 

One factor of the sum of the cubes of tu'o quantities is the sum of the quanti¬ 
ties, and the other factor is the square of the first quantity minus the product 
of the two quantities plus the square of the second. 

Similarly, it may be verified that 

= (.X - y){x~ + xy + y')- 

One factor of the difference of the cubes of two quantities is the difference of 
the quantities, and the other factor is the square of the first quantity plus the 
product of the two quantities plus the square of the second. 

Example 1. Factor a^b^ + c®. 

Solution. 


a^b^ + = (ab)® + c* = {ab + c)(a*b" — abc + c^). 

Example 2. Factor 27x^ — y®. 

Solution. 

272 ^ - = (3x - y)(9x^ + 3xy + y^). 

Example 3. Factor (x + y)® + 

Solution. 


(i + y)3 + = [(x + y) + 2 ]((x + yf - (x + y)z + z 2 j 

= (x + y + z)(x^ + 2ry + y2 -xx-y 2 + z^). 
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Exercise 10 

Factor: 

1. j* + 27. 2.8 + x\ 3. 

4. x» - 64. 6. 1 - 8x*. 6. 125 - 

7. 16fi’ + 2b\ 8. 8fl3 - 276*. 9. 27n*6* + c*. 

10. n6* + 27aK 11. 3a*6* - 24. 12. 04fl* - 276*. 

13. (/ + yY - 2 *. 14. (x - 2y)* +1. 15. x* + (2>j - 2 )*. 

16. 8(x + D* + y*. 17. 27 - (X - y)*. 18. 1 - 8{x + y)*. 

19. w* - (2n - 3)*. 20. (m + n)* - (a - 6)*. 21. {m - »)* + (« + 

21. Trinomials. IVe have seen how to find by inspection the square ol 
a binomial and the product of two binomial.'^ with like term.s. In each of 
these cases the product is a trinomial. Our problem now is to factor tri¬ 
nomials of this nature. 

From Section 12, we have 

X- + 2xy + = (x + yY 

and 

- 2xy + = (x - y)^ 

.\n examination of the.«e formulas will furni.di a way for determining if a 
trinomial is the .«(|uare of a binomial. The middle term of the first tri¬ 
nomial is twice the product of two (juantities and the other terms are the 
squares of the quantities. Tliis, therefore, is a test for determining if a 
trinomial is tlie stpiare of tlie sum of two (juantities. The second trinomial 
is minus twee the product of two quantities plus the sum of the squares 
of the quantities, and this means that the trinomial is the square of the 
difference of two (juantities. 

Example 1. Factor 25x^ -h 30x -f 9. 

Solulion. The first term is the square of ox and the la.st term is the square 
of 3. The middle term is twice the product of 5x and 3. Hence the tri¬ 
nomial is a perfect square, and we write 

25x=' + 30x -I- 9 = (ox -b 3)2. 

Example 2. Factor 9x^ — 12xy -f 4y^. 

y%lu(ion. The first term is (3x)^ and the hist (2y)‘. The middle tenn is 
minus twice the product of 3x and 2y. This means that the trinomial is 
the square of the difference of 3x and 2y. Hence we have 

Ox^ - 12xy -b 4;r = (3x - 2y)^ 

We next illustrate the case of factorable trinomials which arc not perfect 
squares. Factoring in this ca.se is less simple than that of perfect square 
trinomials. However, the following examples show the procedure. 
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Example 3. Factor - 5x + 6. 

Solution. If X is used as the first term of each factor, the product will 
contain x'-. The product of the other terms must be 0. This value is the 
product of 1 and 0, of -1 and -0, of 2 and 3. and of -2 and -3. Ob¬ 
serving the middle term of the given trinomial, we see that the tei-ms whose 
product is 0 must have the sum -5. Only the pair -2 and -3 have the 
required sum. Hence we have 

- 5x + 6 = (X - 2)(x - 3). 

Example 4. Factor 8x' — 2xy — loy^. 

Solution. For the first terms of the factors x and 8x or 2x and 4x ap¬ 
pear as possibilities. Tlie second terms must have — \i)i/ as their product. 
The choices for this product are —y and loy, y and — loy, —3y and .5y, 
and 3y and —oy. But the sum of the cross products (the first term of each 
factor times the second term of the other) must yield —2xy. By trying 
the various combinations it may be determined that 2x — 3y and 4x -1- oy 
are the factors. Hence, 

8x^ — 2xy — loy^ = (2x — 3y)(4x + 5y). 


Factor: 

1. X* -1- 4x 4- 4. 

4. 16x2 - 24x -f- 9. 

7. 9o2 + 12<i6 4- 4fe2. 

10. a2 4- 6a 4- 8. 

13. — 7wi -b 6. 

16. w* — «i — 12. 

19. a* - 4a6 - 216*. 

22. 2j 2 4- x - 3. 

26. 10x2 - I3x - 3. 

28. 21 - 25x - 4x2. 

31. 12x2- iix*4-2x. 

34. 0* 4- 6a2 4- 9. 

37. a* - 3a* - 4. 

40. o« - 8a* 4- 16. 

43. 6x4 - 5x* - 6. 

46. (m — n)* 4- 2(m — n) 4-1. 

48. (m — 4n)* -f- 3(m — 4n) — 10. 
60. 3(x - y)* - 7(x - y) 4- 2. 


3. 4x* 4- 12x 4- 9. 

6 . 25 - 30x 4- 9x*. 

9. a* - 2ab + b\ 

12 . a* 4- 5a 4- 4 . 

16. m* — 9 hj 4- 20. 

18. m* 4- 5w — 14. 

21. a*4- llafe4- 186*. 
24. 4x* 4- 23x - 6 . 

27. 24 - lOx - 21x*. 
30. Cx*- llxy-7y*. 
33. 4x*y* - 5xy* - 6 y*. 
36. 4a^ 4- 8 a* 4 - 4. 

39. 2a*-o*- 1 . 

42. 25a* + 20a* 4- 4. 
46. 10 - llx* - 6 x*. 

47. (2m - n)! - 4 ( 2 ,,, - n) -f 4. 

49. (m 4- n)* - (m 4- n) - 2. 

61. 4(x 4- 2y)‘ 4 - 4(x 4- 2y) — 3 . 



Exercise 11 

2. 

X* - 6x 4- 9. 

6. 

1 - 8xy 4- 16x*y*. 

8. 

16a* 4- 8a6 4- 6*. 

11. 

a* 4- 7o 4- 6. 

14. 

m* — 9m 4* 18. 

17. 

m* 4- 2m — 15. 

20. 

a* - 5a6 - 366*. 

23. 

3x* 4- 4x — 4. 

26. 

4x* - 4x - 15. 

29. 

3x*y* - llxy 4- 8. 

32. 

X* 4- 13x* 4- 42x*. 

36. 

9 - 6a* 4- a*. 

38. 

3a* - 10a* - 8. 

41. 

81 4* 18a® 4- a*. 

44. 

4x* - 17x* 4 - 4. 



30 College Algebra 

Factor the expressions 62-56. Each is the square of a trinomial. 

62. + 1 + 2xy + + 2i/. 63. + j/’ 4- 4 — 2jy ix ~ iy. 

64. I* + 4j/2 + 4 + 4xy — 4x — 8y. 66 . ar* + y* + 9s* - 2Ty - 6 x 2 + 6 y 2 . 

Factor the expressions 66-69. Each is the cube of a binomial. 

66 . + 6 x* 4- 12x + 8 . 67. 8 y» - 36y* 4- 54y - 27. 

68 . a* - 18a* 4- lOSa - 216. 69. 125a* 4- loOo* 4- 60a 4- 8 . 

22. A Common Factor by Grouping. Sometimes a multinomial whose 
terms contain no common factor can be separated into groups of terms 
which have a common factor. The common factor of the groups is a factor 
of the multinomial. 

Example 1. Factor 3x 4- 3j/ 4- 4- ay. 

Solution. The terms contain no common factor. But a common factor 
results by the grouping of the first two and the last two terms. Thus we 
get 

3x + 3y + ax + ay = (3x 4- 3y) 4- (ai 4- ay) 

= 3(x 4- 1 /) 4- a{x 4- y) 

= (a^4-y)(3 4-a). 

The factors could also be obtained by grouping the first and third terms 
and the second and fourth terms. 

Example 2. Factor — 2x 4- 2y 

Solution. 

- y2 _ 2x + 2y = (x^ - /) + (-2x 4- 2y) 

= (x 4- y){x -y) - 2(x - y) 

= (x - y)(x 4 - y - 2 ). 

23. Multinomials Reducible to the Difference of Two Squares. Some 
multinomials not in the form of the difference of two squares may be so 
expressed by a proper grouping of the terms. We shall illustrate two 
slightly different devices which are used for this purpose. In one case the 
terms as given can be separated into the difference of two squares; in the 
other the multinomial is first altered by the addition and subtraction of a 
term. 

Example 1. Factor 4 — x^ 4- 2xy — y^. 

Solution. The last three terms mth their signs reversed may be recog¬ 
nized as the square of x — y. We make the change in signs by the use of 
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parentheses preceded by a minus sign. Thus we have 

4 - + 2 jy - ir = -1 - (j:- - 2rj/ + y~) 

= 4 - (x - y)^ 

= (2 + X - y)(2 - X + y). 

Example 2. Factor x* - Cx* + 1. 

Solution. The terms as given cannot be groupe<l into the difference of 
two squares. The desired grouping can be achieved, however, by the 
introduction of a new term. The given trinomial would be a perfect square 
if the middle term were 2x' or -2x-. Hence the addition of either Sx* or 
4x" yields a trinomial which is a perfect square. If a term is adiled, it must 
also be subtracted in order that the new expression shall be equal to the 
original one. It becomes evident, therefore, that the term chosen for addi¬ 
tion and subtraction should itself be a perfect sejuare. On this basis 8x^ 
must be rejected. Adding 4x'* and then subtracting 4x-, we get 

I = -2x-+l - 4x2 

= (x2 - 1)2 - (2x) 2 
= (x2 - 1 -1- 2x)(x2 - 1 - 2x). 

It should be understood that the device of adding and subtracting a 
term, for the purpose of factoring, works only if (a) the expression to be 
factored becomes a perfect square by the addition, not the subtraction, 
of a term, (b) the term added, and also stibtracted, is a perfect square. 


Exercise 12 


Factor: 

1. ox 4- ay 4* 4i + 4y. 

3. 5x — 5y 4* ox “ ay. 

6 . ox — ay 4- 2cx — 2cy. 

7. 9xy — 3ox 4* 3y — o. 

9. m* - 2m* - 3m 4* 6. 

11. am* — 3m* — am + 3. 

13. ox — ay — az 4* 6x — 6y — bz. 

16. m* 4- 2m 4- 1 4- am 4- o. 

17. 9m* — Cm 4" 1 “ 3am -f- a. 

19. a* — 6* 4" 5a 4" 56. 

21. a* 4- 2a - 3 4- o6 4- 36. 

23. z* -h y* 4- X 4- y. 

26. Q» _ 6* - a* 4- 6*. 

27. a* 4- 6* - a* - 2a6 - 6*. 


2. 4x 4- 12 4- xy 4- 3y. 

4. 12xy 4- 9cy 4- 3cx 4- 4x*. 

6. 9x 4- 3y — 3xc — cy. 

8. 3xy 4- 9ax — ay — 3a*. 

10. 4 — 2m — 4m* 4- 2m*. 

12. 2om* — 8am 4- 2m* — 8. 

14. 2ax 4- 3oy - az 4- 4x 4- fiy — 2z. 
16. m* - 4mn 4- 4«* - 3m 4- tin. 

18. m* + 2mn 4- n* 4- 4m 4- 4fi. 

20. a* - 46* - 3a 4- 06. 

22. 2a* - 3o - 2 4- 4a6 4- 26. 

24. X* - y* - X -f y. 

26. o* 4- 6* - a* 4- a6 - 6*. 

28. a*-2a6 4-6*- 1 . 
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29. nr + Cmn + — 9. 

31. _ 9 + i2n - 4«2. 

33. Ifi — nr — 2mn — n*. 

36. 9i/ - 4x2 _ i2x - 9. 

37. Qx’* — 6x + 1 — y2 _ 4yz — 4^2. 
39. x' + 4. 

41. x' - 3x2 + 1 
43. 4a* + 8a-b’ + 9b*. 

45. y* - + 16x*. 

47. 49y* - I5y- + 1. 


30. nr — 8m + 16 — j/2. 

32. m2 + 4 h 2 — 16c2 — 4m7i. 

34. i2 - 2x + 1 - t/2 _ 2yz - z\ 

36. x2 + 4x + 4 — y2 + 2yz — a*. 
38. x* — 2xy + j/2 _ ^2 ^ 2a6 — 
40. 64o*+ 1. 

42. X* - Gx- + 25. 

44. xV + + 1. 

46. 25y* - 21y2 + 4. 

48. 36!/*+111/2 + 1. 


24. Binomials of the Form x” — y” and x” + y”. The binomial x" — y”, 
where n is a positive even integer, is factorable as the difference of two 
sciuares. For the case in which n is divisible bv 3, the binomial may be 
factored as the difference of two cubes. If n is divisible by both 2 and 3, 
the factoring is facilitated by treating x" - y" as the difference of two 
.squares rather than as the difference of two cubes. 

The binomial x" + y", where n is a po.sitive multiple of 3, is factorable 
as the sum of two cubes. 


Illustrations: 

x** - y^ = - y^) = + |/)(^ - y)- 

a-e _ ^6 = (x3 + 

= (x + y)(x^ - xy + y^)(x - y)(x^ + xy + y^). 

(x^ + y*)(x^ - xV + y*)- 
(x^ + y^)(x® - xV + y*^) 

(x + y)(x2 - xy + y^)(x« - xV + /)• 

It will be seen in Chapter Fifteen that x" — y" and x" + y" may be 
factored for certain other positive integral values of n than those here 
considered. 

Binomials which have terms of different degrees are sometimes expressible 
as the difference of two squares or cubes, or as the sum of two cubes. 

Illustrations: 

X** - y* = (x^ + - l/). 

X® + y” = (x^ + y^)(x® - x^y=^ + y*). 

x« - y'2 = (x^ + y«)(x3 - y®) 

= (x + y^)(x^ - xy^ + y^)(x - y'')(x^ + xi/' + y'*)- 


X® + y® = 
X® + y® = 
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Exercise 13 

Factor: 


1. x« - 1. 

2. 16 - x‘. 

3. 1 - Six*. 

4. G25j^ — 1. 

6. Six* - IGj/*. 

6. 256 - x». 

7. m« - 1. 

8. W - 

9. HI* - 8. 

10. G4fH« + 1. 

11. HJ* + Wh*. 

12. »i«n« + 1. 

13. X* - 16. 

14. IGx* - 9*. 

16. x“» - y*. 

16. !*</ - 16. 

17. X® + >/. 

18. x‘* - y' 2 . 

19. X® + !/*. 

20. X* + 

21. X® - 27y^ 


26. The Lowest Common Multiple. \ polynomial which is exactly divis¬ 
ible by two or more polynomials is called a common multiple of tlie latter 
polynomials. The common multiple determined in the following way is 
called the lowest common multiple (L.C.M.): 

1. Factor each of (he given polynomials. 

2. Form a product by using all the different prime factors of the polynomials, 
giving each prime factor the largest exponent which that factor has in any of 
the polynomials. 

Example 1. Find the L.C.M. of 2-ixy-, iSx^y^, and 36 j-)/z. 

Solution. We factor each of the numerical coefficients. 


24jir = 

ISxV = 2-Z--x^y 

Zi\xyz = 2--3--X-J/Z 

The prime factors in the given expressions are 2, 3, x, y, and z. We give 
each of these factors the greatest exponent appearing in any of the factored 
expressions and form the product 



This result is the L.C.M. of the given expressions. 

Example 2. Find the L.C.M. of + Sr - 3, 7x^ - 14/ + 7, and 
l2x^ ^ 12. 

Solution. We first factor each polj-nomial completely. 

6x2 + 3x - 3 = 3^^ + X - 1) = 3(2x - l)(j + i) 

7x2 - 14x + 7 = 7 (x 2 - 2x + 1 ) = 7(j: _ 

- 12 = I2(x^ - 1) = 2=.3(^ ^ 
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Selecting the proper power of each prime factor, we get 


22-3-7(2j - l)(x + l)(x - 1)2 = 84(2jr - l)(x+ l)(x - l)^, 


which is the lowest common multiple. 

The L.C.M. may be expressed in factored form or the actual multiplica¬ 
tion may be carried out. The factored form, however, is usually more 
convenient. 

Exercise 14 


Find the L.C.M., leaving each result in the factored form e.xcept for the nu¬ 
merical coefficients: 


1. 6x1/*, 4xV. 36x!/. 

3. 10x1/2, 2\x-y2, lOxyzK 

6. 4x — 4. X* — 1. 

7. 2x^ -h 2x - 4, 3x* -I- 7x -F 2. 

9. ni* - m - 6, 2w* - 7m +3. 

11. m* - m- - 2mn n*. 

13. + m, m* - m, m* - 1. 

16. 2x’ - 7x + 6, 3x- - 8x -h 4. 

17. x*-|-l,x*- l.x^+x*+l. 

19. X*- 16. z»-64,4x*- 16x. 


2. 18xy, 20xy, 30x^1/. 

4. GOxy, 36x*, 84yV. 

6. 4x-2, 4x*- 1. 

8. 6x* -h 9x - 6, 8x* - 2. 

10. 2m* - m - 3. 4m* - 12m + 9. 
12. 2m* + 3m -2. 4m*- 1. 

14. 2m*n* — 8, 6m*n* — 9mn — 6. 

16. 4x* - 15x - 4, 8x* - 2x - 1. 

18. x*-l-4x*-l- 16, x*-}-8. 

20. x« - 8x* - 9, 4x» - 36x. 


21. 2m* - 5mn -h 2n% n* - 4mn -|- 4m*. 8m* - n*. 

22. 8m* — 27n*, 16m* -1- 24m*n -1- 36mn*, 4m* - I2mn + 9n*. 

23. m* — m* - m*n + mn* - n*, m* -f m*n - mn* — n*. 

24. j: _ - 2.!/2 - 2*. X* +■ 2x1/ + I/* - 2*. X* - 2x2 + 2 - - I/*. 

26. X* - 2x2 + 2* - 4r. X* + 4x1/ + 4j/* - 2*. x* - 4j/* - 4y2 - 2*. 

26. 12x* - 25x1/ + 12j/*, 9x* - 24xi/ + 16y’, 27x* - 641/*. 

27. 27x* + 8//*. 6x* + xy - 2y*, 9x* -1- 12xy + 4y*. 

28. 9x* 4* 9xy - lOSy*. 24x* - 6xy - 3y*, x* - 5xy + 6i/*. 


Supplementary Problems 
Factor the following e.\pression.s: 


1. X* - 3xy -I- X. 
4. 9a* - 1. 

7. 8m* - 2n*. 

10 . 8 -i- a*. 

13. 8m* -h 27n*. 
16. 1 - (x -h y)*. 
19. X* - 9x 4- 20. 
22. 4 - 4a 4- o*. 
26. 2x* 4- 7x 4* 6. 


2. 2a6* - 4fl6 4- 2a-b. 
6 . 4x* - 9y*. 

8 . 3xy* - I2x». 

11. y* - 04. 

14. 3ap* 4- 24a?*. 

17. (x4-y)*4- 1. 

20. X* - 2x - 24. 

23. m*n* 4- 13mn 4- 42. 
26. 6a* 4- a - 12. 


3. 6xy - 3x*y 4- 9xy*. 
6 . 36m* - 25n*. 

9. (X 4- y)* - 9. 

12. 1 - 27x*. 

16. ax* - 8axy*. 

18. 16x* 4- Wy* 2 *. 

21. X*- 11x4*30. 

24. 2x* - 5x 4- 2. 

27. 15<J* - o - 2. 
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28. - 3x* - 4. 

30. 12m* + lOmu - 12n*. 

32. 4a* - 20a6 + 2o6*. 

34. 4{o — 6) — a(a — 6). 

36. i*(m + h) — 4i/*(w + n). 

38. 8a + 2a6 — Aaij — ahij. 

40. j* — I/* + 3x — Zy. 

42. 2x* + 6r* - 3x - 9. 

44. m* — n* — m* + 2mn — n*. 

46. 25 - a* + 6a - 9. 

48. 6x* — 5xy + ISrx — 15yx. 

60. I* - 3x* + 3x - 1. 

62. 8a* + 36a* + 54a + 27. 

64. I* + {/* + 4 — 2xy + 4x — 4j/. 
66. X* — 4x1/ + 4i/* — a- — 2a6 — 6*. 


29. x» + X* - 2. 

31. 9x* + (xry + y*. 

33. 4a*- 12a6 + 96*. 

35. x{y + 2)-y(y + 2). 

37. o*{x — y) — si*(x — y). 

39. 6a6 — 15a + 45c — 10c. 

41. X* + 4xy + 4y* + X + 2y. 

43. X* — X — 2 + xy — 2y. 

46. 4x* - 4xy + y* - 9. 

47. 9x* - 6xy + y* - 16a*. 

49. 2x* - xy + XX - 2x + y - x. 

61. X* + 6x* + 12x + 8. 

63. 1 - 12x + 48x* - 64x*. 

66. m* + n* + 9 + 2mn — 6rn — 6 h. 

67. 4x* + 4xy + y* - 9x* + 12x - 4. 


68 . 16x* - y\ 

61. 8m« + n*. 

64, x« + x*+ 1. 

67. 4x* - 21x*y* + 9y^ 

70. (X + y)» + 3(x + y) - 
72. 2(a - 6)* + 3(a - 5) - 


69. 25a* - 16. 

62. m* — y*. 

66 . + 3m* + 4. 

68 . 9x* — 3lx*y* -|- y*. 


60. m* - 7i‘. 

63. 4 j7i* — y*. 

66 . 4a« + 3a*+ 1. 

69. X* - 14x*y* + 25y*. 


4. 

2 . 


71. {2x + y)* - (2x + y) - 6. 
73. 9(m - n)* - 9(m - n) + 2, 
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FRACTIONS 


26. Algebraic Fractions. Fractions involving litoral niimbei-s arise in 
algebra. The indicated divisions in the problems of Exercise 4 are illustra¬ 
tions of fractions of this kind. A fraction with a literal numl)er is .sometimes 
called an algebraic fraction to distinguish it from the fractions of arith¬ 
metic. Since division by zero is b)rbidden, we siiall aivsiime that the letters 
in a fraction may not take values which make a denominator equal to 
zero. 

The operations of addition, subtraction, multiplication, and division are 
applied to algebraic fractions just a.s in arithmetic. In connection with 
these operations we shall make use of a fundamental principle which applies 
l)oth to common fractions and algebraic fraction.s. We state this principle 
as a rule. 

Rule. The value of a fraction is not changed if both the numerator and de¬ 
nominator are multiplied or divided by the same nonzero quantity. 

Illustrations: 


2 8 fl ac -10 10 



27. Signs of Fractions. The sign of a fraction is indicated by a plus or 
minus synil)ol in the same way that the sign of an integer is indicated. 
Hence there are three signs associated with a fraction, the .sign of the nu¬ 
merator, the sign of the denominator, and the sign of the fraction itself. 
In operations involving a fraction it is often necessary to change the sign 
of the fraction. The rule of signs in multiplication and division permits the 
following statement. 

Rule 1. The sign of a fraction and the sign of the numerator (or the de¬ 
nominator) may be changed without altering the value of the fraction. 

36 
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Illustratioas: 


-12 


= -(-3) = 3; 


-4 


= -(-3) =3; 


r - y 

2i - y 


y - ^ 


y - ^ 


2x - y y ~2x 


The rule of signs in multiplication anti division is the basis for the fol¬ 
lowing statement relative to a fraction in factored form. 

Rule 2. /Iwjont/ the jadors oj the numerator and the denominator of a 
jradion, the signs of the terms of any two faelors may be chanyed without alter¬ 
ing the value of the fraction; or the signs of the terms of one factor may be 
changed if the sign of the fraction is changed. 


Illustrations: 


a - 3 


a - 3 


3 — a 


(I - a)(2 - a) (a - l)(a - 2) {a - l)(a - 2) ’ 


X - 4 


X — 4 


4 — JT 


(3 - i)Cx - 2) (r - 3)(x - 2) (j- - 3)(x - 2) 

28. Reducing a Fraction to Lowest Terms. A fraction is said to be re¬ 
duced to its lowest terms if the numerator and denominator have no com¬ 
mon factor other than 1. Hence, by factoring it may be determined if a 
fraction is in its lowest terms. Any factor appearing in both the numerator 
and denominator can be readily removed by division. 

Example 1. Reduce ——lowest terms 

x^ -I- X - G 

Solution. Write the fraction with its numerator and denominator in 
factored form: 

(x - 2)(x - 3) _ X - 3 
(x - 2)(x + 3) ~ X-H 3 ' 

Eiample 2. Reduce - to lowest terms. 
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Solution. Factoring gives 

- 9z + 20 (x - 5)(z - 4) 

25 - z2 “ {5-z)(5 + x)’ 

The factor z — 5 in the numerator and the factor 5 — z in the denominator 
are alike except for signs; one is the negative of the other. A common 
factor results, however, by changing z — 5 to 5 — z and also changing the 
signs of the terms of the factor z — 4. Thus we have 

(z — 5)(z — 4) (5 - z)(4 — z) 4 — z 

(5 - z)(5 + z) (5 - z)(5 + z) 5 + z 

The intermediate steps are written here to make the process clear. The 

work may be shortened by noticing that a factor in the numerator and its 

negative in the denominator can be removed by replacing one of the factors 
by 1 and the other by —1. 

The process of dividing a common factor from the numerator and de¬ 
nominator is sometimes called canceling the factors. Errors in this opera¬ 
tion are often made by striking out equal quantities which are not factors. 
The following example points out a temptation for careless canceling. 

2Z-I-1/ + 5 , 

Example 3. Reduce- - - — to lowest terms. 

4z^ - 1/ 

Solution. The numerator is prime, but factoring the denominator gives 

2z+j/ + 5_ 2x + tj + 5 
4z2 - if (2z -1- y)(2x ~ y) 

Now 2z y is a factor of the denominator. The 2z -f y appearing in the 
numerator, however, is not a factor of the numerator. The numerator is 
not 2x y times something; it is 2z 4- y plus something. To strike out 
the common quantity here would mean that the denominator is divided 
by 2z -H y and that 2z -|- y is subtracted from the numerator. This serious 
error should be avoided. The fraction as given is in lowest terms. 

Exercise 16 

In each of the fractions 1-6 tell wliat value or values of x would make the de¬ 
nominator 0, and the fraction therefore meaningless. 


z-3 

2 ^ 

3. ^ + 

X — 4 

' (z - l)(z -j- 2) 

I* - 0* 

2x + 5 

3z - 1 

R -i 

5z -1- 4 

1 

(3z - 2)(2z - 3) 
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In each of the fractions 7-16 teli why like quantities may or may not be struck 
out (canceled) to reduce the fraction to lower terms. 

j + y 


7. 

10 . 


/ + 3 


y + 3 

(j - y) + 3 
2(/-y) 

13 3(x+i)-y 

2 (x + 1) + z 
Reduce to lowest terms: 


8 . 

(q + 3) + 6 

(a + 3) + c 
(X - 1)(J - 3) 

■ (j - 3)(x + 4) 


9. 

12 . 

16. 


x(a + 2) 
x(6 - 1) 
8(a + 6) 
8 (a + b) 

ax + bx 
cx 


19. 

22 . 

26. 

28. 

31. 

34. 

37. 

40. 

43. 

46. 

47. 
49. 


25xy* 

17 

24ab*c 

18. 

3*o«b 

75x*y 


18a*6c* 


ISaV 

2 x 

9n 

ax + 3x 

21. 

3x 4- 2 

X* + 2x 


a* 4- 3a 

9x* - 4 

(x - 2)* 

23. 

a* - ab 

24. 

X - 1 

X* - 4 

ab — b* 

x-x*‘ 

6 x - 6y 

26. 

b* - a* 

27. 

3x^ + 15x1/ 

3x - 3y 


(a - b)* 


2x* 4- lOxy 

6 abc — 18ab 

29. 

5x*y — 5x*y* 

30. 

a* - b* 

3a*bc — 9a*6 

xhj^ — xy^ 

2a* 4- ab - 6* 

3x* - llx + 6 

32. 

4j- + 7x -2 

S3. 

3 4- 2x - X* 

3x* + I - 2 

1 - 16x’ 

3 4- 5x 4- 2x* 

9 - 6x + X* 

36. 

a} ^ ab + 6^ 

36. 

a* - 2ab + 6* 

9 - 9x + 2x* 

o* 4- b* 

a* - 6* 

X* — y* 

38. 

X* - y* 4- X 4- y 

39. 

4a* - b* 

X* + x*y 4- xy* 

X* - y* 

4a*-b*4-2a- 

y* - y* + y - 1 

41. 

c* - 2a* - a 4- 2 

42. 

c» 4- 3c* 4- 2c 4- 

y* + y* + y + 1 

+ 2a^ — a — 2 

c* - c* 4- 2c - 

8 c» + 12c* + 6c + 1 


AA 

27c* - 

1 


Sc*+ 1 
4b- - o» 

a* — 4a6 + 4b* + a — 26 
4xV + 4y* — X* — X* 

X* - I6y* 

4a* - ]2ab + 9b* - 16c* 
2a*c — 3abc + 4ac* 


27c» - 27c* + 9c - 1 
^ 2x* - 3x*y + 2x - 3y 

3x* + 2x*y + 3x + 2y 
3a*b* -b*- 3a* + b* 


48. 

60. 


3a*b* -b* + 3a* - b* 
9x* - y* + 4yz - 4x* 
3x*yx + xy*x - 2xyx* ’ 


29. MultipUcation and Division of Fractions. Algebraic fractions are 
multiplied and divided in accordance with the following rules. These rules 
are first met in arithmetic. 

Rule 1. The product of two or more fractions is equal to the product of 
the numerators divided by the product of the denominators. 
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The rule for the division of fractions is a direct consequence of the defini¬ 
tion of division. That is, the quotient times the divisor is equal to the 
dividend. Hence, 

a c /c\ a 

- ^ = X if (-)x = - 

b d \d/ b 


To obtain the quotient x, we multiply both members of the latter equation 


by - and have 
c 


a d ad 
b c be 


This result is the product of the dividend and the inverted divisor. 

It is usually desirable to reduce the product, or the quotient, of fractions 
to lowest terms. That being the case, the best procedure is to write each 
fraction in factored form. Common factors of the numerator and the de¬ 
nominator can then be easily divided out. 


Note. An expression which is not a fraction can be written as a fraction 
by using 1 for the denominator. 


Example 1. Multiply 


2x2 - X - 3 3.2 _ 2 j. + 1 

-by 


X- - 1 3x2 - X - 2 


Solution. Factoring each numerator and denominator of the given frac¬ 
tions, we have 


(2x-3)(x-t-i) (X - l)(x - 1) (2x - 3)(x l)(x - l)(x - 1) 

(X -1- i)(x - 1) ‘ (X - I)(3x + 2) ” (X -f l)(x - l){x - l)(3x + 2) 


2x - 3 
3x + 2’ 


The work may be shortened somewhat by marking through the common 
factors, thus: 

(2x - 3)CM-^ 2x - 3 

‘jCi—- t)(3x -h 2) ' 3x + 2 


Example 2. Find the indicated product: 

2 x 2 _ ^ y2 3.2 2xy + 1/2 

Solution. Writing x2 — in fractional form and reducing to lowest 
tei-ms, we obtain 
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—yf {x + 2y)4M-^ 


1 


- yT 4jM-^ 


- x + 2y. 


a^-b^ 


a- - Zab + 26- 


Example 3. Divide — 
Solution. 

— 6^ + ab + 6" 


by 


+ ab + b" 
- 96- 


n- - 3ab + 26- - 96- 


a^-b^ 


a- — 96^ 


— Zab + 26- a- + ab + 6^ 


(g - b)(a^ + nb + 6^) (g + 3b) (g - 3b) 
(g — 6)(g — 26) g^ + ab + 6" 

g^ - 96- 
g — 26 


Example 4. Perform the indicated operations: 

- 7x + 12 + 3x - 10 z + 5 

_ ♦ _ 

z2-6z + 8 z2-10z + 21 ■ z-7 

Solution. Factoring and inverting the divisor, we have 


Exercise 16 


Perform the indicated operations, giving the results in lowest terms, and also in 
factored form, except for the numerical factors: 


1 3 10 7 

I* T’Tff ?- 

5r 2% 
15z 


‘■i 

7 J.4. 


10 . 

13. 

16 . 


9a6* 17i* 


27a6 

14c 


34i 
7ac 

z^ + z y + 1 
y* - r z + 1 


2. s-A-i 


6. 8g6» 


_3_ 

4a6 


8. z 4- ?. 
4 


5a^x® 46u 


ah* 


86 * 1 / 

U 

3z* • 

17. 

' X~2y 26 - 2a 


3. “ » 


6 . 


t-Tff 7 

4z* 00*6 


3a6 2z 


9. 64zV -i- 


8x,/ 


12 . 


64z* 13i/* 
39w ' 48z* 


8Iz®» 

16* - - -5- (9zy»). 


18 . 


2 

X- y 


y ~ X 


0-6 ' 2 ( 0 - 6 ) 
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22 . 

24. 

26. 

28. 

29. 

30. 


g® 

+ 

6® 

X + 1 

-• 20 

1 — a 

1 - 

X* 

21 ^ 

— l2 2 + X 

X® 

+ 


a + l 

^ 20. 

1 - X® 

- 

- 1 


- X* ■ 2 - X 

X2 

■ - 

X 

- 12 

30 - 7x - 

X2 


x^ 

— 9y2 x2 - 

- 2xy - 3y2 

X2 

+ 

7x 

- 30 

1 

1 

X- 

«o» 

7x 

+ 2ly x^- 

- Gxy + 9y2 


'i 

X* 


49 

26x-6 


9R 

2a 

— 1 

- 4 

Gx 

2 

-7x + 2 

2gx — 14a 



0 ^ 

+ 8 2a2- 

5a + 2 

X2 


X - 

- 6 

x* - 6x + 9 


27 


2xy + 2y2 

3x2 + 3iy 

X2 

— 

X • 

- 2 ■ 

r2 + 8x + 7 


M 1 • 


fV 

1 

1 

9y2 — 16x2 


CiX- + 7x-Z I*+ 8x4-16 

5x2 + i9j. _ 4 ■ 3j5 + _ 4’ 

X^ — X* — X + 1 , x2 — 2x + 1 

X® + x2 + I + 1 x2 - 2x2 + X - 2* 

g® + 2 q 2 - g - 2 . a2 + 3fl + 2 x* + xY' + y* 2xy - f 
g2 + 3a + 9 g® — 27 4x2 _ yS j;J 4 . jy 4 . yi 


22 r - 3ct/ + 2 rf 2 _ r _ 

cx — cy •{■ 2dx — 2dy —cx — cy + dx dy 
4x2-1 2x2 + 3x-9 x2 + x-12 

2x2-5x-3 j2 + 7i+i2 4 x2-8x + 3 
x2 - 6 xy - 7i/2 x2 + Axy - n>/ . x® - 9xy + Uy® 
x^-xy- 12 j /2 ■ j 2 + 7xj/ + 6 y 2 * x® - xj/ - 12 */*' 

3a2 - a - 10 10 a 2 + g- 2 . 5a2 + 8g-4 

8g2 - 2g - 3 ' 3g2 + 20g + 2.5 ' 12 a 2 + Ha - is' 

X* - 9x2 4 . 27j - 27 6x2 4 . 35 J. 4 . 36 j + 1 

QA - --- . 

Gx2-19x + 3 x2-Gx + 9 x* + 37x + 36 
g2 + 4g + 4 - fc2 a- - 2abb- - 4 a-4 - 2ab + 4a - 4b 

g2 - 4g + 4 - 6* g* + 2g6 + 62 _ 4 ' qS + 52 4. 4 + 2g6 - 4g - 46 

8m® — 36 h 2 + 54m — 27 m® + h® + 2mn — 1 mhi — mn^ — mn 

,g2 + n* + '2mn + 2m + 2n + 1 ' 4^ - 12m*"+"9»r ' m® - «* - 2m + 1 

2x® - 4x2 - 3x + 6 6 j .3 _ 9 j .2 4. 2 j _ 3 ^2 4- 1 

2x® - 3x* + 2x - 3 3x» - Gx® + x - 2 2x2-3 

40 X® + y® - X - y x® + x2y - xy® - y® x® - y® + 2x - 2y 
X® + 3x2y + 3xy2 + y® i2 — xy + y® — 1 x* — x^y — xy* + y* 


30. Addition and Subtraction of Fractions. The process of adding and 
subtracting algebraic fractions is just like that used in arithmetic. In 
algebra, however, the process is frequently called addition, even though a 
minus sign precedes some of the fractions. To add fractions which have 
different denominators, it is first necessary to express them with a common 
denominator. The common denominator should be the L.C.M. of the vari¬ 
ous denominators. It is then called the lowest common denominator 
(L.C.D.). 

The following steps will yield the sum of two or more fractions. 
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1. Faclor each denominator and determine the L.C.D. 

2. Multiply the numerator and the denominator of each fraction by the 
quotient obtained by dividing the L.C.D. by the detwminator of that fraction. 

3. Add the resulting numerators, being careful first to reverse the signs of 
all terms of the numerator of any fraction preceded by a minus sign. This 
gives the numerator of the sum of the fractions; the denominator is the common 
denominator. 

2 3 3 

Example 1. Express-,-, and-- in terms of their com- 

I+3X-4 r+G 

mon denominator. 

Solution. The L.C.D. is tlie L.C.M. of the denominators, and for these 
fractions is (x + 3)(x - 4)(x + 6). The quotient of the L.C.D. and x + 3 
is (x — 4)(x + 6). Hence we multiply the numerator and denominator of 
the first fraction by (x — 4)(x + G). The fraction is thus changed into an 
equivalent fraction having the desired denominator. Similarly, the ex¬ 
pressions (x 4- 3)(x -1- 6) and {x 4- 3)(x — 4) are used wth the other frac¬ 
tions. Performing these operations, we have 

2 _ 2(x - 4)(x 4- G) 

14 - 3 ” (x4-3)(x-4)(x4-6)' 

3 3(x 4 - 3)(x 4 - 6) 
x-4“ (a:4-3)(x-4)(x4-6)' 

5 _ 5(x 4- 3)(x - 4) 

x + G~ (xA- 3)(x - 4)(x 4- 6)’ 

. « ... 2x - 3 2x - 1 

Example 2. Add x 4 - 1 4 - 

X X — 1 

Solution. The expression x 4- 1 may be written as a fraction by using 1 
for its denominator. The L.C.D. is x(x — 1). Hence, 

X 4- 1 2x - 3 2x - 1 

- 1 - 

X - 1 

U4-l)(x)(x- 1) ^ (2x - 3){x - 1) (2x - l)(j) 

x(x - 1) x(x - 1) “ ”^ 1 - 1 ) 

x^-x4-2r^-5x4-3-2x^4-x 

x(x - 1) 

I® — 5x 4 - 3 

x(x - 1) 


1 


X 
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It should be noticed that the fraction with the numerator (2x — l)(jr) = 
2x^ — X is preceded by a negative sign. This numerator, when combined 
with the other numerators, becomes —2x^ + x. 


Example 3. Add 


+ 


(x-3)(x + 4) (3-x)(2x+l) 

Solution. The factor 3 — x in the second denominator is the negative 
of the factor x — 3 in the first denominator. To handle this situation, we 
reverse the signs of the terms of 3 — x and change the sign before the frac¬ 
tion from plus to minus. Hence we obtain 


2 3 _ 2(2x-l- 1) - 3(x-|-^ 

(x - 3)(x -1- 4) (x - 3)(2x + 1) (x - 3)(x + 4)(2x-b 1) 

4x + 2 - 3x - 12 
"(x-3)(x-b4)(2x+T) 


X - 10 

(x-3)(x-}-4)(2x-bT)‘ 


x-14 2x-4 x-b5 

Example 4. ^dd _ g + 3^2 gj +'4 - x -T 

Solution. We first factor the denominators in order to find the L.C.D. 

X — 14 2x — 4 x+5 

'(3x + 2)(x ^ (3x -f- 2)(x + 2) (x -b 2)(x - 3) 

_ (X - 14)(x -b 2) -b (2x - 4)(x - 3) -b (ar + 5)(3x + 2) 
" (3x -H 2)(x - 3)(x -b^ ~ 

j 2 _ i 2 j- - 28 -b 2 x^ - lOx -b 12 -b 3x^ -H 17x -H 10 

(3x-b 2){x - 3)(x-b 2) 

_ 5 j — 0 (3x + 2)(2x — 3) 

"" (3x -b 2)(x - 3)(x -b 2) “ (3x -b 2)(x - 3)(x -b 2) 



(X - 3)(x -b 2) 
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Exercise 17 

Express tlie fractions in each problem 1-10 as ecjuivalent fractions having the 
L.C.D. 


1 1 i- 

ix' ox* 
1 


7. - 

9. 


X - 1 1 - X 

2 X 


2 . 


6 . 


Zxy 2xy 
4 5 


(x-2)* 4-x* 


3. 

6 . 


6 


7«i6 5a*fc* 

X 4 


x* - X jS - 1 X* + X 
a + 2 n- 2 1 


8 . 

10 . 


2x - 1 I - 2x 
5 2x 


3x - 1 I - 3x 9x* - 1 
4 1 2 


2n 4- 4 ' 3a + G fl* - 4 '' {x - 1)* (1 - x)* x* - 1 

Combine into a single fraction in lowest terms: 


11 . 

13. 

16. 


2x*-3x-l-4 x*-5x + 7 

3 3 

3x* - 2x + 7 3x* - 3x + 4 


(X + 3KX-3) {x + 3)(x-3) 
5(x+l) 7(2x-3) 3(1-2x) 


3x - 4 3x - 4 


3i - 4 


12 . 


14. 


16. 


7 + J + 3y _ 6 - 5x + 2y 

X - 6 I - G 

20 + 7x + X* 10 - Gx - 5x* 


(X - 6)(x + 5) (x - 6)(x + 5) 
x(6x + 5) x(x — 4) I2x 

5x-3 


17. 4 — ^ + 7. 
o o . 7a 

5 “ To ^ 


23. 


a — 9 a + 3 

2 3 

26. —^ + 


10 13 9 9 

21 . 

6 lo 

24.^+ ^ 


5x - 3 5x - 3 

19* 5 + f ~ 3. 

„„ a 3a - 2 

22. o - - H-;- 

3 8 


y - 3 ' 9 - y» 
29. , ^ . - 2y + 3. 


27. 


a — i> 0 + 26 
3 27 

y - 3 9 - y* 


26. 


3 


0 — 5 a 


28. 1 - y + 


i + y 


32. 


3y — 5 
2m 4 


30. a + 26 - 


a — 36 


34 5 - 


m — 3 m + 6 
2m — 3 2 


- 1 . 


31. + 2a - 4. 

a- + 1 
4m m + 2 


33. 3 - 

m +3 m — 5 
3m — 1 2m + 5 


m — 1 


m 


36. 


1 . 2 
36. . . . + 


m* - 4 (m - 2)*' 


38. 


m* + 1 ^ m + 1 

4 3 1 


37.^+ ^ 


m 


9 _ 


m I — m 


2x-3 2 j + 3 x+1 

40. + £±i _ £ll5. 

x+l^x-l x-2 

42. + _^ 

3x - 1 ^ 3x + 1 9x* - 1 

44. _1_I . 2x 

x-y x + y'^y*-x* 


39.^+ 3 


3-x’^l-x 2-x 

41 + 5 X + 3 


43. 


46 . 


x-1 x-2 x+2 

x_+ 1 x-1 2x* - 7x 

2x-3 2x + 3'*‘4i*-9‘ 

J - 1 _ X - 13 

x* + 3x + 2 2x* + 3x-2‘ 
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46. 

47. 

48. 

49. 

50. 
61. 
62. 


_3, 2 _ 

2i- + j - 1 ^ 6 + I - 2j 2 4x» + 4z - 3' 

2 , 5y+10 y + 4_ 

y* -}- 7 j/ + 12 1/2 + 3j/ - 4 j/* + 2 j/ - 3 ’ 

^ I 5a _ g +2 

2<i2 + 3a + 1 20 * — a — 3 4a2 — 4a — 3 

2in 4“ 7 _ m — 2 m — \ 

2m2 + 5m--7 2w2 + 3m - 14 m* - 3m + 2 

3 _ 2 . 4 

x’ + 3x2 - X - 3 I* - X* - 3x + 3 X* + x* - 3x - 3 ’ 
x + 1 X.- 1 2x2- 7x 3^2 

2x-3 2x + 3'^4x2-9 2x2 + 3x-9' 

a , a* — 52 0 — 6 

a2 + 6* + 20*6 + 2a6* a* + a*6* + 6* ” a» + 6*' 


31. Complex Fractions. A fraction which has no fraction in its numerator 
or denominator is a simple fraction. A fraction which contains a fraction 
in its numerator or denominator, or both, is called a complex fraction. 

To simplify a complex fraction means to express it as an equivalent simple 
fraction in lowest terms. This may be accomplished by reducing the nu¬ 
merator and the denominator to simple fractions and then finding the quo¬ 
tient. The examples illustrate the process of simplification. 

Example 1. Simplify: 

h 

a - 

a 

a 

h - - 
b 


Solution. We first reduce the numerator and the denominator to simple 
fractions. Thus 


b — b 

a -- 

Q a — b & b{a^ — b) 

a b'^ — a a b^ — a a(b^ — a) 
0 — - 

b b 


Example 2. Simplify: 

X -|- 1 X — I 

X - 2 X + 2 
8 

+ 4 


X - 2 
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Solution. The lowest common denominator of the two fractions in the 
numerator is (x - 2)(x + 2), and of the denominator x - 2. Hence tlie 

given fraction becomes 

x+1 x-1 + +2 - (x^ - 3x + 2) 6x 

(X - 2)(x + 2) (X - 2)(x + 2) 

i 8 + 4x - 8 4x 


X - 2 


+ 4 


X - 2 


X — 2 


X - 2 


(x-2)(i + 2) 4x i 
Example 3. Perform the indicated operations: 


2 (x + 2) 




X + 


Solution. The dividend and divisor could be written as the numerator 
and the denominator of a complex fraction. Hence we proceed by first 
reducing each part to a simple fraction. This gives 

2(1 - 1) - 1 (2x - 5)Cx + 1) + 5 _ 2x - 3 x + 1 _ x + 1 

X— I x+1 X— 12x^ — 3x x(x — 1) 


x+ 1 


Example 4. Simplify: 


a 4- 


fl — 1 


1 - 


1 

a + - 
a 


Solution. 
we get 


The denominator is itself a complex fraction. Simplifying it, 


_i _ 1 _ a 

1 " ^ 0 ^ + 1 “ * ~ 

a 4* - - 

a a 


a 4- 1 — a 

4- 1 " ~a2 4- 1 


The numerator becomes 


a + 


a — 1 


- a 4- 1 

a — 1 


The quotient of the simplified forms of the numerator and denominator 
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of the given fraction j'ields an equivalent fraction. Thus 

— a + 1 — a + 1 + 1 

a—1 a^ + 1 a—1 


Exercise 18 


Simplify the complex fractions and other expressions: 


1 . 


4. 


7. 


10 . 


? - i 
2 + 1 

j^3 

4x 


i-i 

X 

i+i 

X 

x^ — I 


X I' 


5 - 


13. 


2j - 1 


1 


x+ 1 


16. 


2/ + I 4z^-- I 

-|- + — 

X + « X — fl 


3 


X — a X + a 

X- y ^ 1 


X + y • x^ - 

x + y X -y 


19. 


2 . 


6 . 


3-4 

4 + 1 


8 . 


11 . 


2.-? 

ITTri- 

X 

till 

--4+1 

I X* 


1 + 3 - 


6 


14. 


x + 2 


17. 


X + G + 

.5 

9;«* -”4 


X - 2 
- 3 


3 


3m + 2 


3 - 


- 5 

X — 6 


20 . 


x* - 6x + 8 


2 + 


x + 7 


X - y i + y 

22. (i - 2 - -i-(x + 2 +j)- 23. ( 


24 

26 

28 


x2 - 2x - 8 

/ 

.(3. + l-4).(5.-a-3). 27. (i 


3. T 


.> 

T 


6 . 


5o — a* 


- 1 


a 


X — 


4x - 3 


9. 


2 - 


X — 1 


12 . 


x- 1 x + 2 


X - 1 


- X - 2 


x + 4- 


16. 


x + 4 

X + 6 


X-3 + 


X + 11 


18. 


x + 5 

x-3 _ x + 3 

x + 2 T - 2 

x+1 x + 4' 

x-2 x + 3 

X- 1 ^ x+1 


21 . 


(X +1)^ ' (X - n- 

x* + 3 
x»- 1 
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Chapter Four 


EQUATIONS 


32. Equations. An equation is a statement which says that two quan¬ 
tities are equal. The usual way of writing an equation is to place the 
svmbol = (read “is equal to”) between the two equal quantities. An 
equation then has two sides, or members: the left-hand or left member 
and the right-hand or right member. Equations usually have one or more 
letters which are regarded as the unknowns. The unknowns are usually 
indicated by letters chosen from the latter part of the alphabet. A set of 
numbers which, when substituted for the unknovNTis, makes the two mem¬ 
bers of an equation equal is said to satisfy the equation; and the set of 
numbers is called a solution of the equation. A solution of an equation 
having one unknown is called a root of the equation. 


Illustrations: 


(a) x-Z=\, (b) z2_4r-i-4 = (x - 2) 


In equation (a) the unknown x can obviously stand only for the number 
4; that is, 4 is the root or solution of the equation. But equation (b) will 
be satisfied by any number whatsoever for x. To observe that this is the 
case, square x - 2 as indicated and write the equation in the form 


- 4x -I- 4 = X* - 4x -f- 4, 

where the two members are exactly alike. Hence, we have illustrations of 
two different kinds of equations. 

An equation which is satished by replacing each of the unknowns by 
any number whatsoever, for which its members have meaning, is called an 
identit}'. An equation which is not an identity is called a condition^ 
equation. A conditional equation places restrictions on the unknowns, and 
it may be regarded as an inquiry as to what are the solutions. 

50 
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If it is desired to specify that an equation is an identity, the symbol = 
{read “is identically equal to”) is used in place of the equal sign. For 

example, 

2x _ 1 1 

X- - I j: — 1 I -h 1 

as may be seen by adding the two fractions in the right-hand member. It 
should be noticed that this identity would have no meaning for x = 1, 
orx = —1, since either of these values would produce a denominator which 
is zero. But all other numbers are permissible for x. 

A problem of much interest in algebra is that of finding the solutions of 
equations. In this chapter we introduce the problem by considering equa¬ 
tions which have one unknown and which can be expressed so that only 
the first power of the unknown is involved. 

33. Operations on Equations. Two equations are said to be equivalent 
if their solutions are exactly the same. The equations x — 3 = 2 and 
X -h 1 = 0, for example, are equivalent; each has the one root 5. Neither 
of these equations, however, is equivalent to (x — 5)(x — 1) = 0. The 
values X = 5 and x = 1 satisfy the last equation. But x = 1 does not 
satisfy the other equations. 

In the process of finding the solutions of an equation it is usually neces¬ 
sary to perform operations which lead to other equations. In this connec¬ 
tion it is important to know whether the derived equations are equivalent 
to the original equation. Pertaining to this question we state rules for the 
fundamental operations. 

Rule 1. // the same quantity is added to, or subtracted from, both mem¬ 
bers of an equation, an equivalent equation is obtained. 

Rule 2. If both members of an equation are multiplied by, or divided by, 
the same nonzero quantity which does not contain any ttnknowns, an equiva¬ 
lent equation is obtained. 

Rule 3. If both members of an equation are multiplied or divided by a 
quantity which contains an unknown, the equation obtained will in some cases 
not be equivalent to the original one. 

Illustrations: Adding 8 to both members of 4x - 8 = 12, we get 4x = 20 

It is easy to see that 5 is a root of each of these equations, knd that no other 

value for x will satisfy either equation. Hence the two equations are 
equivalent. 

If we divide both sides of to - 8 = 12 by 4, the equation x - 2 = 3 is 
obtained. These equations are equivalent because each has the one root 5. 
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Multiplying both members of 4r — 8 = 12 by x gives the equation 
4x^ — 8x = 12x. The derived equation is satisfied by x = 5 and also by 
X = 0; whereas the first equation is not satisfied by x = 0. Conversely, 
if we start vith 4x^ — 8x = 12x and divide by x, a root is lost rather than 
gained. Notice, however, that each of these operations, yielding nonequiv¬ 
alent equations, involves the unknown. 

A root of a derived equation which is not a root of the original equation 
is called an extraneous root. An extraneous root can be detected by sub¬ 
stituting in the given equation. An operation which leads to an equation 
with fewer solutions than the given equation should be avoided if all the 
roots are desired. 

34. Solving Linear Equations in One Unknown. To solve an equation 
means to find all the numbers which may be substituted for its unknowns 
to satisfy the equation. The simplest problem of this kind is that of solving 
an equation of the form 

ax -b 6 = 0, 

where b stands for any number and a may be any number except zero. 
This equation is of the first degree in x and is called a linear equation. 
The unknown x may be found in the following way. 

ox = — b, (6 is subtracted from both sides) 

-6 

X = — , (both sides are divided by a) 
a 

The solution, —b/a, could bo used as a formula for solving equations of 
the form ax + 6 = 0. But it is better to apply the method here used to 
solve each particular equation. It should be noticed that each step used 
in the process of solving the equation involves an operation which yields 
an equivalent equation. 

Example 1. Solve 3x — 5 = —x -1- 7. 
iSolution. Adding 5 to both sides, we obtain 

3x = -X + 12. 

Adding x to both sides gives 

4x = 12. 

Both sides are then divided by 4, and 

X = 3. 

Check: Replacing x in the given equation by 3, we obtain in the left 
member 3(3) - 5 = 9 - 5 = 4; and the right side becomes -3 + 7 = 4. 



Equations 53 

Adding 5 to both sides of 3 j - 5 = -t + 7 yielded the equivalent equa¬ 
tion 3x = — r -f- 12. It may be noticed that the same result is obtained 
if we take the term —5 from the left-hand side and write +5 as a term of 
the right-hand side. And, similarly, the —x can be brought to the left- 
hand side if we but change its sign. The process of taking a term from 
one side of an equation to the other and changing its sign is called trans¬ 
posing the term. If the student employs this process, he should under¬ 
stand that in effect the same quantity is added to or subtracted from both 
members of the equation. 

2x 5x 2 17 

Example 2. Solve--- 

3 0 3 0 

Solution. To get rid of the fractions, multiply both sides of the equation 
by 0, the L.C.M. of the denominators. 

0(2x) 6(5x) _ 0(2) 0(17) 

3 0 " 3 ~0 

Reducing each fraction, we have 


4x — 5x = 4 — 17. 

Collecting terms gives 

-X = -13. 

Both sides are then multiplied by —1, and 

X = 13. 

Check: To check this result, we substitute 13 for x in the given equation. 

2(13) 5(13) 2 17 

3 0 “ 3 ~ ^ 

52 - 65 4 - 17 

6 ^ 

-13 _ -13 
6 “ 


Example 3. Solve 3x -f 4 = 2ax -|- 5c for x 

ScluUon To solve this equation, we first transpose terms so that all 
Th“ ® “>0 right. 


3x - 2ax = 5c - 4. 
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Factoring, we obtain 

i(3 - 2a) = 5c - 4, 
and dividing by 3 — 2a gives 

5c - 4 

X =- 

3 - 2a 

The reader should check this result by substituting it for x in the given 
equation. 

Exercise 19 


Show that equations 1-6 are identities: 


1. 3(i - 4) = 3x - 12. 

3. X* + 4z + 4 = (z + 2)*. 



2. 4(6 + c) = 46 + 4c. 

4. (x + y){x - y) = X* - y*. 
, 3x + 1 1 . 2 


8. 5x — 4 = 3x — 6. 

11. 3 + 7 = 5x - 3x. 

14. \x + \x = 

17. fx + ^ = ix + V"- 

20. ix-x+f-§-0. 


9. X - 5 = 5x + 11. 
12. 2x - 9 = 6x + 5x. 
16. |i — ^x = 

18. tX — |x + ^ = 0. 

21. X + 


Solve for x, and check by substitution: 

7. 8x - 15 = 3x. 

10. X — 4x = 5 + 2x. 

13. ix — ix = 

16. Ix-i- \x = —fl- 
19. fx = ^ ~ ^x. 

22. 3(4 - 5x) - 2(x + 4) = 4. 

24. _9 = 7(x-1)-3(2x + 3). 

26. 9 = 5x - 2 + 3(2 x + 1). 

28. 0.2x -4.3 = -l.lx + 0.9. 

30. 1.2x - O.lx + 0.8x = -9.5. 

32. X + 4 - X* = x(2 - x). 

34. (x + 1)* - (x - 1)* = 1 + 9. 

36. (2x - 3)2 + 4x(4 - i) = 5. 


23. 2(x-7) = -3(2x+ 1) - 3. 

26. 3(7 - x) - 5(3 + 2x) - 6 = 0. 

27. 4x + 13 = 3(5x + 20) + 8. 

29. 1.2x + 3.4x + 5.8 = -3.4. 

31. 3.0x - 7.1x = 2.6x - 5.9. 

33. (3x - l)(x + 1) = 3x2. 

36. (X - 4)2 = (i + 5)2. 

37. (2x - 3)(3x + 4) = Ox*. 


Solve for y: 

3y - 4 , 5 + 2y 


38. 


+ 


1 

18' 


40. 

42. 

44. 


46. 


2 - 4y 2y - 3 3 

5 2 “ 2' 

5y + 4 5 1 - 2y 

4 12 3 ' 

1 - 1 / _ 1 - 2y 1 - 3y 
2 4 6 

2y + 7 , y-5_y + l 
4 3 ft ' 


39 . 1 ^ 

41 ^ 
41. ^ 


3y + 2 
5 

2y+ 1 
3 


2 

15' 

5 

21 ' 


43. 


y + 2 y + 3 2y + 3 


.r 3 - 4y _ 4-3y _ 5 - 2y 

46 . —^ 2 

y . y - 1 2y + 1 _ 1 


47. 1+ 3 


21 
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Solve the following equations for x: 

48. 2x + 3a = 5 + 4a + X. 

60. 5x - 7 - 2fl « -x + 3a. 

62. (w: — 5a + 6 = 5 + ox. 

64. x(5 + 46) + 4 = 0. 

66 . 1(10 - 3a) = 4 + 26. 

68 . 2x + 3a = ay + 4 + a. 

60. 2(x - a) - 5 = 3(ox - 4). 

62. 3x + 7 = cx - 6x + 3a. 

64. 3x(5 - 3y) + 5 = 2x - y. 

66 . (X + 4){x - 1) = (X + 2)(x - 3). 

67. x(x - 4) - 3x- = (2x - 1)(1 - x) - 7. 

68 . 3x(x - 1) - (2x + 3)(x + 5) = x- - 2x + 1. 

69. (ax + 2)(ax — 1) * ax(ax + 5) + 9. 

70. (mx + 3)(wix — 3) — »ix(ihx — 4) = 8 . 

71. (3 + 2ax)(2 - 3ax) = 4 - 6ax(ox + 2). 

72. (x - 2y)(x + y) = X* + 3xy + 4. 

73. (y + 2x)(y - x) + 2x» + 4 - 2y = 0. 

74. (2y - x)(y + 3x) = 4xy - Sx^ + 5. 

76. (x + y + 1)* - (x - y 4- 1)* = X + y + 2. 

76. (x - y - 2)* + X - y - 2 * (x 4- y)* + 4. 

36. Equations with the Unknown in the Denominator. An equation 
having simple fractions may be written in non-fractional form by multi¬ 
plying both members by an expression which is divisible by each of the 

denominators. This proce.ss is called clearing the equation of fractions. If 

none of the denominators contains the unknown, the resulting equation is 
equivalent to the original one. If, on the other hand, the unknown ap¬ 
pears in any denominator, the resulting equation may have roots in addi¬ 
tion to those of the original equation. Here, however, we shall deal with 
fractional equations which become linear when the equation in each case 
is multiplied by the L.C.M. of its denominators. The resulting equation 
will have but one root which will also be a root of the original equation 
except for the case in which it makes a denominator zero. 


49. 3x — 46 = X -1- o — 2y. 
61. a - 2x = 3x -H 26 -h 4. 
63. 10 - 4a - X = 3x -h 6. 

66. x(a - 3) + 5 * 26 - 6. 

67. x(2a - 5) - 3 + 2a = 0. 
69. 3 - ax 4- 4x - 36 = 0. 
61. ox — 7 = x4"a4"3. 

63. 6 — 3ax = a — 26x 4* c. 
66. 5x(3 4- 3y) 4- 7 * 2y. 


Example 1. Solve-h 1 -- 

X-3 X - 3 

Solution. Multiplying both members by x - 3, we get 


and 


1 -l-x - 3 = 1 , 



fn f!c^ IT ^ denominator zero 

fact, the equation has no solution, since the left member exceeds the 
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right member by 1 for any permissible value of x. Although the given 
equation has no solution, the new equation, obtained bj' clearing of frac¬ 
tions, does have 3 as a root. 

1 2 x + 5 

Example 2. Solve the equation-1-= - - 

^ X -f 1 a: - 1 - 1 

Solution. The L.C.M. of the denominators is (x -1- l)(x — 1). Hence, 

raultipbing gives 

(x+ l)(x- 1) 2(x-|- l)(x- 1) ^ (x-H)(x- l)(x-l-5) 

X 4- 1 ar - 1 x^ - 1 

Then, reducing each fraction, we have 

x--l + 2x-t*2 = x + 5, 


Check: 


2x = 4, 

X = 2. 

1 2 _ 2-1-5 

2-1-i'^2-I 4-i' 


"s’ + 2 - h 

i = i- 


^ - 1 X -x2 -t- 2 

Example 3. Solve the equation - 2^.2 _|_ ^ _“i‘ 

Solution. Multiplying by {2 j — l)(x 1), the L.C.M. of the denomi¬ 
nators, gives „ 

(x - i)(x -I- 1) - x(2x - 1) = -X" 4- 2. 


Then 


x^ - 1 - 2x2 4- ar = -x^ 4 - 2 , 


and 



Check: 


3-1 3 

-9 4*2 

6-1 3-1-1 

18 4- 3 - 1 

2 3 

-7 


■ • 

5 4 

20 

11 

1 

00 

-7 

20 

20 ' 

— / 

-7 

— 


20 

20 
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Exercise 20 


Solve each equation for x. and reject as a root any number which makes a tie- 
nominator equal to zero: 


1 = 

X 4 12 

4 2- = = ! + ^ 

**• ^ ' m 

I 0 J 

7. -^+ ^ 


12 4 X 


2 ^ X 5 


10 


.:2^1 3. 13 5 7 3 


- 1 ^ X + 1 X* - 1 


9.?^+ " 


2x 


11 . 

13. 

16. 

17. 


j j2 _ j j _ 1 

2 j - 1 6 2 x ^+1 


z x + 3 x»4-3x 

4x + 2 1 _ 1 

z* -1 X 4- 1 X - r 
x+1 x4-4 3x + 5 


j X + 0 X- + 5x 
X - 1 1 X* 4- X - 9 


x+I x4-4 x* + 5x + 4 


a . 2 

19. -7 4- 


a + 2 


21 . 


z- 1 x + 1 x-2 

1 2 7 


A .» 


2x + a 3x Ox — 3a 


8 . 

10 . 

12 . 

14. 

16. 

18. 


6 

1 


7x 2x ■ 14 

3 3 


2x - 1 2x + 1 4x* - 1 


_ o 


+ 


X- - 1 


z + 2 X' — 4 


X-+ 1 


z= - X - 2 x-2 

1 - ox- 1 - 2x 


3x- - 2x - 1 3x + 1 


0+1- 

- 1 . 


x^ + 1 


3x + 8 2x - 5 
x* + x- G~x + 3 x-2 

2 _ 3 _ a 

x + a X — a x^ — a- 

2a 


20 . :^L±^ + " + " 


22 . 


2(x + a) a — X o + x 
a _ a ox + 1 
ax — 1 ax + 


- + • -■ 
1 ^ a*x2 - 1 


23. 

24. 

25. 

26. 



28. 


J-4X + 2 x+1 x2 + 3x + 2 

_ ? _+_ 5 _+_if_=_i_. 

z2 - 2x - 15 ^ X* - X - 20 ^ x2 + 7x + 12 x + 4 
2x + 5 4x - 5 lOx- - lox + 32 

2x - 5 ''' X + 11 4x’ + 17x - 55 “ 

^ + 7 5 ^ _ J_ 

(X + l)(x - 2)(x + 3) (X - 2)(x + 3) (X + l)(x + 3)' 

X* + 2x + 1 1 x-2 

(x» + 2x - .3)(x + 3) x* + 4x + 3 x2 + 2x-3‘ 
x+3 X- 4 , 2 

x^ - 5x + 4 X- + 2x - 3 x^ - X - 12 ~ 


29. (3x + 4) ^ (Ox - 5) = (2x + 5) -5- (4x - 1). 

30. (X + 6) -5- (2x2 ^ 5j.) , (j, + 1) ^ (2x2 

31. {3x + 5) ^ (3x2 + 1 lx - 4) *= (x - 2) ^ (x2 + 7x + 12) 


36. Stated Problems. The equations in Exercises 19 and 20 are either 

e next consider 

corded problems which lead to equations of the same type. The equation 
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in each case is to be found from the described relations between known 
numbers and unknown numbers. Such problems, given in words, are called 
stated problems. There is a great varietj’ of stated problems, and specific 
directions cannot be given for finding the necessarj' equations. But we 
make the following general suggestions: 

1. Read and reread the problem until it is clear what is stated, getting well 
in mind the known numbers and the unknown numbers. 

2. Express the unknowns in terms of a single letter, 

3. Find the quantities, involving the knowns and unknowns, which are 
equal; and then form an equation. 

4. Solve the equation, and check the result. 

Example 1. A rectangle whose length exceeds its width by 2 feet has 
the same area as a rectangle which is 3 feet narrower and 4 feet longer. 
Find the dimensions of the rectangles. 

Solution. Here we have four unknowns which can be readily expressed 
in terms of one letter. 

Let X = the width of the first rectangle, and 
X + 2 = the length of the first rectangle. 

Then 

X - 3 = the width of tlie second rectangle, 

and 

X + 0 = the length of the second rectangle. 

Hence, 

jfj + 2) = area of first rectangle, 

and 

(j. _ 3 )(x 4 - {]) = area of second rectangle. 

SiTice the rectangles have equal areas, we can form the equation 

x(x + 2) = (x -3)(x + 6). 

Whence, 

x^ + 2x = x^ + 3 j — 18, 

-X = -18, 

X = 18 

dimen.sions of first rectangle. 

X + 2 = 20 

X - 3 = 15 

dimensions of second rectangle. 


x + 6 = 24 
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Check: (18)(20) = 360. 

(15)(24) = 360. 

Example 2. How many ounces of pure silver must be added to 100 
ounces, 40% pure, to make a mixture which is 65% pure? 

Sohidon. The equation may be set up by noticing that the amount of 
silver in the two separate parts is just the same as the amount of silver in 
the mixture. Using x to stand for the number of ounces of silver to be 
added, we arrange the information thus: 

X oz. and 100 oz. give (100 + x) oz. 

100% pure 40% pure 65% pure 


X oz. silver 40 oz. silver .65(100 + x) oz. silver 

Since the original 40 ounces of silver and the additional x ounces consti¬ 
tute the silver in the mixture, we have 

X + 40 = .65(100 + x) 

.35x = 25, 

X = 71f oz. 

Check: 

71^ -1- 40 = 111^ and .65(171^) = lllf 

Example 3. A can do a piece of work in 7 days, and B can do the same 
work in 10 days. How many days would it take for both to do the work 
together? 

Solution. The clue to the solution of this problem may be had by notic¬ 
ing that the fractional part of the work done in one day is 1 divided by the 
number of days required for doing all the work. 

Let X = the number of days required to do the work together. 

Then 

1 

- = the part of the work completed in 1 day, 

= the part done by A in one day, 

= the part done by B in one day, 

I + iV = part done together in 1 day. 


and 
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Hence, 111 

—I-= —. 

7 10 a: 

and, clearing of fractions, we get 

lOx + 7x = 70, 

I7x = 70, 

X = 4^ days. 

Example 4. A man rows downstream at the rate of 5 miles per hour and 
upstream at the rate of 2 miles per hour. How far domistream should he 
go if he is to return in if hours after leaving? 

Solution. If a body travels at a constant speed for a given time, the 
relation among the distance d, the speed s, and the time t is expressed by 
each of the formulas 

d d 

d = st, s ~ , i = -• 

t s 

Hence, letting x stand for the distance in our problem, we have x/5 as 
the time used in going downstream and x/2 the time upstream. These 
times add to if and, therefore, 

X X 7 

5 2 4 

4x + lOx = 35, 

X = 2 5 miles. 

Check: The time downstream is 2^ 5 = ^ hour; the time up is 

2i - 2 = If hours. The total time is if, which shows the result to be 

correct. 

Exercise 21 

1. Find two numbers one twice the other, which add to 141. 

2. Find the number which increased by J of itself becomes 133. 

3. The sum of three consecutive integers is 156. Find the integers. 

4. The sum of two numbers is 110, and one of the numbers exce s le o ler 

by 42. Find the numbers. c * 

6. The sum of three numbers is 171. The second number ts i of the hret and 

the third number is ? of the first. Find the numbers. xi c * 

6. The sum of three nuinbei^ is 92. The second is 3 more than the first and 

the first is 5 less than the third. Find the numbers. 
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7. Each of the two equal angles of an isosceles triangle is 15° more than the 
thirxl angle. Find the angles, remembering that the sum of the angles of a triangle 
is ISO®. 

8. One angle of a triangle is twice the smallest and ^ of tlie largest angle of the 
triangle. Find tlie three angles. 

9. The smalle.st angle of a triangle is I of the largest angle and 19° less than 
tlie other angle. Find the angles. 

10. The width of a rectangle is the same as the side of a sciuare, and the length 
is 4 units more than tlie width. Find the dimensions of the rectangle if its area 
is 52 square units more than the area of the square. 

11. Two triangles have equal bases. The nltitmle of one triangle is 3 units more 
tlian its base and the altitude of the other is 3 units less than tlie base. Find the 
altitudes if the areius of the triangles differ by 21 square units. 

12. The length of a rectangle e.xceeds its wi<lth by 5 units. If each dimension 
were increased by 2 units, the area would change by 02 square units. Find the 
dimen.'^ions of the rectangle. 

13. .\ purse contains $11.05 in quarters and dimes. If the total number of coins 
is 70, fin<l how many there are of each. 

14. In a contest $2000 cash Is offered in $20 and $5 prizes. Find the mimber of 
each kind of prize if tliere are 250 altogether. 

16. .\t a football game 22,000 tickets were sold for $23,000. The admission price 
was $1.50 for an adult and 25 cents for a child. How many tickets of eacli kind 
were sold? 

16. How many pounds of pecans worth 45 cents per pound should be mixed 
with 100 pounds of almonds worth 34 cents per pound to make a mixture worth 
40 cents per pound? 

17. How many ounces of pure silver must be added to 24 ounces, 60% pure, to 
make a mi.xture 76% pure? 

18. How nmch milk which is 3% butterfat and how much cream which Is 30% 
butterfat should be mixed to make 100 gallons of milk which is 4% butterfat? 

19. The time for walking a certain distance at 4 miles per hour is 30 minutes 
longer than is requiretl at 5 miles per hour. Find the distance. 

20. To fly u certain distance at 2S0 miles per hour requires 30 minutes more 
than would be requiretl at a speed of 320 miles per hour. Find the distance. 

21. A car went from one town to another in 1 hour. The speed over half the 
distance was 40 miles per hour and 00 miles per hour over the other half. Find 
the distance. 


22. A student has an average of 74 on three tests. What grade on the fourth 
test will bring the average to 80? 

23. A student has an average of 74 in a ccrbiin course prccerling the final examina¬ 
tion. If the final e.xamination counts 40%, what should be made on it to brimr his 
grade to 80? 

M In college algebra a stu.lent earns an average gmrle of 86 on his homervork 
and 71 on her hour tests. What final e.vaminalion grade will give Irim a total 
average of 80 it homework connts I hour tests and the final e.vaminatio.; 
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26. A man is 46 years older than his son. In ten years he will be twice as old 
as his son. Find their present ages. 

26. Five years ago a father wa.s three times as old as his son. Five years from 
now he will be twice as old as his son. Find their present ages. 

27. A son is 22 years younger than his father. In 2 years he will be 3 as old as 
his father. Find their ages now. 

28. The sum of two numbers is 72. and the larger divided by the smaller pro¬ 
duces a quotient of 4 and a remainder of 2. Find the numbers. 

29. Tlie denominator of a fraction is 8 more than the numerator. If 1 is added 
to the numerator and 11 is subtracted from the denominator, the new fraction is 
ecpial to the reciprocal of the first fraction. Find the first fraction. 

30. The denominator of a fraction is S more than the numerator. If 2 is added 
to the numerator and 6 is adde<l to the denominator, the resulting fraction is equal 
to the original fraction. Find the original fraction. 

31. A river flows at 3 miles per hour. Find the speed of a motorboat which goes 
upstream 2 miles in the same time required to go 3 miles down.stream, 

32. The speed of a motorboat i-s 12 miles per hour in still water. Find the speed 
of a river’s current if the motorboat goes 4 miles downstream in the same time 
refiuired to go 3 mile.s upstream. 

33. A man drove 210 miles in Sj hours. Part of the trip was at 00 miles per 
hour and the rest at 6.5 miles per hour. Find the time sj)ent at the lower 
speed. 

34. A can do a piece of work in 6 days, and B can do the same work in 5 days. 
How long will it take to <lo the job if both work? 

36. A [)iece of work can be done by A in 7 days, by B in 8 days, and by C in 10 
days. How long will it take all three working together to do the job? 

36. A can paint a house in 10 days, and B can paint the house in 12 days. How 
long will it take to paint the house if both work for 5 days, and then A finishes 
the work? 

37. A can do a job in 10 days, and B can do the job in 12 daj-s. After A works 
alone for 1 day, both work until the job is completed. How many days does B 


38. A can do a task in 10 hours, B in 12 hours, and C in 13 hours. How long 
will it take to do the ta.sk if A and B work 3 hours, and then B and C complete it. 

39. .\n alloy of silver and gold weighs 30 ounces in air and 28 ounces in water 
as.'iuming that silver loses yV <jf weight in water and that gold loses 75 0 its 


weight, find how many ounces of each metal are in the alloy. 

40. Two men starting at a point on a 1-mile circular race track walk m opposite 
directions and meet in 6 minutes. But if they walk in the same direction, the fa.ster 
gains one lap in .30 minute.s. Fiiul the speed of each man in miles per lOur. 

41. A man loans $20,000. part at 3]% annual interest and the rest at i/c- 
Find the amount of each investment if the yearly income is S755. 

42. A man loans $.5000 at one interest rate and $6000 at a 1% greater rale. T ic 
$6001) loan earns .$8.5 more per year than the $5000 loan. Find the interest rn cs. 

43. One pi|)c can fill a tank in 7 hours. Anotlier pipe can empty tlie tank in I- 
hours. How long will it take to fill the tank if both pipes are open? 
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44. A tank can be filled by one pipe in 18 minutes, by another in 24 minutes, 
and emptied by a third pipe in 12 minutes. .Starting empty, how long will it take 
to fill the tank with the three pipes open? 

46. How many quarts of a 20% solution of alcohol should be mixed with 20 
quarts of a 50% solution to have a 40% solution? 

46. Town A is 13 miles west of town B. \ man walks from \ to B at the rate 
of 3 miles per hour, and another man. starting at the same time, walks from B to 
A at the rate of 4 miles per hour. Find the times after starting when the men are 
2 miles apart. 

47. A car radiator has a capacity of 12 quarts. It is filletl with a 30% antifreeze 
solution. How much should be drained out and replaced with antifreeze to bring 
the solution to 40% antifreeze? 
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FUNCTIONS AND GRAPHS 


37. Constants and Variables. We consider now two special kinds of 
(|uantities which arc used extensively in proljlems of mathematics. One 
is a (luantity which is fixed in value and is called a constant. The other 
is a fpiantity to which diiTerent values may be assif^ned and is called a 
variable. The values which a variable may take is called its range. Let¬ 
ters arc used to stand for variables. Numbei-s, and .'sometimes letters, are 
used to denote constants. The following examples illustrate the ideas of 
constants and variables. 

Suppose two towns are 100 miles apart and that a train travels at a uni¬ 
form speed of 50 miles per hour from one town to the other. If we let I 
stand for the time in hours since the train passed the first town, then the 
miles cl from the town is given by 

d = 50/. 

In this formula the number 50 is a constant. The letters / and d are vari¬ 
ables. The time t starts at zero and increases to 2; the distance d varies 
from zero to 100. 

As a further illustration, consider the formula for the weight of a a . 
If r is the radius and d the density {weight per cubic unit of volume), then 
the weight w is given by 

u) = 

This formula mav Ite used to find the weight of a ball of any 
any density. Tlic letters r, d, and a- are therefore variables. The num- 
bers TT, and the exponent 3 are constants. If, however, wc app > t le 
formula to find the weights of balls of difTcrent sizes but made of the same 
kind of material, then d assumes the role of a constant with r and la the 

variables. 
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Functions and Graphs 

38. Functions. Each of the formulas of the preceding section expresses 
a relation of variables. In mathematics much study is given to variables 
so related that one depends on another for its values. In this connection, 
we have the following definition. 

Dcfixitiox. If for each value which one variable may have the value of 
a second variable is determined, then the second variable is said to be a function 
of the first. 

In accordance with this definition, the circumference of a circle is a func¬ 
tion of its radius. No matter what the radius of a circle is, the circumfer¬ 
ence is given by c = 2irr. The area of a circle is also a function of its ra¬ 
dius. The volume of a cube is a function of its edge. 

Usually we assign values to one of two variables to obtain the correspond¬ 
ing values of the other. The variable to which we assign values, or think 
of assigning values, is called the independent variable. The variable whose 
corresponding values are thus determinetl is called the dependent variable. 
If, for example, we use c = 2wr to find circumferences of circles of given 
radii, then r is the independent variable and c is the tlependent variable. 
We could, of course, reverse the situation and consider c as the independent 
variable with r the dependent variable. 

39. Useful Notation for Functions. Suppose we say that a variable y is 
a function of a variable j, and that the relation is given by 

y = - 2x- + 3. 

Clearly, y is a function of x, since for each value of x the value of y can 
be found. Now, to indicate that y depends on x, let x be placed in paren¬ 
theses to the right of y, as y(x). Thus we have 

y{x) = x" - 2x2 3. 


The notation y(x) is read “y of x”; it should not be confused with multipli¬ 
cation. * 

Other letters than x and y, of course, may stand for variables And in 
a problem where there are different functions of a variable x we couhl 
designate them by/(x), y(x), h{x), etc. ’ 

Suppose, in y(x) = - ax^ -|- 3, we wish to find the value of y when x 

takes the value 2. We simply substitute 2 for x and write 

y(2) = 2^ _ 2(2)2 -f 3 = 3. 


Hence y(2) stands for the value of y when x = 2- and v(2) 
pair of corresponding values of the variables. ’ ^ 


= 3 gives a 


Example. If /.(a) = 3,^ - 4a + 5 , find *(-4), /.(2a), and Hy - 1). 
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Solution. The number or expression written in parentheses after h tells 
what value is to be given to the independent variable s. Hence, by substi¬ 
tuting, we obtain 

/((-■4) = 3(-4)=’ - 4{-4) + 5 = 48 + 16 + 0 = 69; 
h{2s) = 3(2s)2 - 4(2s) -|- 5 = 12.r ~ 8s + o; 
h(y - 1) = 3{y - 1)" - 4fy - I) + 5 = - lOy + 12. 


Exercise 22 


1. If/(x) = 5x - 3, find/(-2),/(0)./(4),/(.l)./(-a). 

2. If/(x) = x^ + x-l, find/(0),/(l),/{-l),/(J),/(-f). 

3. If gix) = 2x* - 5 j -1- 3. find 3(0). 3(2). 3(-3), g(\), g{-\). 

4. If 3 {j) = G - X - find g{2). g(-'i). gCj), gi-\), g(4), ff(-4). 

6. If y{x) = X® - X* - 2x, find y(0), y(2}, y{~\), {/(J), j/d), J/fo). 

6. If y(x) = 3x - 2, find y(2x), y(x - 1), y(x-), y(t), y(2l -b 1). 

7. Of his) = «*-!. find h{2x), A(j*), h{t -|- 1), AdO, + D- 

8. Given F(0 = . find ^(0), Fil), F(x-). (;) . /" (^) ■ 

9. Given F(t) = . find T(2), f(-2), ^ ^ ^ (;^) ■ 


10. Given /(x) = 2x - 3 anrl //(x) = 3x -|- 4. find /(I) + yi2), /(O) - y(3), 
fix) + yix), 2/(3) + 5y(0)./(4)-y(l)./(12) ^ y(l). 

11. Given/(x) = 2x- -b x - 3 and yix) = 2x + 3. find/(x) 4- y(x),/(x)-y(x). 

12. Given/(x) = x^ - 4x - 5. find/(2 -b A) -/(2)./(A) -/(O). 

. . . ,/(3-bA)-/(3) /(x-bA)-/(x) 

13. If fix) = 2 ^ — 3, find -j -,- 7 -• 


14. If fix) = - , find 

X 


/(4-bA)-/(4) /(x-bA)-/(x) 

A ’ A 


16. Given yix) = x - 2, find 2y(x), y(x-). [y(x)]% 3y(x), y(x^), (y(j)l*. 

16. Given x - 2y = 5. exi)rc.ss (a) y a.'^ a function of x by solving for y; (b) x as 
a function of y by .'Solving for x. 

17. Given xy — x-bi/+l=0, expre.ss each variable as a function of tlie other. 
This i.s done by solving the eejuation for each letter in terms of the other letter. 

18. bxprc.ss the area of a circle as a function of its radius. 

19. bxpie.'^-s the area of a triangle as a function of its base and altitude. 

20. l'/X|)ie.‘is the volume of a cube as a function of its edge. 

21. Exprc.s.s the area of the six faces of a cube as a function of its edge. 


40. A Coordinate System. The relation between an independent vari¬ 
able and a function of the variable is a matter of great importance m 
mathematics. In the study of many problems it is helpful to represent the 
relation geometrically. The most common way of picturing the values ot 
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an independent variable and the corresponding values of a function of the 
variable is by means of the rectangular coordinate system described below. 

Draw two perpendicular lines meeting at 0 (Fig. 2). The point 0 is 
called the origin and the lines the axes, OX the r-axis and OY the y-axis. 
The r-axis is usually referred to as the horizontal axis and the y-axis as 
the vertical axis. The axes divide their plane into four parts called quad¬ 
rants. The quadrants are numbered I, II, HI, and IV as shown in the 
figure. Next select any convenient unit of length and lay off distances 



Fig, 2 


from the origin along the axes. The distances to the right of 0 along the 
j-axis are defined as positive and those to the left of 0 are taken as nega¬ 
tive. Similarly, distances upward of 0 along the y-axis are defined as 
positive and those downward of 0 are called negative. 

The position of any point P in the plane may be definitely indicated by 
giving its distances from the axes. The distance from the y-axis to P is 
called the abscissa of the point, and the distance from the j-a.\is is called 


the ordinate of the point. The abscissa is positive if the point is to the 
right of the y-axis, and negative if the point is to the left of the y-axis. 
The ordinate is positive if the point is above the x-axis, and negative if 
the point is below the x-axis. The abscissa of a point on the y-axis is zero 
and the ordinate of a point on the x-axis is zero. The two distances 
abscissa and ordinate, are called the coordinates of the point The cck 
ordinates are indicated by writing the abscissa first and enclosing both 
numbers in parentheses. For example, P(-2, 3), or just (-2, 3), stands 
for the point whose abscissa is -2 and whose ordinate is 3 The coordi 
nates of a point in the first quadrant are both positive; this is indicated in 
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the figure by (+, +). The signs of the coordinates in each of the other 
(jiiadrants are similarly- indicated. 

To plot a point of given coordinates means to measure off the proper 
distances from the axes and to mark the point thus determined. To plot 
(-2, 3), for example, go two units to the left from 0 along the z-axis and 
then go three units upward parallel to the j/»axis. 

In plotting points one may draw the axes on paper or the blackboard 
and estimate the distances by sight or measurement. Rut the work can 
be done more accurately and rapidly by using graph, or coordinate, paper. 



Fig. 3 


This paper is ruled off into .'^rnall stpiares. In Figure 3 the coordinates of 
some points are indicate<l. Tlie coordinates should be verified by counting 
along the edges of the squares. 


Exercise 23 


U.sing graph paper, plot the following points: 


1. (3. 2). 

4. (-1. 0). 

7. (-3, -5). 
10. (3, i). 

13. (8, —V). 
16. (-1^,). 


2. (5, -1). 
6. (-3. 0). 
8. (5. 4). 

11. Hi). 

14. (7J.0). 


3. (-2, 2). 

6. (-5. -2). 
9. (h 2). 

12. (-it). 

16. (0. -of). 
18. (-5, -5). 


16. (-i f). 17. (0,0). IB. l-o,-o;. 

41. The Graph of a Function. We are now ready to illustrate the use 
of a coordinate system in representing a function graphically, ^or t 
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purpose we choose the function .r^ - 3 j- - 2. Letting y stand for the func¬ 
tion, we form the equation 

y = j' — 3 j — 2. 

The first step is to assign or several values and compute the corresponding 
values of the function, or y. The value paii-s are placed in columns so that 
each j-value has its corresponding y-value directly to the right. We take 



Fig. 4 


each value of x in the table and the corresponding value of y as tlie abscissa 
and ordinate of a point. The points thus determined are plotted in Figure 
4. We now draw a smooth curve through the points going from point to 
point in the order of increasing x-values. The curve is called the graph of 
the given function, and the process of constnicting the curve is called 
graphing the function. 

In graphing the function we used x-values in the range —1.5 to 4.5. 
The range could be extended, but we are usually interested in studying 
functions in restricted inter\’als. The complete graph consists of all the 
points whose abscissas are values of the independent variable and whose 
ordinates are corresponding values of the function. 

The point or points which the graph of a function has in common with 
the x-axis are of special interest. The abscissa of such a point is the value 
of X which makes y, or the function, equal to zero. A value of the inde 
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pendent variable which makes the function equal to zero is called a zero 

of the fimction. We estimate the zeros of the function pictured in Figure 4 
to be —0.6 and 3.0. 

Example. Draw the graph of the function y = ~ -\‘ 15 in the 

interval x = —2 to z = 5, and estimate the zeros of the function. 

Solution. \\ e substitute values for x and obtain the corresponding values 
of y. The values of the function y, as shown in the table, lie in the range 
— 13 to 15. Taking note of these values, we select a scale along the y-axis 
so that all the points may be plotted on the area of paper to be used. The 
points determined by the tabulated values are plotted in Figure 5. These 
points serve as guides for drawing the graph. 



X 

y 

-2 

-13 

-1 

9 

0 

15 

1 

11 

2 

3 

3 

-3 

4 

-1 

5 

1.5 


The graph indicates that the given function has three zeros, which we 
estimate to be —1.5, 2.4, and 4.1. These values are approximately cor- 
rect, as may be verified by substituting each for x in the function x — ox 
+ 15. 

XoTK. In graphing functions it is necessary to notice from the table of 
valiie.s where to draw the coordinate axes on the graph paper, and what 
imit.s of measurement to select along the axes in order to draw' the graph on 
the page. It is usually better to have the curve cover a fairly large portion 
of tlie page. For some functions the same unit of measurement may well be 
used along both axes, but often the functional values have a wide range 
which ncce.ssitates a much smaller scale along its axis. 

A dec’i.sion al.>-o necd.s to be made as to what values to assign x. Inasmuch 
as the functions which we shall study in this chapter have graphs which 
arc unlimited in length, we .'^hall restrict the x-values in each case to an 
interval near the origin. The points determined by the integral values of 
x in the interval are sufficient for drawing a reasonably good graph of some 
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functions. Sometimes, however, the points are too widely scattered verti- 
cally to suggest the shape of the graph. In such cases additional points 
should be found by assigning x a few fractional values. 

42. The Graph of a Linear Function. An expression of the form ax + b, 
where 6 is any constant and a any constant except zero, is called a linear 
function of x. The graph of a linear function is a straight line. Proof of 
this fact is made in analytic geometry. It follows, therefore, that two 
points are sufficient for drawing the graph of a linear function. However, 
plotting a third point serves as a check against errors. It is also well, for 
greater accuracy in drawing the line, to have two of the points rather far 
apart. 

Example. Draw the graph of 2x — 3. 

Solution. Denoting the function by y, we obtain the table of correspond¬ 
ing values. The graph of the function is a straight line, a segment of 
which is drawn in Figure 6. 



Flo. C 


Exercise 24 

1. Plot carefully several points on the graph of the function 3x - 5 . Do the 
points appear to lie on a straight line? 

2 . Plot the points which have the coordinates {- 1 , - 5 ),( 0 , 0),(1 3 ) (15 

(2, 4), (2.5, 3.8), (3. 3), (4, 0), and (5, —5). Draw a smooth curve through the 
points taken in the given order. 

3 . Determine if the points (-1, 6), (0, 0), (1, -4). (2. -6), (2.5, -6.25) 

(3, - 6 ), (4, -4), (5, 0), and ( 6 , 6 ) are on the graph of the function y J -! 5 j.’ 
Plot the points and draw the graph. 
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Draw the graph of each of the following functions in the interval indicated. 
Plot tlie two end points and one inteiinediate point of each line segment. 

4. z - 3, from i = -.3 to r = 8. 6. 2x + 5, from x = -5 to i = I. 

6. 61 + 3, from x ~ —8 to i 4. 7. —x — 1, from x ~ —6 to x = 6. 

"“^x, from X = —4 to X = 4. 9. — jx, from x = —8 to x = 8. 

E-vpress y as a function of x by solving each equation 10-18 for xj. Find three 
points on the graph and draw a line through the points. 

10. 2x - y = 5. 11. X - 2y = 4. 12. 3x + 2y + 6 = 0. 

13. x+y = 0. 14. 4x-2y=l. 16. x + 3y - 3 * 0. 

16. 2x - y = 0. 17. X + 3y *= 0. 18. 4x - 2y - 5 = 0. 

Draw the graph of each of the following functions in the interval indicated, and 
estimate its zeros. Use all the integral values of x in the interval and enough frac¬ 
tional values to determine the shape of the graph. 

19. y = X-, from x — 3 to x = 3. 

20. y = —x^, from x = — 3 to x « 3. 

21. y = X- — Ox, from x = —2 to x * 8. 

22. y = 2x‘ — 5, from x = —4 to x = 4. 

23. y = —X* -f 3x -h 4, from x = —4 to x = 7. 

24. y = 3x' — 6x — 4, from x = — 2 to x = 4. 

26. y = 2x' -j- 5x — 4, from x = —4 to x = 1.5. 

26. y = Jx*, from x = — 4 to x = 4. 

27. y = —X®, from x = —3 to x = 3. 


28. Hourly Fahrenheit temperature readings from 8K)0 a.u. to 5:00 p.m. are as 
follows: 20°.' 33°, 46°, 51°. 53°. 55°. 58°, 57°, 52°. 45°. Select convenient scales 
along the horizontal (time) axis and the vertical (temperature) axis and plot the 
points determined by these data. Make a graph by connecting the points con¬ 
secutively with line segtnents. 

29. The table gives the miles obtained per gallon of gasoline by a car at various 
speeds in miles per hour. Plot the points to represent these data. Draw a smooth 
curve through the points. 


X (speed) 

10 

20 

30 

40 

50 

CO 

70 

y (miles per gal.) 

15 

17.5 

19 

19.4 

18.5 

16 

14 


30. The table shows the distance which a car traveled while being brought to a 
stop from various speeds. The speeds are in miles per hour and the distance.^ in 
feet. Con.struct a smootli curve to represent the stopping distance as a function 
of the speed. 

X (speed) 10 20 30 40 50 60 70 

y (distance) 3 12 27 48 75 108 147 


Chapter Six 

SYSTEMS OF LINEAR EQUATIONS 


43. Linear Equations in Two Unknowns. An c(iiiation of the form 

ax + by = c, 

where a, b, and c are constant.s, with a and b not both zero, is called a 
linear equation in the unknowns x and y. A pair of numbei-s for x and y 
which siitisfy the equation is said to be a solution of the equation. Wq 
may find a solution by substituting any number for one of the unknowns 
and solving for the other. For example, substituting r = 2 in the equation 
3x — 4y = 18, we find y = —3. Hence the pair of numbei-s x = 2, 
y ~ ~3 is a solution of the equation. In this manner any number of 
solutions could be found. 

Two linear eqtiations in the same two unknowns taken together consti¬ 
tute a system of equations. A pair of values for x and y which satisfy 
both equations is called a solution of the system. 

Example. Show that z — 2, y = —3 is a solution of the S 3 'stem 

2x - 5y = 19 

3z -b 2y = 0. 

Solution. Substituting in the two equations, we have 

2(2) - 5(-3) = 19, 3(2) + 2(-3) = 0, 

4 -b 15 = 19, 6-6 = 0, 

19 = 19. 0 = 0. 

The pair of numbers z = 2,y = -3 satisfy both equations and is a solution. 

44. Solution by Graphing. There are different methods for solving linear 
equations m two unknowns. We shall first consider a graphical method 
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If b is not zero, we can solve the equation ax by = c for y and get 


the equivalent equation 


a c 



Thus y is expressed as a linear function of x. The graph of the linear 
function is a straight line. Therefore, the coordinates of any point on the 
line constitute a solution of the equation obtained by solving for y and the 
equation as first written. We may conclude that the graph of two equa¬ 
tions of the form or + 6y = c consists of two straight lines. If the lines 
intersect, the coordinates of the point of intersection satisfy each equation 
separately. Hence the solution of the system may be had by measuring 
off the coordinates of the intersection point. 


Example 1. Solve graphically the system 

2x + 3y = 6 


3x — lOy = 15. 

Solution. We prepare a table of values for each equation. This is done 
by assigning values to one of the unknoums and solving for the other un¬ 


known. 


2i -I- Sy = 6 


3i - lOy = 15 





Fin. 7 
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The lines (Fig. 7) intersect. We estimate the coordinates of the inter¬ 
section point as r = 3.C and y = -0.4. These values are approximately 
correct. They satisfy the first equation but make the left side of the second 
equation 14.8 instead of 15. 

Example 2. Graph the system 

3x — 4y = 5 
6j — 8i/ = —2. 

.'Solution. We make a table of values for each equation. 

3z - 4j/ = 5 6i - 8i/ = -2 


1 

X 

y 

-3 

1 

— 2 

1 


X 

y 

1 

-1 

3 

-2 

1 



The graph (Fig. 8) consists of two parallel lines. This means that there 
is no pair of numbers for x and y which satisfy the two equations simul- 
taneously. It could be observed without graphing that the two equations 
have no solution. Multiplying both members of the first equation by 2 
we may write the system as ’ 

6x - 8y = 10 

Gx -Sy = -2. 

A pair of numbere which makes 6x - 8j/ equal to 10 would certainly not 
make Ox — 8y equal to —2. 
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Had the two equations been given as 

3x — = 5 

6x — Si/ = 10, 

then the members of the first equation multiplied by 2 yield the second 
equation. Any solution of one equation would obviously be a solution of 
the other, and their graphs would coincide. For this case there is an un¬ 
limited number of solutions. 

We have illustrated three different kinds of systems of linear equations. 
If the graphs of the equations are two intersecting lines, the system has one 
solution. The equations are said to be consistent. If the graphs are parallel 
lines, there is no solution. In this case the equations are inconsistent. The 
remaining case is that in which the graphs of the equations are coincident 
lines. There are then an unlimited number of solutions, and the equations 
are said to be dependent. 

Inconsistent and dependent equations can be easily detected without 
draAnng their graphs. To make the examination, write each equation with 
the unknowns in the left member and the constant term in the right mem¬ 
ber. If multiplying the members of one equation by a constant yields the 
second equation, the given equations are dependent. If the operation 
makes the left members alike and the right members different, the given 
equations are inconsistent. 

Exercise 26 


Solve graphically the systems which are consistent. For the others state if the 
equations are inconsistent or dependent, giving the reason for your answer. 


1. X -f-!/ = 5 

X - y = 1. 

4. 4x — 3y = 5 
3x — 2y = 3. 

7. X - 4y = 2 
3x — \2y = 5. 

10. 4y - 2x = 9 
3y -h 2x = 6. 

13. 4x + 6y = 5 
6x + Oy = 7. 

16. 8x - 4y = 9 
6x -1- 2y = 7. 

19. X -h lly = 5 
llx - 2y = 4. 


2. X 4- 2y = 3 
2x - y = -4. 

6. Or - 7y = 27 
2x-|-3y= -7. 

8. 7x + 3y = 4 
14x -1- 6y = 8. 

11. 7x - 6y = 13 
3x — 5y = 10. 

14. 5x -f- 5y = 3 
4x - 4y = 7. 

17. 3x - 3y = 5 
2x — 2y = 5. 

20. 5y - 4x = 3 
6y - 3x = 2. 


3. 5x -I- y = 6 
3x -I- 2y = -2. 

6. 2x4-5y= 13 
5x — 6y s= 14. 

9. y - 4x = 3 
2y - 8x = 6. 

12. 4x 4- 5y = 10 
3x 4- 4y = 8. 

16. 5x - 3y = 7 
2x 4- 5y = 3. 

18. 9x4'4y= -15 
6x4-2y= -10. 

21. 3i 4- 3y =» 1 
4x — 4y = 21. 
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46. Solution by Algebraic Methods. We next discuss two different alge¬ 
braic methods for solving a system of linear equations in two unknoums. 
These methods yield exact solutions; whereas, the graphical method, due 
to imperfect graphing and the imperfect estimation of coordinates, usually 
gives only approximate results. 

A. Elimination by Substitution. We illustrate this method by solving 
the equations 

3j + 2i/ = 3 (1) 

2x -oy = -17. (2) 

Solution. Solving equation (1) for y, we get 




2 


By substituting this expression for y in equation (2), we obtain a linear 
equation which can be solved for x. That is, 

/3 - 3x\ 

Multiplying by 2, we have 


whence 


Then 


y = 


4x - 15 + 15x = -34, 

19x = -19, 

X = —1. 

3-3x 3-3(-1) 3-1-3 


= 3. 


Hence, the solution is x = -i, ^ = 3 . \Ve check by substituting these 
values in the left members of the given equations. 

Check: 

(1) 3(-l)-b2(3) = -3-f 6 = 3. 

(2) 2(-l)-5(3)= -2-15= -17. 

The substitution method involves the following: 

/. Solve eilher 0 / the equations Sot one 0 / the unknowns in terms of the other 

3 . Substitute in eilher of the given equations tofuul the remaining unknown. 
(The values for the unknotvns should be checked in the original equations.) 
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B. Eliminafion by Addition or Subtraction. We apply this method in 
solving the system 

5z + 3y = -26 (1) 

4x - 9y = 2. ( 2 ) 

Solution. If we multiply the members of equation (1) by 4 and those of 
equation (2) by 5, the coefficients of x in the resulting equations are the 
same. Thus we get 

20x+12y=-104 ( 3 ) 

20x — 45y = 10. ( 4 ) 

We subtract corresponding members of equations (3) and (4) to eliminate 
X. This gives 

57y = -114, 

y= -2. 

Substituting —2 for y in equation (1) yields 

ox — 6 = —26, 

5x = -20. 

X = —4. 

The solution is x = —4, y — —2. We check by substituting these values 
in the left members of the given equations. 

Check: 

5(-4) + 3(-2) = -20 - 6 = -26 
4(-4) -9{-2) = -16 + 18 = 2. 

The following steps are involved in the addition or subtraction method: 


1. Multiply the me7nbers of one or both equations by properly chosen con¬ 
stants and obtain equivalent equations which have the coefficients of one of the 
unknowns numerically equal. 

2. Then by adding or subtracting eliminate that unknovm. 

3. Solve the resulting equation for its unknown. 

4. Substitute the number thus found in either of the original equations and 
find the other unknown. 

Step 1 should be omitted if the given equations have the coefficients of 
either unknown numerically equal. 

TMien both unknowns are eliminated simultaneously, the equations are 
either dependent or inconsistent. If the elimination process leads to a 
numerical equality, the equations are dependent; if to a numerical inequal¬ 
ity, the equations are inconsistent. 
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Exercise 26 


Solve each pair of equations, if found consistent, by the method of substitution. 
Then check your solution by using the addition or subtraction method. 


1. 

2j - 

% 

3y = 2 

2. 

3x 4- y = 8 

3. 

X -b y * 1 


4x + 

3y = 22. 


5x — y = 10. 


3x - y = 3. 

4. 

4j + 

3y * 1 

6 . 

X - 6y = 5 

6. 

3x - 4y = 3 


2x + 

5y = 11. 


6x — y = —5. 


6x — 8y = 6. 

7. 

2x - 

7tf = 17 

8. 

5x + 3y = 8 

9. 

7x — 2y = 16 


4j — 

5y = 25. 


4x -H 2y = 6. 


5x -b 8y = 2. 

10. 

lox + Zy = 2 

11. 

6x - 4y = 0 

12. 

3y — ox = 6 


lOx + 2y = 3. 


12x - 8y = 0. 


4y -b Ox = -.30. 

13. 

3/ - 

4y = 7 

14. 

7x + 3y = 4 

16. 

X + 2y = 2 


5/ — 

by = 8. 


4x -h 2y * 3. 


12x - loy * -11. 

16. 

3x - 

4y = 5 

17. 

2x - 4y = -3 

18. 

r2x - 12// *= 13 


6x - 

7y = 10. 


4x -b 2y = 9. 


4x -b Gy = 1. 

19. 

5y - 

4x = 3 

20. 

5x4-7y= -2 

21. 

8x - 9y = 10 


4x — 

by = 2. 


4x -i- 6y = -3. 


4x -b 3y = 4. 

46 

. Fractional Equations. 

Frequently we 

have fractional equations 


which yield linear equations when cleared of fractions. The solution of a 
pair of equations of this kind In two unknowns can be found by first clear¬ 
ing of fractions and then applying one of the two methods of Section 45. 

Example 1. Solve the system 

2x-\-y _ _5 

3x-y-|- 1 ~ 16 
T - 3 1 

5 ~ 2* 

Solution. Multiplying the members of the first equation by lC(3x — >/ j- n 
we get y-r i), 

32x -I- 16y = lox — -|- 5 ^ 

171 + 21y = 5. 

Clearing the second equation of fractions yields 

2x - 6 = y -1- 5, 

2x - y = II, 
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The equations 17x + 21y = 5 and 2x - t/ = II have the solution x = 4, 
y = -3. We check these values by substituting in the left members of 
the given equations. 

Check: 

2(4) +(-3) 8-3 5 

3(4) - (-3) + l"l2 + 3 + l”l6 
4 - 3 _ 1 
^ + 5 ” 2 


For the case in which the fractional equations are linear in the reciprocals 
of the unknowTis, solve first for the reciprocals without clearing of fractions. 


Example 2. Solve the system 

X y 

3 5 -II 


X y 0 


( 1 ) 

( 2 ) 


Solution. Multiply the members of equation (1) by 3 and those of equa¬ 
tion (2) by 2. This gives 


6 9 

r y 




= (4) 

X y 3 

Subtracting equation (4) from equation (3), member from member, we get 


1 


y 



We now’ substitute 2 for Z/y in equation (1) and obtain 



1 1 
x~2 


Since the reciprocals of the unknowns are \ and §, the solution is x 2 

3 

y = 2* 
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47. Equations with Literal Coefficients. The methods used in Section 
4.5 are also applicable to linear e<iuatiotis which have literal coefficients. 

Example. Considering a and 6 as constants and x and y as the un¬ 
knowns, solve the system 

ax by = 2a (1) 

3ax — 45)/ = —a + 76. (2) 

Soliilion. To eliminate y multiply the members of e(|uation (1) by 4 
anil leave equation (2) unchanged. 


.\dding. we have 


4ax + 4by = 8a 
3ax — -iby = —a + 76. 

lax = 7a + 76, 
a + 6 


X = 


a 


Now substitute a + 6 for ax in eciuation (1). This gives 

a + 6 + 6y = 2a, 

a — 6 


y = 


a -|- 6 a — 6 
The solution is x --- y - - 


a 


Check: 


b 

/a + b\ (a — 6\ 

-46 = 3a -b 36 - 4a + 46 = - 


+ 64-a — 6 = 2a 


3a 


a+ 76, 


Exercise 27 


Solve for the unkno^i-ns occurring in each pair of equations: 


1 . -- 1 — 

2x - 31/ + 3 14 

I - 1/ = 4. 

^ 2r + y-4 ^ 3 
‘ 3x — y — 1 2 

3x — 4j/ * 0. 


2 . 

6 . 


X - 2 ^ x+1 

1/ + 2 \j 

X - 3)/ * -2. 

2x + 3,j+\ 
2x~3y >= 12. 



2x-2y +5 _ 
•r-y + 4 
x + 2y = 2. 


2 _1 
■ X + 3i/ + 3 2 

2x + 3i/ = 5. 
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7 j-y+3 3 

8 I - - 1 4 

^ X - 2y + 3 4 

' 2i + y - 3 2 

x+y+2 3 

2x - 3y 3 

3i - 2i/ -1- 4 5 

X + 2y - 1 1 

2x + 5y - 8 

2j - 2i/ + 3 2 

2x - 3y + 2 3 

x-y 

10. 2- + 2^--2 

11 2x-3^y + 7 

x+8 x-G 

2,j~ 3 y-\-3 

2x — 1 y + 5 

y+7 y-5 

1 + 2 X- 1 

5x — 4 5y — 14 

2y - 3 y + 8 

3y — 2 3(/ + 8 

X + 5 y + 3 

2x - 5 x + 8 

«« 1 2 

2 3 

2 5 

13,-= 3 

14. - + - * 1 

16. - + - = 9 

X y 

X y 

x y 

1 3 ^ 

4,3 . 

4.4 3 

- + - = 2. 

—1— — 4. 

- + - = — X' 

•r y 

X y 

X y 2 

3 9 

3 5 

1 1 2 

16. - + - = - 1 

17. - - - = 7 


X y 

X y 

X y 3 

^-^-3 

:^-^-2 

3 5 _ 2 

X y 

X y 

X y 3 

3 1 1 

1 2 2 

1 . 3 5 


20. -- - 

21. ~ rt 

bx^ 2y 10 

2x 3y 3 

3x 4y 2 

5 1 2 

3 1 _ 3 

5 _L 2 . 

3x^ y 3 

2x 3y 2 


Solve each system of equations for x and y: 


22. 3x + ay = 4 

23. 4x - 3y = 3a + 46 

24. X - y = 2a 

2/ + oy = 2. 

ax — 2hy = 3o6. 

I + y = 26. 

26. ax + y = 1 

26. ox — 6y = 26 

27. ox + 6y = c 

fex — y = 2. 

3ax + 46y = 7a - 6. 

X + y = 1. 

28. ax — 6y = 1 

29. 6x — 2ay = 36 — a 

30. 3ax - 26y = 6 

cx + dy = 1. 

36x + 3oy = Ga. 

2ax + 36y = a. 

31. ax + 6y = c 

32. ox - 6y = a* - 6* 

33. ax -3by = c 

di + ey = /. 

6x — oy = n* — 6b 

2ax + 26y * 9c. 


48. Linear Equations in Three Unknowns. We next consider the prob¬ 
lem of fiolvinp; three linear equations in three unknouTis. The algebiaic 
metlmds wliieh were used for solving two equations in two unknowns will 
serve in an anuloKOiis fusluon to yield tlie solution for the case o t ree 
unknowTi.s. The following steps may be employed: 

1. Choose a pair of equations from the three given equations and eliminate 
one of the unknowns. 

2. Select one of the pair and the unused equation and eliminate the same 
unknown. 
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5. Solve the two equations resulting from steps I and 2 for the two unknowns 
involved. 

4 . Substitute these values in one of the given equations to obtain the remain¬ 
ing unknown. 


A system of tljree linear eciuations in three unknowns will have one solu¬ 
tion, no solution, or infinitely many solutions. This same situation was 
discussed in the case of two unknowns. Hut we shall consider systems of 
three unknowns which have one and only one solution. 


Example. Solve the system 


2x +3i/ + 2 = 9 
X — 2y — Zz — I 
ox + 4i/ -h Gz = 5. 


( 1 ) 

( 2 ) 

(3) 


Solution. We select x as the unknown to be eliminated. First rewrite 
eejuation (1) and multiply both sides of equation (2) by 2. 

2x + 3j/ + 2 = 9 

2x — 4y — 6z = 2. 

Subtracting, we have 

7y + 7z = 7, 

y -¥ z = 1. 

Next rewrite equation (3) and multiply the members of equation (2) by 5. 

ox + 4y + 6z = 0 
5x — lOy — loz = o. 

Subtracting gives 

14y + 21z = 0, 

2y + 3z = 0. 

We have now obtained the equations y + z = l and 2y + Sz = 0. The 
solution of these equations is y = 3, z = -2. Substituting these values 
for y and z in equation (2), we have 

X - 2(3) - 3(-2) = 1 and x = 1. 

Hence the solution of the given system is x = 1, y = 3, 2 = —2. These 
values satisfy each of the given equations. 
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Exercise 26 


Solve for x, y, and z or u, v, and w. Check each problem by substituting your 
results in the given equations. 


1. 2x - y + 32 = 9 
3x + y + 22= 11 
X - y-\-z = 2. 

A. X - y + 2z = S 
3x + y — Zz = 2 
2y + 92 = 16. 


2. X — 4y + 52 = —4 

X + + 2 = 6 

2x-3i/ + 22= -6. 

6. 5x + 4»/ + 32 = 1 
2 x - y - z = 7 
3x + y = 6. 


3. 3x — 4j/ — 2 = 1 
X - y + 32 = 3 
3x - 2y + 22 = 0. 

6. 4x - 3y + 22 = 2 
3x - 2y + 2 = 3 
2x -f- y = 4. 


7. 2u — 31? + 4uJ = 6 
3« + 2c — 3u> = 9 
u + 2v ixo = 3. 


8. 6h + 2t> — IX = — 1 
2» + Sc — Six = 0 
u — 2v — 2w = 4. 


9. 4» + t- + 2w = 10 
3« + 2c + uj = 5 
2u + 3c + 2u; = 10. 


10. u — c = 1 
ti 4- = —1 

c — ic = 6. 


11. 2u + 3c = 2 
u + 2 k> = 1 
3c + 8tc = 3. 


12. 4u - 9c = 4 
« — 6ix = 4 
3c — 4tc = 1. 


13. 2x — y + 2 = 0 
X + y — 2z = 0 
X + y + 2 = 0. 


16. - - - 
tl XV 

1 1 


V 


xo 


- + - 
u c 


3 
2 

4 
3 

5 
6* 


19. - + - 4 - = 4 
X y z 

i+l-l=0 

X y 2 

?+?+? = i. 

X y Z 


22. ax 4 hy 4 c 2 = 6 

ax — by cz = 3 
ax — by ~ cz = 0. 


26. 3ii 4 3c — 7ic * 5 
2« 4 2c - 2u> = 3 
4u — 3c — Gtc = 1. 

28. 4x 4 2y 4 3z = 3 
3x - 6y 4 42 * 3 

X 4 2y 4 2 = 1- 


14. ax 4 6y = 2 
ax 4 2 c2 = 3 
by — Zcz = — 2. 


16. X 4 y 4 2 = 2a 
X - y 4 2 = 26 
I 4 y - 2 = 2c. 


17. - - - 
u c 


u 


1 


xo 


-5 

-2 


-4- 

C XV 


= 2 . 





c tc 


20.? + l + ? = 8 

X y Z 
X y z 


9 

X 


2_3 
V 2 



23. 3x 4 y 4 32 = 9 
4x 4 y 4 22 = 13 
7x 4 2y - 2 * 24. 


26. 2« 4 3c 4 3u) = 1 
3 h — 2c — 2ic = 1 
2 m — 4c — 5«c s= 1. 


29. 5x 4 4y 4 32 = 3 
4x - 3y - 22 = -1 
6x — 4y — 22 = —1. 


21 . - 

X 

2 

X 

3 

X 


-4- 

y 2 

?+? 

y 2 

-4- 

y 2 


_ 4 
“ 3 
_ 5 
~ 3 

= 3. 


24. 2x - 3y - 22 = 3 
3x - 2y 4 32 = -3 
4x — 4y 4 2 = — 1. 

27. 5h 4 2c - 4tc = 8 
3u - 3c — u> - 5 
4 m — 5c 4 7u> = 1. 

30. x + 2y + 4z= -1 
3x — y 4 32 = — 1 
5x — 4y — 32 s» 0. 
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49. Stated Problems Leading to Systems of Linear Equations. Then* 
!ire many kinds of worded problem.s involving two or more unknowns wliich 
can be solved by setting up a system of linear e(iuations from the known 
data. The reasoning involved in obtaining the eciuations is much like that 
needed for the eejuations of one unknown in Section 3(). We shall illu.strate 
by solving some examplcvs. 

Example 1. A. rectangle whose length exceeds its width by 2 feet has 
the same area as a rectangle which is 3 feet narrower and -4 feet longer. 
Find the dimensions of the first rectangle. 

Solulion. 

Let X = the length, and 

y = the width of the first rectangle. Then 

X + 4 = the length, and 

y — 3 = the width of the second rectangle. 

We obtain one equation by noting that the length of the first rectangle 
exceeds its width bj' 2 feet; hence, 


X - y = 2. 

The second equation is obtained by ecjuating the 

xy = (x + 4)(y - 3), 
or 


two areas; that is, 


and 


xy = xy —Zx -{■ 4y 


Zx - 4y = -12. 
Then, solving the system 




2 


3x - 4y = -12, 

we obtain x = 20 feet and y = 18 feet, the dimensions of the first rectangle 
(See Section 36, Example 1.) ® 


Example 2. A and B can do a piece of work in 9 days. A and C can 
do the work in 8 days, and B and C can do the work in 12 davs Fin,! 
how long it would take each working alone to do the work. 

Solution. 


Let X - the number of days required for A do to the work alone and 
y = the number of days for B alone, and 
2 = the number of days for C alone. 
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Then l/z, 1/y. and \ 'z give the fractional parts of the work done in one 
day, respectively, by A, B, and C. Therefore, we may write the equations 

1 1 1 

I y 9 

1 I 1 

X z % 

1 I 1 

- -|-^ - 

y z 12 

These equations yield 

x = 13 tV, y = 28i. z = m- 


Exercise 29 

Use two of three unknowns in solving the problems of this exercise. 

1. The sum of two numbers is 98 and their difference is 30. Find the numbers. 

2. The difference of two numbers is 13, and twice the smaller is I more than 
the larger. Find the numbei-s. 

3. The length of a rectangle exceeds its width by 4 inches. The perimeter is 50 

inches. Find the dimensions of the rectangle. 

4. A rectangle whose length exceeds its width by 9 feet 1ms 44 square feet l(^s 
urea than a rectangle 3 feet longer and 2 feet wider. Find tlie dimensions of the 

rectangles. , , , • * 

6. If the numerator of a certain fraction is decreased by 1 and the denominator 

increa-sed bv 2. the value of the new fraction is |. But the value of the new frac¬ 
tion would be I if both the numerator ami denominator are increased by 1. find 

the original fraction. , . , n 

6. The sum of two number? is 60, and the larger divided by the smaller pro¬ 
duces the quotient 3 and rcmaimlcr 8. Find the numbers. 

7. Tlie rate of a boat upstream on a river is 0 miles per hour, and the 
rinwnstream is 11 miles per hour. Find the sfieed of the boat in still water anc 

the rate of tlie river’s current. , » 9 

8. An airplane travels 360 miles witli the wind in 1, hours and returns 

houis against the wind. Find tlie speed of the airplane m still air and the speed 

^9.*' Two men, starting at a point on a 1-mile circular track, go in opposite direc- 
tions with uniform speeds and meet in 6 minutes. But if they go m opposi e < 
tions. it requires 2 hours for the faster to gain a lap. Find their speeds m mile.s 

^ 10. A and B working together can do a piece of work 9 

do the work in S daj-s. And B and C can do the work m 12 days. Find ho« long 

it would take each man working alone to do the work. 
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11. A certain job can be done by .\ and B in 12 hours, by A and C in 10 hours, 
anti bv B and C in 20 hours. Find how loni' it would take each to do the job 

alone. 

12. B, and C working together can do a task in S hours. A and B can do 
tlie work in 12 hours, and B and C can do the ttisk in 11 hours. How long would 
it take each man to do the work alone? 

13. Two gnulcs of coffee, one wortli S5 cents per pound and the other 92 cents 
per pound, are to be mixed to make 100 pounds wortli 90 cents per pound. How- 
many pounds of each grade should be used? 

14. How much milk, 3^ butterfat. and how much cream, 30% butterfat, should 
l)e mixeil to make .lOO gallons of milk which is 4% butterfat? 

15. A ba.’teball club has won 55% of its games. By winning 10 of the ne.xt 15 
games the rating will be raisetl to 60%. Find liow many games the club has playe<l 
and how many of these were won. 

16. A father is three times os old as his son. In 14 years he will be twice as old 
as his son. Find their present ages. 

17. A father is twice as old as his son. In 10 years the ratio of their ages will 
be 3 to 5. Find their present ages. 

18. .\ man loans SS.OOO, part at 3% annual interest and the rest at 3^%. Tlie 
total annual income from the investments is S26.S. Find the amount of each 
investment. 

19. A man makes three investments totaling $12,000. The interest rates are 
2«%, 3%, and 83 % per year. The total annual income is .$370, and the income 
from the 3% investment is $10 less than the combined income from tlie other in¬ 
vestments. Find the amount of each investment. 

20 . man weighing 160 pounds sits on a teeter board 10 feet from the fulcrum 
(point of sup|>ort). The l>oard b kept in balance by two boys who sit on the other 
end at dbtances 8 and 10 feet from the fulcrum. When the boys exchange places 
the balance b preserved if the man takes a 4-pound weight. Find the weight of 
each boy. 

Hint: Multiply each weight on one end by its distance from the fulcrum. .\dd 
these products and set the sum equal to the corresponding sum for the other end. 

21. Two children of weights 60 and 80 pouiuls sit on the ends of a 14-foot teeter 
board. \\'here should the fulcrum be placed for the board to lie in balance? 

22. A teeter board b in balance with weights of 120 and 200 pounds at the ends. 
If a 64-pound weight b placed 4 feet from the 120-pound weight, the fulcrum must 
be moved 1 foot to preserxe the balance. Find the length of the board. 

23. A baseball club has won 45% of its games. If the team can capture 32 of 
the next 54 games, the rating will then be 50%,. Find the number of games alreadv 
played and the number won. 


24. A merchant has $.30 worth of dimes and quarters. How many coins are 
there of each kind if the total number b 183? 


26. The sum of three numlrere b 33. The sum of the fimt two b 

third, and the sum of the ffrst and third b 11 more than the second, 
numbers. 


1 less than the 
Find the three 
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60. Deter m i n a n ts. Systems of linear equations are sometimes solved bv 
using determinants. e shall define and discuss the determinants which 
are needed for solving linear systems of two and three unknowns. 

A combination of four numbers arranged in a square with vertical lines 
on either side is called a determinant of second order. The four numbers 
form two rows and two columns. The determinant stands for the value 
obtained by multiplying the number in the first row and first column by 
the diagonally opposite number and then subtracting the product of the 
numbers on the other diagonal. 

Illustrations: 

3 2 

= 3-5 - 4-2 = 15 - 8 = 7. 

4 5 


3 4 

= 3-6 - (-2)(4) = 18 + 8 = 26. 

—2 6 
a b 

= ad — be. 

c d 

Nine numbers arranged in a square of three rows and three columns con¬ 
stitute the numbers of a determinant of third order. The determinant 
stands for six terms called its expansion. We show here a determinant and 
its expansion. 

Qj bi Cl 

02 62 ^2 = d" O361C2 d* a2^3<^l ~ 03^2^1 ~ <^1^'3<'2 ~ 02^1^3- 

03 63 C3 

Each term of the expansion has three factors. And it may be observed 
that the three factors consist of one and only one number from each row 
and each column of the determinant. Further, a certain three of the terns 
are given plus signs and the others are given minus signs. The expansion 
of any third order determinant may be written b}' using this determinant 
and its expansion a.s a guide. To obviate the need for burdensome memori¬ 
zation, however, we describe a simple device for writing the expansion. The 
device, which applies only to determinants of the third order, has the fol¬ 
lowing steps. 
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t. To the right of the determinant repeat the first and second columns. 
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2. The products of the three numbers in each of the three diagonals running 
to the right and downward give three terms of the expansion. 

3. The negatives of the products of the three numbers in each of the three 
diagonals running to the right and upward are the other three terms of the 
expansion. 


Illustrations: 



= (2)(-3)(-5) + (5)(l)(--l) -}- (2)(1){1) 


-(-4)(-3)(2) - (1)(1)(2) - (-5)(1)(5) 
= 30 - 20 + 2 - 24 - 2 + 25 = 11. 


12 

-1 

5 


12 

-1 

5 

12 

-1 

3 

2 

—7 


3 

2 

— 7 

3 

2 

1 

-3 

1 


1 

-3 

1 

1 

-3 


= 24 -h 7 - 45 - 10 - 252 + 3 = -273. 


Evaluate the determinants: 


Exercise 30 


1 . 

4. 


4 3 
7 9 

7 -11 
4 -6 



5 -7 
4 3 



a 5 
4a 2 


3. 

6. 


9 8 
3 -5 

2 11 
3 -5 
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7. 

3 

4 

0 


8. 

3 

— 

-5 

1 

9. 

1 

-3 

0 


2 

1 

4 

• 


4 

— 

-1 

3 


4 

-1 

2 ■ 


3 

2 

1 



0m 

! 


0 ' 

6 


3 

5 

2 

10. 

— 

3 

5 

I 

11. 

0 

2 

6 


12. 

I 

6 

4 


— 

4 

1 : 

3 

1 


1 

5 

0 

» 


1 

3 

1 



3 

1 0 1 


3 

0m 

i 

1 



1 

-1 

-3 

13. 

9 

6 

2 


14. 

3 


2 

1 

16. 

1 ^ 

7 

0 


3 

2 

3 

• 


1 


3 : 

2 

4 

0 

-9 

2 


fi 

4 

1 



4 


2 

1 


4 

0 

-5 


61. Solution by Determinants. By either of the methods of Section 45 
the system of equations 

QiX + biv = c, 


QiX + b2y = C2 


may be solved for x and y. 


In this way we obtain the solution 



62C1 — biC 2 
Q 162 “ 


_ Ol<‘2 ~ Q 2 O 
0\b2 ~ o^bi 


The fractions in the solution involve the coefficients of the unknowns and 
the constant terms. They could be used as formulas for finding the solu¬ 
tion of any pair of linear equations in two unkno^ms, provided the de¬ 
nominator aib 2 — a 2 bi is not zero. But it will be easier to remember the 
solution if we notice that the numerator and denominator of each fraction 
are the expansions of determinants of the second order. That is, 


C2 



— ^>2^1 “ ^K2» 


and 


02 C 2 


— aiC2 — 02^1» 


02 



Oib2 — 02^*1- 


Hence the solution is given by 


Cl 

fcl 


Qi 

Cl 

C2 

&2 


02 

C2 

(l\ 

fi. 

> y “ 

Oi 

fi. 

O 2 

fi. 


02 

fi2 


X = 
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These formulas apply except when the <lenoniinator 0,62 - 02^1 = 0 . o*’ 
a,1)0 = Oof)!. In this case the left membei-s of the equations can be made 
the same. Thus, if Oiho — 02^1, we hate 

Qo «2^iy , , I 

— (dll + 6ii/) = 02^ H-- H-“ 02X + o^y. 

a, oi 

The formulas fail, therefore, when the given equations are inconsistent or 
when they are dependent. 

It is quite easy to write the determinants for the solution of a pair of 
equations. .\n examination of the determinants involved shows the fol¬ 
lowing statements to be correct; 

1 . Write the equations so that each unknown of one equation is directly 
under the same unknown of the other equation, and with the constant terms 
forming the right members of the system. The coefficients of the unknowns arc 
then arranged as they should appear in the determinant of the denominators, 
which are the same. 

2 . The determinant of the numerator of an unknown is formed from the de¬ 
nominator by replacing the coefficients of that unknown by the corresponding 
constant terms. 


Example 1 . Solve the system 

3j + 2y = 3 
2 j - Sy = -17. 

Solution. The equations are in the desired form. Hence we have 


X 




-15 + 34 19 

-15-4 ~ -19 


-51-6 -57 

-=-= 3. 

-15-4 -19 



Formulas for the solution of three linear equations in three unknowns 
may be derived by proceeding in much the same way as we did with a 
system of two unknowns. By the method of Section 48 it may be sliowm 
that the solution of the system 
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OiX + biy + CiZ = di 
QoX -|- 62^ *1" ^2^ ~ ^2 
<13^ + hy + C 3 Z = ^3 

_^162^*3 + d3biC2 + rf2&3^1 — </3i>2^1 ~ dib3C2 — rfa&KS 

X — t 

ai62(*3 + a3^K2 + a2^3<'i “ a3b2‘’i “ ait3<'2 “ 02 ^ 1^3 

«l<^2^‘3 + 03diC2 + Osrfafi — a3d2Ci - 01^302 — a2diC3 

y — -• 

01^2^3 + a3&l^‘2 + 02^1 — <1362(^1 - ail>3C2 “ 02^»lf3 

ai62'^3 + 03^1^2 “H <^2^3^^l “ Q3^2<^1 ~ Olb3d2 ~ 0261^3 
2 = --- 

O162C3 + <J3^*1<’2 ■+■ a2^’3^l 03b2Ci — a]b3C2 — a2biC3 


The denominators of these fractions are all the same. This common 

denominator and the numerators are expansions of determinants of third 

order. By expanding the determinants it may be sho\\Ti that the solution 

of the system mav be written as 
% ^ 


rfl 


Cl 


a\ 


Cl 


fli 

bi 

di 

d2 

^2 

C2 


02 

^2 

Co 

«« 


fl2 

b2 

d2 

dz 

b3 

C 3 


fl3 

^3 

C 3 

y ^ . 

03 

&3 

dz 

Qi 

hy 

C\ 

» y ” 

fll 

&i 

Cl 

) 2 — 

1 fli 

&I 

Cl 

Oi 

^2 

Co 


O 2 

^2 

C2 


02 

62 

C 2 

O 3 

h3 

^3 


fl3 

b3 

C 3 


03 

b3 

C 3 


Tliese determinant formulas may be used for solving any system of three 
linear equations in three unknoums if the denominator determinant is not 
zero. The following statements may be helpful in the use of the formulas. 

1. U'nVc (he equations with the same unknowns in columns, and with (he 
constant terms forming the right 7nem6ers. The coefficients of the unknowns are 
then arranged properly for the denominator determinant. 

2 . The determinant of the numerator of any unknown may be had from 
the denomi nator by replacing the coefficients of that unknown by the correspond¬ 
ing constant terms. 


Example 2 . Solve the system 

2 x -I- 3 y -H 2 = 9 
X — 2 y — Sz = I 
5 x 4 - 4 p - 1 * 62 = 5 . 
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Sobilion. The equations are in proper form for using determinants. 
Hence we have 


9 

3 

1 9 

3 



1 

-2 

-3 1 

-2 



0 

4 

() 5 

4 

-108 - 45 + 4 + 10 + 108 - 18 

-49 

2 

3 

1 2 

3 

-24 - 45 + 4 + 10 + 24 - 18 

” -49 

1 

-2 

-3 1 

-2 



5 

4 

6 5 

4 



2 

9 

1 2 

9 



1 

1 

-3 1 

1 



5 

5 

G 5 

5 

12 - 135 + 5 - 5 + 30 - 54 

-147 


-49 


-49 

-49 

2 

3 

9 2 

3 



1 

-2 

1 1 

-2 



5 

4 

5 5 

4 

-20 + 15 + 36 + 90 - 8 - 15 

98 


— 

-49 


-49 

’ -49“ 


Example 3. Solve the system 

I + z - 3 = 0 
2 j - 3y + lOz = 2 
y + z + 6 = 0. 

Solution. A missing unkno^^'n can be supplied in an equation by using 
zero as the coefficient. Thus we write the system in the convenient form 

+ Oy + z = 3 

2j - 3y + lOz = 2 

Oz + y + z = - 6 . 

Proceeding as in Example 1, the student should set up the determinants 
and find the solution z = .5, y = —4, z - — 2 . 

Exercise 31 

Solve the problems of E.\ercise 26, which are consistent, by determinants. 

Solve problems 1 to 12 and 23 to 30 of Exercise 28 by determinants. 



Chapter Seven 


RATIO, PROPORTION, AND VARIATION 


62. Ratio. Two numbers may be compared in size by dividing one by 
the other. The quotient thus obtained is called the ratio of one number 
to the other. If i and y stand for two numbers, the ratio of a: to y may be 
expressed in any of the forms 

X 

x:y, - 

y 

Two like quantities may be compared in magnitude by first expre.'^ing 
their mcasure.s in the same unit of mea.sure. For example, the ratio of 3 
<lays to 18 houns is 72 18 = 3. Similarly, ratios of the heights of two 

trees, of the weights of two men. of the speeds of two cars, etc., can be 
found. Often the magnitudes of unlike quantitie.s are expressed as a ratio. 
The velocity e of a car which travels d miles in t hours is given by the ratio 
of d to /; that is, 

d 

V = -• 

t 

Example 1. In an election the votes for A and B were 600 and 400 
respectively. Write the ratio of their votes as a fraction in lowest terms. 

Suluiion. Dividing 600 by 400, we get f. Hence the ratio of A’s votes 
to IVs votes is 3 to 2. The same information is given by saying the ratio 
of IVs votes to A’s votes is 2 to 3. 

Example 2. Separate 78 into two parts which have the ratio 3 to 5. 
Solution. Letting 3.r and 5 j, which have the ratio 3 to 5, stand for the 

parts, we have o , - -o 

Sr + ox = /8, 

8 x = 78, 

X = 9.75. 

Therefore, 3x = 29.25 and 5x = 48.75 are the required parts. 

04 
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63. Proportion. A statement of equality of two ratios is called a pro¬ 
portion. A proportion may be written in any of the forms 

- = a-5-b = c-5-d, a:6 = c:d. 

b d 

The numbers a and d are called the eirtremes, and b and c are called the 
means. The number d is called tlie fourth proportional to a, b, and c. For 
the special case in which b = c, the proportion becomes 

a b 

b^7 

In this case b is called the mean proportional between a and d, and d is 
the third proportional to a and b. 

Example 1. Show that in a proportion the product of the extremes is 
equal to the product of the means. 

Solulion. Let the proportion be expressed by a/b ~ c/d. Multiplying 
both sides by bd, we have 

ad = 6c. 

Example 2. Find the third proportional to $ and 14. 

iSoluh'on. Letting x stand for the third proportional, we have 

8 14 

14 ~ X ’ 

8 x = 196, 

X = 24^. 

Proportions are used in geometry to express relations among parts of 
similar figures. We mention the following theorems: 

1. Corresponding sides oj similar figures are proportional. 

2. Corresponding areas of similar figures are proportional to the squares 
of any two corresponding lines. 

3. The volumes of similar solids are proportional to the cubes of any two 
corresponding lines. 

Example 3. A triangle has sides of lengths 12, 17. and 22 inches. If the 
shortest side of a similar triangle is 8 inches, find the longest side. Find 
also the ratio of the areas. 
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Solution. Denoting the longest side by x, we may write 

z 8 

22 ~ 12’ 

12x = 176, 

X = 14§ in. 

We indicate the areas by A and a. Then we have the proportion 

a _ 8- _ 4 

^ ~ 12^ ” 9' 

The ratio of the smaller to tlie larger area is 4 to 9. 


Exercise 32 


Express each of the following ratios in fractional form and simplify: 


1. 4 ft to 8 in. 

2. 30c to S2.10. 

3. 

5 days to 70 hr. 

4. 8 qt to 3 gal. 

6. 4 ib to 8 oz. 

6. 

80 min to 2 hr. 

7. 40 sq in. to 2 sq ft. 

8. 256 cu in. to 1 cu ft. 

9. 

440 yd to 2 mi. 

lU. -7-.TT- 

11 3 3 • ft 

AX* ^ 

12. 

3 1.14 

"5~- rff- 

Find the fourth proportional to each set of numbers: 



13. 5. 7, 30. 

14. 13, 10, 39. 

16. 8, 3. 6. 

16. -2,5.9. 

17. -3, 11, -6. 

18. 

• 

1 

1 

1 

Find tlie third proportional to each pair of numbers: 



19. 4. 10. 

20. 6, 5. 

21. 

7,21. 

22. 7, 9. 

23. 10,3. 

24. 

12,2. 

Find the unknown in each of the following proportions: 


26. 5:a = 2:18. 

26. jij = 2:18. 

27. 

x:49 = 3:7. 

«« 11 13 

28. — = 
a 26 

«« 4 6 

30. 

7 X 

21 5' 


31. Divide 72 into two parts whicli have the ratio 3 to 5. 

32. Divide SS3.50 into two amounts which have the ratio 3 to 7. 

33. Two men, working at tlic same rate of pay, do a job for S94.50. If one man 
works 3 days and the other 4 days, find each man’s share. 

34. Two towns on a certain map are 3 inches apart. If the map scale is 1 inch 
to 40 miles, fin<i the distance between the two towns. 

36. Two school buildings on a city map are 8 inches apart. If the map scale is 
5 inches to 2 miles, find the distance between the buildings. 

36. A man 6 feet tall casts a shadow 14 feet long. At the same time a flagpole 
casts a shadow 42 feet long. Find the height of the flagpole. 



97 


Ratio, Proportion, and Variation 

37. A boy 5 feet tall is 20 feet from a street light. Find the height of the light 
if the boy's shadow is 12 feet long. 

38. The sides of a quadrilateral are 6 , 7. 9, and 13 inches. The shortest si<le of 
a similar quadrilateral is 4 inche.s. f'ind the other sides and the ratio of the areas. 

39. The sides of a triangle are 8 , 12. utid Io inches. Tlie longest side of a similar 
triangle is 10 inches. Find the other sides and tlie ratio of the areas. 

40. Compare tlie area of two circles if their radii have the ratio of 2 to 5. 

41. Compare the surface are:is and the volumes of the earth and moon if the 
ratio of the earth’s radius to the moon’s ratlius is 11 to 3. 

42. Conqiare the surface areas and volumes of two spheres whose radii have the 
ratio 2 to 3. 

Ciiven n :6 = c:d, prove the proportions 43 through 46. 

43. a:c = b:d. (Proportion by alteration) 

44. (« + 6):6 = (c 4- d)-d. (Proportion hv addition) Hint: 7 + 1 *-,+ !. 

0 d 

46. (a — b):b = (c — d)'.d. (Proportion by subtraction) 

46. (a + 6 ):(n — 6 ) * (c + d)'(c — d). (Proportion by addition and subtrac¬ 
tion) 

64. Direct Variation. If a variable y is always equal to a constant times 
another variable i, then y is said to vary directly as x. The relation may 
be written as 

y = kx. 

Tlic fixed number k is callerl the constant of proportionality, or the constant 
of variation. The expressions 

“y varies directly as x,” 

"y varies as x,” 

“y is directly proportional to J,” 

“y is proportional to j,” 

are all used with the same meaning. 

The circumference of a circle, given by the formula c = 2wr, varies di¬ 
rectly as the radius. The constant of variation is 2jr. The distance which 
a car travels, at uniform speed, is proportional to the time t. The relation 

is s = kt. If s is in miles and t in hours, then k is the speed of the car in 
miles per hour. 

Suppose a variable z is always equal to a constant times the product of 
two variables x and y; that is, 

z = kxy. 

This means that z varies directly as the product of r and y. or is proportional 
to X and y. The relation is also expressed by saying z varies joinUy as x 
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The area of a triangle varies jointly as the base and altitude. The 
formula A = jbh shows the constant of proportionality to be 5 . 

Example. A constant force moves a body in a line on a smooth surface. 
The distance which the body moves varies jointly as the force and the 
square of the time. If the distance is 48 feet when the force is 8 pounds 
and the time 2 seconds, find the distance when the force is 6 pounds and 
the time is 3 seconds. 

Solution. Let s stand for the distance, / for the force, and t for the time. 
Then we write 

8 ~ kfl^. 

To find k, we substitute 48 for s, 8 for/, and 2 for t. Thus we have 

48 = A:(8)(4) and A: = f. 

The relation may now be written as 

s = §/t^. 

This formula will give the distance for any force and any time. Substitut¬ 
ing the given values / = 6 and I = 3, we obtain 

5 = i(G)(9) = 81 feet. 

66 . Inverse Variation. If a variable y is always equal to a constant times 
the reciprocal of another variable x, then y is said to vary inversely as x, 
or to be inversely proportional to x. Hence 

k 

y = — 

X 

The time required for water to fill a tank is inversely proportional to 
the rate at which water enters the tank. And the volume of a confined gas 
varies invei*sely as the pressure, the temperature of the gas remaining the 

same. 

Example 1. The volume of gas in a container is 800 cubic inches at a 
pressure of 12 pounds per square inch. Find its volume at a pressure o 
21 pounds per square inch. 

Solution. The volume being inversely proportional to the pressure, we 
have 

k 

V 
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Since f = 800 when p = 12, we obtain 


and 


k 

800 = — 

12 

k = 9600. 


The formula may be written now as 


9600 


V — 


Substituting 21 for p, we find 

V = 24^ = 457{ cubic inches. 

The different kinds of variation may occur simultaneously in problems. 
In the relation 

ki 


z = 


y 


2 varies directly as x and inversely as y. The relation 

kxy^ 

ir = —. 


means ir varies jointly as x and and inversely as z'. 

Example 2. If z is directly proportional to x and invcj-sely proportional 
to y, and if z = 10 when x = 4 and y = 6, find the constant of variation. 
Then evaluate z when x = 9 and y = 8. 

Solution. 

kx 


z = 


y 


Substituting z = 10, x = 4, y = G, we find k = 15; hence for all values of 
X and y 

15x 


z = 


For X = 9 and y = 8, 


z ~ 


V 

15(9) 

8 


135 

T 


= 16 i 


Example 3. The maximum safe load for a beam varies jointly as the 
breadth and square of its depth and inversely as its length If a beam 
^et long, 4 inches wide, and 8 inches deep, can safely boar a load up to 
2(m poun^ find the ma.ximum safe load for a beam of the same material 
which IS 10 feet long, 2 inches wide, and 6 inches deep. 
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Sohidon. Using the letters w, I, b, and d, respectively, for the load, length, 
breadth, and depth we write the law for the beam as 

kbd^ 
w - - 


To find k, we substitute 2000, 4, 8, and 12, respectively, for uj, b, d, and I 
and obtain 


2000 = 



12 

375 

4 


The formula may be written 

375bd^ 

w =-• 

4/ 


where h and d are in inches, I in feet, and w in pounds. Hence for h 
d = 6, and / = 10, we have 


375 ( 2 )( 62 ) 

w =- 

4(10) 


= 675 pounds. 



Exercise 33 

Express the statements 1 through 7 as equations, using k for the constant of 
variation. 

1. The surface area 5 of a sphere varies as the square of the radius r. 

2. The area A of a rectangle varies jointly as the base b and the altitude h. 

3. The volume c of a circular cylinder is proportional to its altitude h and the 
square of its radius r. 

4. ir is directly proportional to j* and inversely proportional to y*. 

6. The attraction A between two bodies varies inversely as the square of the 
distance d between them. 

6. ir is directly proportional to xy and inversely proportional to x*. 

7. V varies as x and inversely as yh. 

Write the relation among the variables in problems 8 through 12. 

8. Z varies jointly as x and y, and Z ~ 8 when z = 10 and y ~ 4. 

9. A varies as and A = ir when r = 1. 

10. V is proportional to r* and h, and V = Sir when r ~ 2 and A = 2. 

11. ir varies inversely as x, and ir = 12 when z = 5. 

12. ir varies directly as z*y and inversely as z, and IT = 11 when z = 3, t/ = 1, 
and 2 = 5. 
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13. .4 varies directly as x-. and .4 = 15 wlien x = o. Find A when x = 7. 

14. P is inversely proportional to x, anil P = 9 when x = 4. Find P when 

X = 12. 

16. ir is proportional to xy'. and W = 1000 when x = 3 and y = 10. Find 11’ 
witen X = (j and y = o. 

16. Z varies directly ns xy and inversely as ii*. and Z = 1200 when x = 4, 

1 / = 9, and ir = 6. Find Z when x = 3. y = 12, and tc = 9. 

17. ir varies as xy* and inversely as z-. and H’ = 20 when x = 2, y = 3, and 
z = 5. Find H' when x = 8, y = 0, and z = 10. 

18. The volume of a confineil gas is inversely proportional to the pressure. If 
the volume is 1000 cubic inches when the pressure is 12 pounds per square inch, 
find the volume when the pi-essure is (a) 8 pounds; (b) 10 pounds; (e) 20 i)ounds. 

19. The distance traveleil by a falling body is proportional to the square of the 
lime it spends in falling. If a biKly falls 04 feet in 2 second.'^, find the ilistance 
which it will fall in (a) 3 seconds; (b) 4 seconds; (e) 10 seconds. 

20. The maximum safe load for a beam 14 feet long, 4 inches wide, and o inches 
deep is 3000 pounds. Find the ma.\imum safe load for a beam of the same material 
which is 12 feet long, 5 inches wide, and 9 inches deep. (See illustrative Example 
3, Section 55.) 

21. Compare the maximum safe load for a beam 10 feet long, 6 inches wide, 
and 10 inches deep with the maximum safe load for the same beam when it is 
turned so that the 0-iuch dimension is the de|)th and the lO-inch dimension is the 
width. 

22. The weight of a body above the earth’s surface varies inversely as the square 
of the distance from the center of the earth. body weighing 100 pounds at the 
surface (4000 miles from the center) would have what weight at a distance above 
the surface of (a) 1000 miles; (b) 4000 miles? 

23. The illumination on a page is directly proportional to the wattage of the 
lamp and inversely proportional to the square of the distance from the lamp. If 
the ilistance is increased from 2 feet to 4 feet and the lamp wattage is doubled, by 
what percent is the Illumination changed? 

24. If one holds his paper 2 feet from a 50-watt lamp, how far should the paper 
be hold from a 200-watt lamp to receive equal illumination? (See problem 23.) 

26. crew of 12 men working 7 hours per day do a job in 15 days. How long 
will it take 9 men working 10 hours per day to do the job? 

26. The time requiretl for a pendulum to make one vibration (a round trip) is 
proportional to the square root of its length. If a pendulum 30 inches long makes 
one vibration in 1.92 seconds, find the vibration period of a irendulum of length 

(a) 25 inches; (b) 100 inches; (c) 4 inches. 

27. Find the length of a pendulum which has a vibration period of (a) 1 second- 

(b) 2 seconds. (See problem 26.) ’ 

28. The electrical resistance of a wire varies directly as the length and inversely 
as the square of its radius. The resistance of a certain piece of wire of radius 0 0*’ 
inch and 1000 feet long is 300 ohms. Find the resistance of a wire of the sanJ 
material 1500 feet long and 0.03 inch in radius. 
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29. Compare the resistances of two pieces of wire of the same material if one 
piece is 100 feet long with radius 0.01 inch and the other is 160 feet long with radius 
0.04 inch. (See problem 28.) 

30. The volume of a confined gas varies directly as its absolute temperature and 
inversely as the pressure. If the volume is 800 cubic inches when the absolute 
temperature is 300® and the pressure is 20 pounds per square inch, what will be 
the volume when the absolute temperature is 200® and the pressure 40 pounds per 
square inch? 

31. The absolute temperature of a gas is doubled and the volume is halved. Find 

tlie ratio of the original pressure to the final pressure. (See problem 30.) 
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EXPONENTS AND RADICALS 


66. Laws of Exponents. In Section 7 the definition of a positive integral 
exponent was given. Accordingly, a" (a a positive integer) means the prod¬ 
uct obtained by taking a as a factor n times. That is, 

a" = ofl-a.fl. (a factors) 

In this chapter we shall consider other powers than the positive integral 
powers of numbers. The new powers will be introduced by extending the 
definition of exponents to include all rational numbei-s (Sec. 2). Before 
taking up new exponents, however, we shall state five laws of exponents, 
and prove that the laws hold for positive integral exponents. 

Law I. 

o^a" = a'"'*'”. 

Proof: a”' means the product of m factors, each of which is a, and a" 
means that a is used as a factor a times. Hence the product of these two 
products has a as a factor m -h n times, which by definition is equal to 

a^+n 

Law II. 

a"* _ 

— = o’" if m>n and a ^ 0. (>, read “is greater than.”) 

a'" 1 

—> if n>m and 0 9^0. (7«^, read “is not equal to.”) 

Proof: We specify that a is a number other than zero because zero is not 
used as a divisor. This law is easily established by the process of reducing 
a fraction to lowest terms. Thus, by dividing, if m > n, each of the n 
factors of the denominator may be replaced by 1 and n factors of the nu- 
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merator become 1. This makes the denominator equal to 1, and the nu¬ 
merator, besides the unit factors, has a left as a factor m - n times. Hence 

the quotient is a"’ Similarly, if n > m, the numerator becomes 1 and 
the denominator a"“”. 

U\v III. 

(fTT = (T". 

Proof: (a’"}’' means a" is to be taken as a factor n times. But each a" 
has a as a factor m times. Hence, in all. a uill appear as a factor mn times, 
ginng a"'’'. 


Law IV. 


(flbr = 


Proof: (ab}”' means the product obtained b}’ taking ah as a factor m 
times. The factor a then occurs m times, jnelding a"; and the factor b 
occurs m times, giving h”. Hence, (nh)" = 


L.UV 



6 0 . 


Proof: (a 6)*" means the product of m factors each of which is a 'b. The 
numerator of the product is the product of the numerators, and is equal to 
a”'. Similarly, the denominator of the product is 6". 


Illustrations: 

2 -- 2 ^ = 2 ^ ( 2 -)^ = 2 ® 



a 


2n+l 




(20^)^ = 2^a® 

a^-'+V a"-* 

g2n+l^«« = 




1 



Exercise 34 

Perform the indicated operations, using the laws of e.xponents: 

1. 3--3*. 2. 4*-4*. 3. a"a*. 

4. (3-)*. 6. (4'')*. 6. (a-)*. 

7. (2a*)(3a-). 8. i3x^{Py)(Ay). 9. (-a*)(-o*)ah 



10. (yab-)(2a^b). 
13. (2xh/y. 

16. (3r-)n2‘')'. 

- (i)'(D‘ 

2j^y- 


22 . 

25. 


'ir>/ 
AiYz* 

2VyV' 

- (^y 

(pv-y 


31. 


34. 


37. 


{prry 

(Zxh/y 

(iis</y ■ 
3-fl6’ 8flV 

2»c^ ’ 95* 


J.3.. 

40. ^ 


43. 

46 


zn 


5"j 


m 
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11. (-3«)=(-3fl)fl*. 

14. (3rt6*)-. 

17. {xhjyiii-y. 

- (t0’(^)’ 

23. - 
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• (^y(^y- 
- c-s^y(sy 


26. 

29. 

32. 

36. 

38. 

41. 

44. 


Gn6* 

■i^xYz 

18x»/2' 


47 

/2.rV\V6i/V\ 

Uyv) \4iY' 


12 . 

16. 

18. 

21 . 

24. 

27. 


(-a')(-6)W. 

{2xy-y. 

(3«6)(«*6*)*. 

ao ' CT )' 

5j*6 

ISzfc*' 

3*a*6*c 

2V’bc^’ 


/ 4<i*6V y 

30. 

/SVvVy 

V2V5f*/ 

V \bx’’ijyJ 

(3pVr-)* 

33. 

((V->V)* 

(HpYr^y 

(3*/»’vV)* 

(OJ-V)- 

36. 

{Sxiyy 

(IOjV)* 

(4xY* 

4x*i/* 5 j2* 

39. 

Opq^ Ap-r- 

102^ 8v- 

2r» ■ Gp* 



3».. + i 

•* 

42. 


2^* 

Qn+2^n+l 


46. 


a''b’' 


48. 


61. 


/2a5S*/ 

VTv/ V 


fi*6/ 


/(i*6vy/ 5V y 

\aW/ 


67. Zero and Negative Integral Exponents. We have defineil positive 
integral exponents and have established five laws of operations which apply 
to them. Our next step is to extend the idea of exponents to include zero 
and the negative integers. The new exponents are to be defined in such a 
way that they obey the five laws of exponents. 

First, let us determine what meaning should be given to a number whose 
exponent is zero. If Law II is to hold when m = n, we have 

a" 

— = a"-" = a® {a 9^ 0). 

a" 


This division yields a zero exponent. But any nonzero number divided by 
itself has 1 as the quotient. We shall therefore assign tlie value I to any 
nonzero number which has zero for its exponent. That is, by definition, 

= 1 . 

Now, in a similar way, we may determine what meaning is to be given 
to a negative integral exponent. If Law I is to hold when m = ~n, then 

= = 1 . 


a-^a" 
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Dividing both members of a~"a" = 1 by a”, we have 


a " = 


(a 5^0) 


We thus define a negative integral exponent in terms of a positive exponent. 

The definitions of zero and negative integral exponents were reached, 
in each case, by applying one of the laws of exponents. However, it would 
be easy to show that they conform to each of the five laws. We note also 
that the definitions of exponents thus far place no restriction on the base 
a except that a ^ 0 when the exponent is zero or a negative integer. 

Illustrations: 

90=1 f-9i0=1 == 


(2'^)-2 = 2« 


{-9)» = 1 

= 2-» = i 
2 ® 


= x4-(-2) = 


(r ■ i ■ © 


T-V 

a^b-^ 






f 6® 6V 


Comparing the original fraction and the resulting fraction in each of the 
last two illustrations, we observe the following statements to be true: 

1. A fraction whose exponent is a negative integer is equal to the reciprocal 
of the fraction with the sign of the exponent changed. 

2. A factor of the numerator of a fraction may be moved to become a factor 
of the denominator, or vice versa, if the sign of the exponent of the factor is 
changed. 

We write at once, for example, 

_ 2W 

2~h'^y Za%^y 

Terms, however, cannot be thus transferred from one member of a frac¬ 
tion to the other. For example, 

+ y-2 x-\-y 

—;-r IS not equal to -;* 

-H y-^ 

1.1 + 

x~^ A-y~" j/ x^\/ + ^2 xy x^ + y^ 

X-' A- !/■* ~ 1 T " “ xY yA-x xy{x + y) 


1 1 

n A~ .> 

3-2 


xV 


1 1 

-1- 

^ y 
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Exercise 36 

Find the value of each expression: 


1. 4-^ 

2. (-2)®. 

3. 10®. 

4. 2-‘. 

6. (-i)“. 

6. 3-\ 

7. 5-- o^ 

8. 6-* G\ 

9. 7*-7-’. 

10. 4-‘-4*. 

11. 2-*-2-'. 

12. 5--5-V 


9--9-» 


13. 2S.3-4 

14 

3-»-3 

G-'-3-* 

.. (-2)-»(-2)* 

17 

(-3)-(-3) 

(-2)-^ 

l-5)-» 

(-3)-» 

19. (S)-‘. 

20. (i)-^ 

21. (5)-‘. 

22. (2-‘)». 

23. (5-*)-*. 

24. (3--)-^ 

26. (5-‘-2>)~*. 

26. (4--3--)-'. 

27. {3-^-6*)-2. 


Express each of the following without zero or negative exponentvS and simplify: 

28. 29. xv"*)/-’. 30. 

31. (76-‘r“*. 32. a-6'>c-‘. 33. 0*6"V. 


34. 

x-i/ * 
x-hj-* 

36. 

3-'x-y 

2-‘x“»y 

36. 

21x°y-‘ 

7*x-‘y-« 

37 


38 

0-pV 

39 

6 ’ 


2-‘p-<q-‘ 

Ww« 

lo-y^-s 

V v« 

3'V"V 

40. 

(^)‘- 

41. 

(I?)"- 

42. 

\ 2 c ) 

43. 


44. 


46. 

/p--y-V\-* 

V 2®r-‘ / 

V / 

\p~*y“V/ 

46. 


47. 


48. 


\ 6-‘c-* / 

( 6-*x-V ) ■ 

( A -’-) ■ 

49 

2-* + 3 -* 

60 

2-2+ 1-2 

fil 

3-‘ - 5-‘ 


3-‘ 

V w« 

2-' + l-> 

Ua» 

3-‘ + 5-‘ 

62. 

x-*-y-* 

A A 

63. 

x-^y-» 

64. 

x-‘ + y-2 

x-»tf-* 

X-* + y-* 

y -' 


68. Roots of Numbers. To aid in the study of fractional exponents let 
us discuss roots of numbers. If a number is equal to the product of two 
equal factors, one of the factors is called a square root of the number. If 
a number is equal to the product of three equal factors, one of the factors 
is called a cube root of the number. We have the following general defi¬ 
nition. 

If a arid b are two numbers such that the nth power ofa{na positive integer) 
is equal to b, then a is called an nth roof of b. That is, if a" = b, then a is 
an nth root of b. 

Illustrations of roots of numbers are given by the equations 

2 ^ = 4 , (- 2)2 = 4 , 3 ^ = 27 , (- 3)2 = - 27 . 



College Algebra 

We see that +2 and -2 are square roots of 4, that 3 is a cube root of 27 
and that -3 is a cube root of -27. In Chapter Sixteen we shall find that 
any nonzero number has two square roots, three cube roots, four fourth 
roots, and so on. But some of these roots involve a new kind of number. 
The new number is different from the real numbers which, we recall, are 
the positive and negative numbers and zero. 

The preceding illustrations of roots are indicative of certain facts which 
we point out now and consider further in Chapter Sixteen. 

1. A positive number has two real nth roots if n is an even positive in¬ 
teger. The roots have opposite signs but equal numerical values. 

2. A positive number has one positive nth root and a negative number 
has one negative nth root if n is an odd positive integer. 

3. A negative number has no even root which is a real number because 
even powers of both positive and negative numbers are positive. 

We wish now to give our attention to real roots of real numbers. Hence 
we defer consideration of numbers and roots of numbers which are not 
real. 

If a number has one real nth root, that root is called the principal nth 
root. If a number has two real nth roots, the positive root is designated 
as the principal nth root. The .symbol v^, called a radical, is used to stand 
for the principal nth root of a. The number a is called the radicand, and 
n is the index, or order, of the radical. The symbol \/~ is called the radical 
sign. The following are illustrations of principal roots of numbers, 

■s/g = 3, -^ = 2, = 2, = -2. 

We note that —3 is a square root of 0 and —2 is a fourth root of 16, 
but neither is a principal root. The negative of a principal root may be 
indicated l)y placing a minus sign before the radical. Thus, — v'TO — —2. 
It is customary to omit writing the index when a square root is meant. 

69. Fractional Exponents. We are now reatiy to extend the definition 
of exponents to include fractions of the form mfn where m is a positive or 
nogati\'c integer and n is a positive integer. 

First we take m = 1 and seek an interpretation of If Law III is to 
hold, we have 

= a"^" = a. 

This shows that the afh power of a*'" is a. or that is an ;ith root of a. 
Regarding this root as the principal root, we have, by definition, 

In this definition a may have any positive or negative value when n is 
odd. When n is even a is restricted to positive values. 



Exponents and Radicals 


109 


Illustrations: 

30'S = 6; (-8)'* = -2: «’* = o > 0. 

Applying Law III again, with the integer m 1, we have 

a”"''* = (a'")'" = 

and also 

= (a''"r = (v'or- 

We define a’"''* by these equations. The form means the principal 
nth root of a”, and the form (-^ )"• means the nith power of tlie principal 
nth root of a, the two being equal. In each form the denominator n of the 
exponent indicates a root and the numerator m indicates a power. We 
note again, however, that values of n which have no real ?jth root are ex¬ 
cluded in this discussion. 

We have now defined exponents to include all rational numbers. We 
first defined the positive integral exponents and proved the five laws of 
operations. Then definitions were given for the other exponents in conform¬ 
ity with those laws. Although complete proofs were made only for the 
positive integral exponents, it would be easy to show that the laws of ex¬ 
ponents apply to rational numbers generally. 

Illustrations: _ . , 

8^ = (V^g )* = 2* 8“^ = -n = — 

(-32)’^ = = (-2)^ = 16 

(- 32 )’* = = (- 2 )^ = -8 

Obsei^’e that in these illustrations it is easier to take the root and then 
raise the root to the required power than to reverse the order of operating. 

Example 1, Perform the multiplication 
Solution. 

3x V‘*-2x-’V‘ = 


Example 2. 

Solution. 




no 
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Example 3. 

leave the result 
Solulion. 


Perform the operations indicated by 
with positive exponents. 

\ab^c-'') ~ Lv^/ 




a-V 


Example 4. 

Solution. 


c 

Expand (2x^ + 

= (2.v-^f + 2(2xY^) + 


= 4x^ + + y 


Exercise 36 

Find the value of each expression, using the principal root: 


1. 25 ^ 

4. 8’^ 

7. (-8)‘^ 

10. 8-'‘. 

13. 

16. (0,04)-^. 
19. 


2. 64‘^ 

6. 27 «. 

8. {-125)\ 

11. 16-‘‘. 

14 . ar^. 

17. (O.OOl)*!. 

20 . 


3. 81«. 

6 . 9 « 

9. (-&4)’‘. 

12. 32 
16. (^)-«. 

18. (0.008)«. 

21. (-!!)-«. 


Simplify by performing the indicated operations and leaving each result without 
zero or noi'utive exponents; 


22 . 

26. 



31. 

34. i2a-b^)^. 

37. (5x-’0'*. 

40. 

43. 6a-^fe‘‘•2a-^6-^ 


23. a^a^. 
26. 


32. (2c-'‘)-». 

36. (fl»62)-«. 

38. {2y-^)-*. 

41. 5a-*6-«-2a’‘6^ 
44. 2j-«i/*<-4jV‘- 


24. c^c“. 
27. c\-\ 



33. (3x-«)-*. 

36. (a»6»)-«. 

39. {x^y-^y*. 

42. a6*c^-2a“'6'^. 
46. 

_ 27’*fl'*6‘’ 
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62 . ■ 

66. (!■’’ + DU'* - 1). 

68. (2r’i-3y'^)(x‘^+4y‘’‘). 
60. (2x^ + 3y‘>)(x*’ “ 2y‘’). 



61. 

/ x-’^y*^ \ \ 

(, X'V' ) 

Vx-'>y-‘‘/ 




(2T„6-.) ■ 

64. 

V25a‘»6V 

66. (x'’ - y'’)^ 

67. (x‘‘-|-3)(x’< - 


69. (r'*-y’*)(j’‘ + j^y‘’ + y’'). 
61. (x'> + y’»)(j’’-i‘’y'‘ + y'‘). 


60. Equivalent Radical Forms. From the laws of exponents certain use¬ 
ful laws of radicals may be had. We write here four laws of radicals. 
These four relations are obtained by writing the exponential relations, ap¬ 
pearing to the right, in ternis of radicals. We recall that a and b may take 
only the values for which the indicated roots are principal roots. 


II 

e 

11 



= (ah)''" 

= Vfl 

_ pl/mn 

nr' t 

? 3* 

II 

9 


These four relations may be employed in making some of the needed 
changes in radicals, the most common of which are: 


A. Remolding factors from the radicand. 

B. Making the radicand non~fractional. 

C. Expressing a radical as one of lower order. 

D. Bringing an outside factor inside the radical sign. 


A radical is said to be in simplest form when the operations A, B, and C 
are fully carried out. The operation B is called rationalizing the denomi¬ 
nator. 

A. If a factor of the radicand of an nth order radical is a perfect nth 
power, the factor may be removed by writing its principal nth root as a 
coefficient of the radical. This operation may be readily performed by first 
factoring the radicand. 


Illustrations: 

V75x3 = V25x2(3x) = = 5jV^ 


\^m{T-{-yy = \^^-iix + y)\x-\-y) = 3(x + yf^-l{x + y) 
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B. A fractional raclicand of an nth order radical may be made non- 

iplying the numerator and the denominator of the frac¬ 
tion by an expression wliich makes the denominator a perfect nth power, 
and then taking the nth root of the denominator. 

Illustrations: 

ji j5~2 Iw Vio Vw 1 ^ 

Vs" Vs ' 5 " 

S? ^ babc^ V'S? 1 4/ - 

W- = • - = W—r -- 

V8c \2c^ 8c V 16c^ 2c 2c 

C. If the radicand of an nth order radical is a perfect 7nth power, and 
if w and n have a common factor greater than 1, then the order of the radi¬ 
cal can be reduced by removing the common factor from m and n. 

Illustrations: 

= ■v^{5a)2 = (5a)’‘ = {5a)^ = 


>yiW = 5%%"^ = 5 = V'W 


324(x^ - 2.ry + i/) = ^2*3^x - yf = ^2-3=^(x-y) = ^ 18(x - y) 

In each of tlie first two of the throe preceding illustrations we expjessed 
a radical in terms of fractional exponents, reduced the exponents to frac- 
tion.s in lower terms, and then changed back to a radical. Observe that 
those intermediate steps may be omitted. The result is achieved more 
directly, as .shown in the last illustration, by dividing the index and the 
exponents of the radicand by their greatest common factor. 

D. Tlie coefficient or a factor of the coefficient of an nth order radical 
may be raised to the nth power and written as a factor of the radicand. 



Illustrations: 
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Exercise 37 

Write each of tlie followinR ex|)n‘ssi()n.s as a radical: 


1. 

a*’. 

2. 

5’’. 

3. 

x'^y\ 

4. 

3a'’. 

5. 


6. 

(4r)'’. 

7. 

-x'’. 

8. 

(-x)\ 

9. 

Ox'*. 

10. 

ab'^. 

11. 

(-2a*)\ 

12. 


13. 

5''(x + y)\ 

14. 

o(x - (/)’». 

16. 

z(x-y)\ 

Chanije euoh radical to 

an equivalent exponential form: 


16. 


17. 


18. 


19. 


20. 


21. 


22. 

V'2(x + y)^ 

23. 

V^-r - !/. 

24. 

\^x + y. 

26. 


26. 

V'xy. 

27. 

\/-x-y. 

28. 

^5. 

29. 


30. 


Bring tlie coefficient, to 

1 tlie proj>er power. iti.side the 

radical sign: 

31. 

3\/2. 

32. 


33. 

2v^. 

34. 

2a\/Sb. 

36. 

2v^. 

36. 

3x1/v^. 

37. 


38. 

Iv^b. 

39. 

b\a^ 

40. 


41. 


42. 


43. 

x + y 1 \2z^ 

44. 

a — b la + b 

4R 

2 l(a - by 


2i Vx + 1/ 

a + 6 Va — 6 


a - bS 2 

Express each radical in 

simplest form: 



46. 

V8. 

47. 


48. 

v^. 

49. 

Vw. 

60. 

\/27aV. 

61. 

V-iOxy^. 

62. 


63. 


64. 

^-f)4x»f/*. 

66. 

v^s^. 

66. 


67. 

V^8^. 

68. 

V\. 

69. 

Vf. 

60. 


61. 

■^3- 

62. 

f • 

63. 

a/I. 

64. 


66. 

VA 

66. 

\mj' 

67. 

3j7a‘6« 

\ 4c* 

68. 

3il8xV 

V 25? 

69. 

V 96 

70. 


71. 


72. 

ySab^' 



114 


73. 

76. 

79. 

82. 



86. VV?. 

88. V^VSl^®. 
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74. 

76. 

77. v^^V- 

78. -v/8UY. 

80. 

81. -y27a^b\ 


84. 

y 25 

y f 

ing expressions to one with a single radical 

86. 

87. 

89. V^27xY. 

90. 


61. Addition and Subtraction of Radicals. Radicals of the same order 
and the same radicand are called like radicals. The algebraic sum of like 
radicals is a radical of the same kind whose coefficient is the algebraic sum 
of the various coefficients. Unlike radicals often become like radicals 
when each is simplified. Then to make certain as to whether two or more 
radicals may be added, it is sufficient to express them in simplest form. 
Radicals not expressible as like radicals may have addition and subtraction 
indicated by the proper signs; they cannot be written as a single radical. 

Example 1. Add algebraically 2V^ — 3V^ + 

Solution. 

2 V 18 - 3\/J + = 2\/9^ - 3\/f + ^ 

= 6V2 - fV 2 + V 2 = 


Example 2, Add algebraically V^2? — 3 — V^. 

Solution. 

- 3V^ - V^a = ~ 

= (a - 6)V^ - Via. 

The unlike radicals and Via cannot be combined into a single radical. 


Find the algebraic sum: 

1. 4\/3 - 5\/l2 - V^- 
3. \/45 4- 

6. V! + Wg - Vl- 

7. SVI + 2\/| 4- V'S. 


Eiercise 36 

2. \/W — \/l8 + 

4. - V150 - V^- 

6. 4- V^ + V^- 

8. zVi - iVi+^V-^- 
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9. V^- - 3\/l^ + 

11 . ^ 4 - yyro - v ^- 

13. + -^-135 + -^-320. 

16. — 27a* + 

17. Vu - !/)* - V^~y- 

19. + VA- 



23. s/^xy + - v''48j^. 

26. VIo^ - - \/^. 

27. V3^i^» - v^9^* - 


10. \/4a6* — \/TqM + y/^. 
12. + V^- 

14. - -^-24a - 

16. V<‘ + b + VCa+6)*. 

18. Vj - VI + VI- 



24. Vsfl”' + 2V^ - Vi^. 

26. VS^ + VW + V^- 
28. VTa^ + + V^. 


62. Multiplication of Radicals. Since the V^ V^ — V^. the product 
of two or more radicals of the same order is a radical of the same order 
whose radicand is the product of the various radicands. To multiply 
radicals of different orders, it is first necessary to express them as radicals 
of the same order. 

Example 1. Multiply 3V^ by sVs^. 

Sofuh'on. 

aV^-sV^ = 15V^-V^ = isV^ = ISa^'Vo. 

Example 2. Multiply oV3 by 6-^. 

Solution. We take note of the different orders of the radicals and have 

sVa-O-yi = (5-3«)(6-2‘‘) = 30-3'‘-2- = 30-^^ = 30>^^. 

To find this product we made use of fractional exponents. The re.sult 
may be obtained, however, without resort to fractional exponents. To 
change the second order radical to an equivalent 6th radical, we multiply 
both the index of the radical and the exponent of the radicand by 3 Sim¬ 
ilarly, we use 2 as the multiplier in changing the third order radical to the 
6th order. Thus we have 


aVs-G^yi = 30V^V^ = 30-y^ = 

Example 3. Find the product (2V3 + 3VS )(4 V3 - VS ). 

Solution. The binomials have like terms, and we multiply in the usual 

(2V3 + 3VB)(4V3 - V5) = 8-3 + 10Vi5 -3-5 

= 9 + lOVTS. 
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Exercise 39 


Perform the indicated multiplications, leaving each result in simplest form: 


1 . 

4. 3\/6/- \/^' 

7. fV^lo-Vo. 

10. (-2-v/5)2. 

13. (-2^)^ 

16. 

19. ■ v^4^. 

22. (v^)'. 

26. \/2-^. 

28. ^y3■v\■ 

31. 

34. (v^+'v/S)*. 


2 . V 5 \/Ib- 

6. \/2xy-y/^. 

8. l\/TT §vn. 

11. (5-v^)^ 

14. (-2v^)^ 
17. 

20. 4-<yi-2^yTs. 

23. 

26. Vs-v^i 
29- 

32. 

36. (v/3 - \/4)*. 


37. + ■\/3)('s/2 - \/3). 

39. {2^/3 - 4)(2v^ + 3). 

41. (5-^ - y/Ti )(o\/2 + 2 V3). 
43. (2-v/6 - 3-s/2)(3-s/0 y/2). 

46. (\/2+ \/3 - y/l)-. 


3. 3V^-V3- 

6. y/^-y/Ti^. 

9. Gy/S-y/^. 

12. (3\/^)'- 
16. 

18. 

21 . 

24. 

27. -^ VS. 

30. 

33. -^ VS. 

36. (v^d- -s/S)*. 

38. (v^ + a/3)(-s/ 4 - -v/3). 

40. (4-v/5-5)(4-v^ + 2). 

42. (2-v/6 + V^)(\/6 - -i-y/S). 

44. (-v/T()-3-v/2)(2v/rO + 4-v/2). 
46. (-v/2 - -y/Bd- -y/7)*. 


63. Division of Radicals. The relation 



sliow.s liow to express the quotient of two radicals of the same order as a 
single radical. But, whether we consider the left member of the above 
equation or the right member, it is customary to rationalize the denomi¬ 
nator. That is, an equivalent form is to be obtained which has no radical 
in the denominator, and no radicand is to be a fraction. It turns out, 
therefore, that the process of division where radicals are involved as di\ isors 
is largely that of rationalizing the denominators. To divide radicals o 
different orders it is first necessaiy to e.xpress them as radicals of the same 
order. We shall illustrate with some examples. 

Example 1. Divide 5\/2 by 3\/6. 

Solution. 

5V2 5V2 Vg 5VI2 10“^ 

" 3 ^ ' ^ ' 3yM ^18 9 ■ 
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Example 2. Divide by V 3“. 

Sohilion. The nidieul-s must fii-st be changed to radicals of the same 
order. Tlie L.C.M. of 3 and 4 is 12; hence we express each of the given 
radicals as an equivalent radical of the 12th order: 

\'2 2‘* 2''^ ^ Vg48 

= = = " “3~' 

When the divisor is a binomial wliicli contains a radical in one or both 
terms we rationalize the divisor by multiplying both the dividend and 
divisor by a properly chosen expression. This process is also known as 
rationalizuig the denominator of the fraction formed by the dividend and 
divisor. For this purpose we recall that the product of \/a + \/b and 
\/rt — \/b is the rational expression a — b. Hence a rationalizing factor 
of a divisor of the kind in question is obtained hy changing the sign of one 
term of the divisor. 

Example 3. Divide (2'\/3 — 3v^ ) by (3\/3 — 4\/2 ). 

Solution. The expression (3V^ + 4v^ ) is a rationalizing factor of the 
divisor. Writing the dividend and divisor i\s the numerator and denomi¬ 
nator of a fraction, we obtain 

2\/3 - 3^2 2-\/3 - 3V^ 3V^ d-4's/2 18 - Vg - 24 

S-s/S - 4v^ “ 3-v/3 - 4-^/2 ' 3V3 + 4v^ " 27 - 32 

_ -Vg - G Vg + G 

-5 5 

The final fraction, containing no radical in the denominator, gives the quo- 
tient in the desired form. 


Exercise 40 

Perform the indicated divisions, giving each result in simplest form; 


1. Vg ^ y/2. 

4. Vm -5- V2. 

7. \^7xy^ 4- 4x®i/. 

10. -5- 5-^. 

13. ^ IVt- 

16. V3 4- 
19. 6-^ 4- 3V3. 


2. Vli -5- 

6. v^Sx 4- v^- 
8. 9 4- Zy/5. 

11. 4- 

14. |</i4.i^T 

17. -v/7 4- ^y^. 
20. ^ 4- 


3. 'n/Io 4- v^. 

6. v''4x^ 4- 

9. 3 4- 
12. 4- 

16. 

18. -^4-^5. 

21.4^22 4- ^yn. 
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22. (2\/S -f* \/2) \/6- 

24. i7^/TZ ~ 2y/n) ^ 3v/T3. 
26. (2-\/3 4- §\/2) S\/6- 

28. 1 -h (1 - v^). 

30. 3 -5- (3 - V2). 

32. V2 ^ (3 - v^). 

34. 2's/3-^(3-s/2 +V3). 


23. (2v/^ - 3\/T0) -5- \/i0- 

26. (9-\/r4 + 6-v/^) 3 V42. 

27. {5\/3 — 3\^) -T- \/T5. 

29. 1 •s-(2 + 'v^). 

31. 4^('v/5- v^). 

33. (\/5 - 1). 

36. 6V2-5-(2V3 + 3-s/2). 


Rationalize the denominator of each fraction. Then use Table I, page 301, 
to find the values of fractions 36-42 to three decimal places. 


36. 

39. 

42. 


V^+ 1 

V5- l' 

\/6 - 2 V 3 

^/2- V^' 

3\/2 + -l\/6 

2-v/5 + 3v^' 


37. 

40. 

43. 


5-f- \/2 
2 - 

3V3 - 2\/2 
2^-4-^' 

+ v'j 

y/2- y/x 


38. 

41. 

44. 


-s/3-4 
V2 + 4’ 
2v/7 + 3\/5 

-v/7+ ■ 

•\/j 1- 

y/x~y/ij 


45. 

47. 


Zyfz + 2y/xj 
2y/x - 3-y/y 
-s/3 + 2 

(2-V^)(l +V3)' 



2 

-v/2 +V3- y/h 


46 2 - y/C 

•(3-y/6)(2+V5) 


1 +V^+V3' 

„ y/5~V2+Vs 

V5+y/2+y/3‘ 


Hint: First multiply the numerator and denominator of problem 48 by the ex¬ 
pression 1 -h y/2 — \/3. 


64. Imaginary Numbers. In the treatment of fractional exponents and 
radicals we avoided the even roots of negative numbers. But even roots, 
especially square roots, of negative numbers have important uses. The 
solution of certain equations involves this kind of number. For example, 
solving the equation + 1 = 0, we have 


= - 1 , 

X = ±v^. 

We now consider radicals of order two where the radicands are negati\c. 
That is, we introduce numbers like 


V^, V —3, V~^, where 6 > 0. 

Each of the.se radicals stands for the square root of a negative number. 
Consequently their squares must yield the negative numbers. Thus, 

(V^)2=-3. (V^f=-h 
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But the square of a real number cannot be negative. Hence a number 
indicated by V^. 6 > 0, is not real. It is called an imaging number. 

Frequently the letter i is used to stand for the niimber \/~ 1. Employ¬ 
ing i in this way, we shall assume that the following operations apply: 

^/^9 = \/9(^ = = 3i‘, 

= ■s/(-l)(2) = V^'s/2 = iVi, 

= -s/(-i)(6) = -v/^v^ = iVb {b > 0 ). 

Thus we see that the square root of a negalivenumber can be expressed 
as a real number times i. The number /, or -%/— 1, is called the imaginary 
unit By definition the square of this unit is —1. 

Since r = — 1, we may easily find the value of any integral power of 
i. We have 


= -1, 

= {‘.i = (-i)i = -i, 
i* = = (-i)(-i) = 1, 


= (i)(-i) = -I, 

f = = (-i)i = 

i* = = (1)(1) = 1. 


An lamination of these powers of i shows that only the numbers f, — 1, — f, 
and 1 occur in the successive positive integral powers of i; and that i witli 
any exponent remains unchanged in value when the exponent is increased, 
or decreased, by 4. 

A number of the form a + bi, where a and b are real numbers, is called 
a complex number. The number a is called the real part and bi is called 
the imaginary part. For the special case in which 6 = 0, the complex num¬ 
ber is real; and for b 0, the complex number is called imaginary. If 
a = 0 and 6 0, the number is called a pure imaginary. Thus 3, 2 — 5/ 

and 6i arc complex numbers; 3 is a real number, 2 - 5i is an imaginarv 
number, and Oi is a pure imaginary number. Complex numbere, we note 
comprise both the real numbers and the imaginary numbers. 

The numbers a -f- bi and a — bi are said to be conjugate complex num¬ 
bers. Each is the conjugate of the other. We shall encounter conjugate 
complex numbers later in solving quadratic equations. 

Two complex numbers are defined to be equal if and only if their real 
parts are equal and the imaginary parts are equal. That is, 

a 4- = c + rfi 


if and only if 


a = c and b = d. 
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From this definition it follows that if 

a + bi = 0, 

then 

a = 0 and 6 = 0. 

Conversely, if a = 6 = 0, then a bi = 0. Hence a complex number is 
equal to zero if and only if the real and imaginary’ parts are both zero. 

The usual rules for addition, subtraction, multiplication, and division 
are applied to complex numbers with imaginary parts. To perform such 
operations, it is preferable first to express the numbere in the form a + bi. 
1 hen the quantity i is handled just as any literal number with the additional 
rule that —I is to replace wherever it arises. 

Example 1. Add the numbers 2 — and — 4 + 

Solution. We first express each number in the form a + bi. Thus we 
obtain 

(2 - -b (-4 + V^) = (2 - 3iV3) + {-4 + z"\/3) 

= -2 - 2iV3. 

Example 2. Multiply by 

Solution. , 

V^. = iVs-iVl = i^VJl = -Vl5. 

Note. The law for multiplying two radicals of like order involving real 
iiumbei's must not lie applied to two imaginary numbers. Thus \/3'V^ 
= \/T5, but y /—3 • y/—5 is not equal to y/Xb. An error in a product is 
less likely to be made if each imaginarj' part is expressed as a real number 
limes i before multiplying. 

Example 3. Multiply 3 — 4i by 5 -f bi. 

Solution. 

(3 - 4f)(5 + 5i) = 15 - 5i - 20i^ 

= I5-5f-20(-l) 

= 35 - 5(. 

Tlie product of two conjugate complex numbers is a real number. Thus 

(a + bi) (a — 6i) = — b^i^ = + 6^- 

We shall make use of this property of conjugates to find the quotient of 
two numbers when the divisor is imaginarj’. 

Example 4. Divide 2 + 3? by 4 — 5i. 
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Solution. For the (luotient to be in the form a + bi, it is neeessar>' tliat 
the denominator have no imaginary quantity. The product of the denom¬ 
inator 4 — 3i and its conjugate 4 + 3i is real. Hence we write 

2 -1- 3/ (2 + 30(4 + 50 

4 - 5(' ” (4 - 5()t4 + 5i) 

8 4- 22i' + 15r 
10 - 25r 

-7 + 22( 7 _ 22 . 

" IG + 25 “ 41 41 


Exercise 41 


1. Chissify each of the following coinple.x iminbors as a real, an imaginary, or a 
pure imaginary number: —5, \/2' 2 — i, 2 -}- \/—5, 3i, ir, V' ~4, y/~-2. 

Write eacli of the following numbere in the form n -|- bi: 


2. 3 -h 

6 . 

8. y/^S. 

11. 2 - 3V^- 


3. 4 - 

6. -7\/^. 

9. 

12 . 


4. 5 -I- v/-25. 
7. lOv^^l- 

10. -v/--rV. 

13. 3 + 4\/^27. 


Perform the in<licatc<l oi>orations. leaving the results in the form n 4- bi: 


14. 3V^ + 

16. 2y/^ - 'iy/~^ + 5y/^Z. 

18. (3-1-40 +(-7-5i). 

20. (9 - 40 - (“8 + 60. 


16. 3V^ - 4y/^ + 9V-t>. 

17. y/^ - Ay/^\2 + i)y/^. 
19. (-4 + 50 - (-6 + 80. 

21. (10 + 70 + (11 + lOi). 


22. (6 - 2 v ^) + (3 - 3\/^) - (7 - 5>/^). 

23. (1 - 3>/^) - (-4 + 5\/^) + (12 + 9y/^). 

24. (2 - \/^) +(8 + 2\/^) - (11 - 3\/^45). 


26. (2 + 3t)(3 + 20. 

28. (4 - 30(4 - 3i). 

31. 0 + 0 - i\ 

34. 3 -5- (I + 20. 

37. (I + 0 ^ (1 -0. 


26. (4 +30(-l +0- 

29. (x - i/iy. 

32. i” + t‘s + i'>. 

36. (2 + 0 t. 

38. (3 - 2») (2 + 0- 


27. (3 - i)(2 - 0. 

30. (1 - 30(1+30. 

33. i'*. 

36. ,5 -i- (2 - 30. 

39. (7 + 20(2 - 70. 


40. (2 + iv^)(3 - 2iv^). 

42. (5 - i-v/2)(5 - iV2). 

44. (3 - 5iV2) (2 - 3i\/2). 

46. (-3-v/:i4)(-2-s/^). 


41. (v'2 + 30(\/2-40. 

43. (10 - iV^i) -i- (1 + f-v/3). 

46. \/^-V-8. 

47. • V^. 
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Find the sum, the difference (first number minus the second), and the product 
of each pair of conjugate complex numbers: 

48. 2-1,2 + u 49. 5 - 2i. 5 + 2i. 60. a + H a - hi. 

61. Show by substituting for x that 2 + 3i and 2 — 3t are roots of the e^uatioD 
X* - 4j + 13 = 0. 

62. Show that 1 + 4i and 1 — 4i are roots of — 2x + 17 = 0. 


Supplementary Problems 

Simplify by performing the Indicated operations and leaving the results without 
zero or negative exponents: 


1. a*(-a6*)2(-flV)*. 

4. 

7. 41-2-..42+n 
10. (X-* + y-3){x-3 - 
12. (x-‘ - y-‘)(x-‘ - 
32aW 


2. 3x®(-i)W)®. 

6 . 

8. {3"+*)2. 


3. (2x)»(-3x’)*(-x)». 

6 . 

9. (2a)”’{2a"). 


!/-*)■ 


11 . ( 2-2 + 3 - 2 )( 2 - 2 - 3 -*). 
18x*i/V 


13. 


14. 

17. 


8a“6*c« 

(3iW 


(OxV)* 

- (^) ( 

23. 


101/2 


26. 


5i/2-V \9x®v)' 
/2VtHY y 
VSrOtV \2r*tV ' 
{-2n-prq 


3^-1 


-3«-2v “3 


- (^) 


-2 


32. 


36. 


y 

(.3a6-')"* 

2-1 _ 2"* 


38. - 


2-4 

-J 4. /,-3 


a 


-2 


+ h 


-2 


41. 

44. {2~^x^<j'^)-\ 
47. (Mx-y)'^. 

60. (2-'a‘‘6-’‘)^ 

(-27)-^6-3 


63. 


o„-H\ -10 


66 


• Kx'^y-^^} 


6xyz’ 


21a‘6«c* 

7a'k^ ■ 

18 

(30^6^)* 

- (^) (P • 

27. 


3-V//-^ 
on /2-*a-V-»V 

(3fl-'6«)-* 


33. 


36. 


39. 


(6-‘a»6-0* 
3-1 _ 2-‘ 

3 -*+ 2-*’ 

x-» - 
X-* - y-»' 


42. f*‘c-‘*c. 

46. {3‘<x-V’)". 
48. (8lx“V*)« 

61. (45‘a->‘6'*)*. 
4-‘>a-26-H 

/22:wv 


16. 


5’xV 


(5xy’)' 


26. 


3t« 

3-*o*6-* 

2-»o-‘62 


28 


/Jx^\ 
• '.2x-V/ 


-a 


31. 


34. 


37. 


(a6->c*)» 
l-» + 2-‘ 
3-‘ 

X"' - t/“‘ 


(x-y)-‘ 

40. 

43. ix-^y-^Y^ 
46. (8IxV)^. 

49. 

8'*a« 

62- 

/ 4x-v-^ y 

■ V16-‘x-V»/ 


68 
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( 3 ^^) ■ b-'x--'*,-'*/ 

61. (x^ + 62 . (x-*^ - y^){x^ + y ^). 

63. (x-^ - IXx-* + 3). 64. (2 xH + 3){3x-H-2). 

Express each of the following in simplest form: 

- - xf- - ^■ 

n . M- - m- - ^ B ■ 


66. 

fSa* 

\85*‘ 

66. 

\27ij’ 

67. 

68 

ij'25^ 

69. 


70. 

ww# 

\ 26* 


\ x’ 


71. 

V ay" ■ 

72. 

7/-3n’ 

V Wfc" 

73. 

74. 


75. 

V2’’x-"y*’‘. 

76. 


Perform the indicated operations, leaving each result in simplest form: 

77. 2-S/50 - 3-s/T 8 + 4-v/2. 78. ^/^ + 

79. o-s/24 - VTSO - \/90- 86- “ 2Vl"5 + -s/I 

81 . + v^. 82. + 2-y 

.‘•w^ y y* y» 


63. 2-v^+ \/^ — 3\/3. 

85. \/2xt/* + y/Bx^ + y\/\Sxy 

-J!+"si + Vs' 


78. - 3^27- 

80. V252 - 2Vl"5 + v^- 

82. + ^ym + 2v^. 

84. Vi + - Vi. 

86 . X-Vl2x — xV^^* ” VfSx* 

“■ *'“-y/l + 


^ » 
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LOGARITHMS 


66 . Logarithms. The laws of exponents form the basis of the study of 
logarithms, whose study, in turn, will enable us to solve with ease many 
complicated numerical problems. Further, we shall learn how to extract 
roots of any rational order with a simplicity tliat will surprise the student 
who remembers his previous experience with roots of the second order. 

Definition of a Logarithm. If 6 is a positive number other than 1 
and / is a real number in the equation = jV, then x is called the logarithm 
of A to the base 6. Thisrelationmay bewrittensymbolicallyasj = logbA^ 
Thus the two equations 

6 * = A and x = logb A 

express the same relation among the numbers b, x, and A. The first is in 
exponential form and the second is in logarithmic form. 

In this definition it is specified that b I and that the exponent x is 
a real number. The reason for rejecting 1 as a base is that any power of 
1 is still 1. Concerning the exponent, we recall that real numbers include 
both the rational and irrational numbers. We have not defined an irra¬ 
tional exponent. In view of this fact, we make the following statements 
which are proved in more advanced mathematics. 

1. Irrational exponents can be defined so that they obey the five laws of 
exponents (Section 56). 

2. If j* is an irrational number, an approximation for 6* is obtained by 
using a rational approximation for x. .\n approximate value for b can 
be found to any desired degree of accuracy by choosing a sufficiently cl^ 
rational approximation to the irrational exponent x. For e.xample, 3 
and 3' are nearly equal. A better approximation is obtained when 
more places are used in the decimal approximation of V^. 

These assumptions enable us to conclude that 6*, where 6 > 0 and x is 
real, is a positive quantity. We remember, of course, that the principal 

124 
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root is to be selected in case of a fractional exponent. Hence we shall 
eon.'ider logarithms of po.-iitive numbers only. It is also tnie, though the 
proof is omitted, that the e([uation 6 ' = .V. where .V and b are positive 
ami b 7 ^ 1 . is satisfied by one ami only one real value of x. 

As illustrations of the meaning of logarithms, we list some exponential 
relations and the corresponding e<iuiva!ent logaritlmiic relations. 


Exponi iitial Form 
2 ^ = 8 
8 ^* = 4 

2 I 

O = A 
= 1 
6 ' = 6 


Logarithmic Form 

log2 8 = 3 
logs 4 = 5 
= -2 
logb I = 0 

logb 6 = 1 


Example 1. Find N if logs N = —4. 

Solution. Using the equivalent exponential form, we have 



Example 2. Find b if logb 2") = 3 . 

Solution. The exponential form gives 6 ’^ = 25. Now the § power of 
both numbers gives ( 6 **)^ = 25'*, and 6 = 125. 

Example 3. Find the value of log? :i^. 

Solution. Let x = log? ts- Then 7^ = = 7*^, and x = -2. 


Exercise 42 

Give the logarithmic form of the following: 


2. 5* = 25. 

6 . 6 -' = I 


1. 2 * = 16. 

4 •>-» = i 

7. 10‘ = 10. 
10. 36'* = 6. 
13. 9-^* = i 
16. (!)-* = ?. 


22. log9 3 = L 

26. logio 10 = 1. 

28. logj i = -2. 

31. logv,27 = -3. 


8. 3‘ = 3. 
11. <>4‘» = 4. 
14. = L 

17 . ar- * h 


20. log, 36 = 2. 

23. log, 32 = i 
26. log, 1 * 0. 

29. log21 = -3. 

32. log>^32 = -5. 


3. 

3* = 

27. 

6. 

10-* 

= roTj. 

9. 

8® = 

1. 

12. 

16'* 

= 32. 

16. 

4-s 

_ I 

CO 

(^)’ 

= 125 


21. logs 125 = 3. 
24. log;s 125 = §. 
27. logs 1 s= 0. 

30. logs ffax = —4. 

33. log>,36 = -2. 


Give the exponential form of the following: 
19. logs 4 = 2. 
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Give the value of each of the following: 


34. log216. 

36. logs 25. 

36, logs 216. 

37. log25 5. 

38. logi 2 s 5. 

39. logjs 6 . 

40. logio 10. 

41. log# 6 . 

42. logss 2. 

43. logs 1. 

44. log; iV- 

46. logic rJir* 

Find b or .Y in each of tlie following: 


46. logic N = 2. 

47. logs = 1. 

48. log} N - A. 

49. log< N = -i. 

60. logic = 1 . 

61. logs Af = f. 

62. log^j N = 4. 

63. log^j N - —2. 

64. logs A^ = — 2. 

66 . logic N = 0. 

66 . logii N - —3. 

67. logs Y * -i 

68 . logfc 25 = 2. 

69. logs 4 = 1. 

60. logs 8 = 3. 

61. logc 9 = -J. 

62. logs 4 = — 2. 

63. logs 25 = -I. 

64. logt 9 = -f. 

66 . logs 16 = — j. 

66 . logs 8 = -y. 

66 . Laws of Logarithms. We shall state and 

prove three laws of log- 


arithms which are especially useful in numerical computations. The laws 
follow readily from the laws of exponents. 


Law I. The logarithm of a product is equal to the sum of the logarithms of 
the factors. 

Proof: Suppose that jl/ and N are the factors of the product and that 
log 5 M = X and logb N — y, or ^f = 6* and N = b^. 

Then 

MN = 6 *- 6 ‘' = 6 '+'' and log 6 MN = x-]-y. 

Substituting for x and y, we obtain 

log5 MN = logfe M + logb N. 

For three factors, as MNP, we have 

logb iMN)P = logb MN + logft P 

= logb M + logb N + logft P. 

Similarly, the law may be extended to any number of factors. 

Illustration: logio (85G)(72.2) = log,o 856 + logio 72.2. 

Law II. The logarithm of a quotient is equal to the logarithm of the divi¬ 
dend minus the logarithm of the divisor. 

Proof: Let logb M = x and logb N = y, or M = 6 * and N = 6 *'. Hence 

M 6 * M 

— = — = 5*“*' and loga — = x — y. 

N N 
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By substituting for x and y, we obtain 


09.3 


M 

log6 — = iog6 M - logb N. 

N 


Illustration: log 2 -- logs 09.3 — logo <08. 

708 

L^w III. The lognrilhm of a power of a number is equal to the exponent 
limes the logarithm of the number. 

Proof: Let logb M = x, or M = b*. Then 

= ( 6 *)" = b^’, 

and 

logb .1/*’ = px. 

Substituting for x gives 

log6 - p log6 Af. 

Illustrations: 

logio 87^ = 3 logio 87 

logs 59“® = -5 logs 59 

logio = logic 459^ = \ logic 459 

(28.5)^7.63)-^ 1 2 

— = 2 logs 28.5 + - logs 7.63-logs 58.7 

4 3 


logs 


(58.7) 


Exercise 43 


Write each of the following expressions as the sum or difference of logarithms 
A base is not indicated. Any positive number except 1 may be used. 


1. log (852)(5G1)(473) 
3. log 


6. log 


7. log 


9. log 


09 '^ 

(14)(33) 

(28)(G1)' 

(18.4)* 

@60 

\ 37 


2. log(78)»(7-12). 

A 1 83 

4. log 


6. log 


(50(47) 

(8.23)"(1.44)^ 

308 


8. log JPWW 


10. log 


978 
85 

43* 


Given logio 2 — 0.3010 and logio 3 = 0.4771, find the value of each of the fob 
lowing: 

11. logic 8. 12. logic 9. 13. logic 6. 

14. logic 48. 16. logio 54. 16. logio 

17. logic-1^. 18. logic 19. logic -^8. 

20. logic 32. 21. logic 81. 22. logic 144. 



128 College Algebra 

67. Common Logarithms. There are two systems of logarithms which 

in mathematics. In one of these the base is an irra¬ 
tional number, designated by e, whose value is approximately 2.718. Log- 
arithm.s to this base are called natural, or Naperian, logarithms. This 
system is convenient in many theoretical considerations and is used in 
calculus and higher mathematics. Logarithms to the base 10 are called 
the common, or Briggs, system of logarithms. Common logarithms are 
especially suited for making computations. 

We shall be interested principally in logarithms to the base 10; and 
henceforth, for brevity, this base wiW not be indicated in logarithmic ex¬ 
pressions. Thus we shall write logio N as log N. 

The common logarithms of integral powers of 10 are integers. This is 
illustrated in the following list of powers of 10 and their logarithms. 


10 ^ = 1000 

log 1000 = 3 

10 ^ = 100 

log 100 = 2 

10 ' = 10 

log 10 = 1 

10 " = 1 

log 1 = 0 

10 “* = O.I 

log 0.1 = — 1 

10-2 = 0.01 

log 0.01 = -2 

10-3 ^ 0.001 

log 0.001 = -3 


have positive logarithms and that numbers between 0 and 1 have negative 
logarithms. Further, we conclude that a number between two con.secutive 
integral powers of 10 has its logarithm between the exponents of 10 which 
express tho.se powers. That is, the logarithm of a number between 10 
and 10"^’ is between the integers n and n + 1, or h plus a decimal (between 
0 and 1). These facts are illustrated in the table below, where the symbol 
< means “is less than”. 


10* < 03 < 10^ 

10 " < 8 < 10 * 

10-' < 0.7 < 10" 
lO"*^ < 0.04 < 10“* 


log 63 = 1 4* a decimal 
log 8 = 0 + a decimal 
log 0.7 = -1 + a decimal 
log 0.04 = -2 + a decimal 


68 . The Characteristic and Mantissa. When the common logarithm o 
a number is written as an integer plus a decimal (between 0 and 1), the in¬ 
teger is called the characteristic and the decimal part is called the mantissa. 
The logarithm of an integrni power of 10 is an integer; the logarithms o 
other numbei-s have nonzero mantissas. Finding the logarithm of a num¬ 
ber requires, of course, the determination of both the characteristic an 
the mantissa. We shall consider the characteristic first and disco\er a 
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simple rule which is applicable to numbers in decimal notation. To state 
the rule, we introduce the idea of reference position of the decimal point. 

The decimal point is in the reference position when placed immediately 
after the first nonzero digit of the number. 

This means that numbers between 1 and 10 have the decimal point in 
the reference position. The decimal point in -1.832, for example, is in the 
reference position. The decimal point in 0.00-1832 is three places to the 
left, and in 4832 three places to the rif^ht, of the reference position. Each 
of these numbers, however, can be expressed as a product of 4.832 and an 
integral power of 10. Thus 

0.004832 = 4.832 X 10“^ 

4832 = 4.832 X lOl 

These equations may be verified by multiplying the two factors in the light 
members. Multiplying a number by 10^ merely moves the decimal point 
three places to the right, and multiplying by 10~® moves tlie decimal point 
three places to the left. 

To see what change is produced in the logarithm of a number by moving 
the decimal point, let us consider the numbers .V, lO^iV, and where 

N is between 1 and 10 and n is a positive integer. The decimal point of 
N is in the reference po.sition; the decimal point of 10".V (when multiplied) 
is n places to the right of the reference po-sition; and the decimal point of 
10 "N is n places to the left of the reference position. Since .V is between 
1 and 10, its logarithm is between 0 and I. Hence, applying Laws I and 
III, we write 

log iV = 0 + a decimal, 
log lO^iV = log 10" + log N 

= n + same decimal, 
log 10-"iV = log 10-" + log N 

= — M + same decimal. 

The logarithms of these numbers have the same mantissa but different 
characteristics. Hence the mantissa of the logarithm of a number is in¬ 
dependent of the location of the decimal point. On the other hand, the 
characteristic depends only on the location of the decimal point. The 
characteristics of the logarithms of N, lO’W, and 10-''.V are. respectively 

0 , n jmd -n. These results enable us to state a rule for determininc char^ 
actenstics. ® 
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Rule. If (he decimal point of a number is in the reference position, the 
characteristic of its logarithm is zero. If the decimal point is n places to the 
right of the reference position, the characteristic is n. If the decimal point is 
n places to the left of the reference position, the characteristic is ~n. 

Example. Given log 5.826 = 0.7654, write the logarithms of 582.6, 
58260, and 0.05826. 

Solution. The mantissas of the logarithms of these numbers are all the 
same as the given mantissa. Relative to the reference position, the decimal 
points of 582.6, 58260, and 0.05826 are, respectively, 2 places to the right, 
4 places to the right, and 2 places to the left. Hence the required charac¬ 
teristics are 2, 4, and —2, and we have 

log 582.6 = 2.7654, 

log 582G0 = 4.7654, 

log 0.05826 = -2 4- 0.7654. 

We have noticed that the logarithm of a number between 0 and 1 is 
negative. That is, the characteristic is a negative integer, and the man¬ 
tissa is either zero or a positive fraction. The characteristic may be com¬ 
bined with the mantissa to yield a single negative quantity. For example, 

logO.05820 = -2 -I- 0.7654 = -1.2346. 

For most computations, however, it is preferable to expre.ss a logarithm 
with the fractional part positive. 

The logarithm -2 + 0.7654 could not be written as -2.7654 .since this 
would indicate that the fractional part is also negative. A negative char¬ 
acteristic is customarily expressed as the difference of two integers. Thus, 
since —2 = 2—4 and also equal to 8 — 10, we have 

log 0.05826 = —2 -|- 0.7654 

= 2.7654 - 4 

= 8.7654 - 10. 

A negative characteristic may obviously be written as the difference of 
two integers in an unlimited number of ways. The usual practice, however, 
is to use a positive integer minus 10 or an integral multiple of 10. 
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Exercise 44 


Write the characteristic of the logaritlim of each of the following; 


1. 38. 

4. 7935. 

7. 0.923. 

10. 0.0006. 

13. 6.43 X 10*. 


2. 50. 

6. 400.1. 

8. 0.0372. 

11. O.OOOOS. 

14. 2.78 X 10--. 


3. 824.3. 

6. 43780. 

9. 0.00347. 

12. 1.800. 

16. 7.85 X l0-^ 


1.9362, find the numbers which have the following logarithms: 


Given log 86.34 = 

16. 2.9362. 

19. 8.9362 - 10. 

22. 4.9362. 

26. 6.9362 - 10. 


17. 0.9362. 

20. 9.9362 - 10. 

23. 18.9.362 - 20. 
26. 5.9362 - 10. 


18. 3.9362. 

21. 5.9362. 

24. 27.9362 - 30. 
27. 16.9362 - 20. 


69. Tables of Logarithms. We have shown how to determine immcnli- 
atcly the characteristic of the logarithm of a number, hinding mantissas, 
however, is not simple. But methods are developed in more advanced 
mathematics which permit the computation of a mantissa to any dcsiretl 
number of decimal places. The mantissixs corresponding to many numbers 
have been computed and arranged in tabular form. Such an arrangement 
is called a table of logarithms, or a table of mantissas. Since most man¬ 
tissas are unending decimal fractions, their values are given only approxi¬ 
mately. The tables, therefore, are called three-place, four-place, five-place, 
and so on, depending on the number of places used. A table may be used 
both for finding mantissas and for finding numbers corresponding to given 
mantissas. 

The number corresponding to a given logarithm is called the antilogarithm 
(usually written “anlilog”). That is, if log .V = x, then antilog x = N. 

A four-place table of logarithms is found on pages 302 and 303. The 
mantissas are in the ten columns headed by the integers 0 to 9. The deci¬ 
mal point is omitted in each mantissa and must be supplied. We shall 
explain the use of the table with illustrative examples. 


Example 1. Find log 0.00246. 

Solution. The decimal point is three places to the left of the reference 
position, and tliis makes the characteristic —3. Although the charac¬ 
teristic is determined from the position of the decimal point, the mantissa 
is independent of the decimal point. Hence the numbers 0.00246 and 246 
have the same mantissa. We now find the mantissa corresponding to 246. 
Look on page 302 in the first column, whicli has N at the top. Go down 
the column to 24, the first two digits in 246. Then look along the line from 
24, stopping at the column which has 6 at the top, the third digit in 246. 
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Tiie mantissa .3909 is thus located. Hence 

log 0.00240 = 7.3909 - 10. 

Example 2. Find log 87,000. 

iSoliidon. Since the decimal point is four places to the right of the ref¬ 
erence position, the characteristic is 4. The mantissa, found in the table 
on page 303, may be located by looking across from the number 87, which 

i.s in tlie column headed by N, to the column headed by 0. The mantissa 
is .9395. Hence 

log 87,000 = 4.9395. 

Example 3. Find antilog 3.6284. 

Solution. Here we have the logarithm and wish to find the corresponding 
number, or antilogarithm. Since the table has only the mantissas of loga¬ 
rithms, we disregard the given characteristic for the moment and look in 
the columns of mantissas for 6284. The mantissas increase to the right 
along each row, and from row to row. It is easy, therefore, to locate any 
mantissa which appears in the table. Having found the entry 6284, we 
look along its row to the left and find 42 in the column headed by N. The 
third digit is at the top of the column containing the given mantissa and, 
in our example, is 5. Hence the sequence of digits in 425 corresponds to 
the mantissa .6284. To place the decimal point, we notice that the given 
characteristic is 3; conse(iuently the point belongs three places to the right 
of the reference position. Hence 

antilog 3.6284 = 4250. 

Example 4. If log A'= 8.9741 - 10, find A^. 

Solution. Again we have a logarithm and wish to find the antilogarithm. 
W’c fii’st locate 9741 in a column of mantissas. Then along the row of this 
'■n(ry we find 94 in the first column of the page. The given mantissa has 
2 at the top of its column. Hence N, except for the decimal point, is 942. 
Tlic given characteristic is 8 — 10, or —2, and therefore the decimal point 
goes two places to the left of the reference position. Accordingly, we have 
.V = 0.0942. 


Exercise 46 

Find tlie logarithm of each of the following numbers: 


1. 3.14. 

4. 57,000. 
7. 0.008. 
10. 760. 

13. 0.39. 


2. 57.2. 

6. 9.09. 

8. 0.058. 
11. 900. 

14. 576,000. 


3. 4310. 

6. 0.821. 

9. 0.005. 

12. 0.000087. 
16. 0.0802. 
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16. 1.1847. 

19. 0.9708. 

22. 0.0707 - 10. 
26. 0.847G - 10. 

28. 3.000. 


17. 2.4900. 

20. 4.7324. 

23. 8.6513 - 10. 
26. 0.0043. 

29. 1.9990. 


18. 3.C004. 

21. 0.8927. 

24. 7.0414 - 10. 
27. 9.4843 - 10. 

30. 7.8092 - 10. 


70. Interpolation. In finding logarithms and antilogarithms in the pre¬ 
ceding section only direct readings from the table were necessary. This 
wjis because logarithms of numbers of three or fewer digits (initial and final 
zeros excluded) were required; and, in the case of a given logarithm, the 
mantissa appeared in the table. The determination of the logarithm of a 
four-<ligit number is not so readily obtained. -\lso, a given mantis.sa which 
is not in the table presents a slight difficulty. These cases can be handled, 
however, by the use of a process called interpolation, .\ccording to the 
principle of interpolation, log iV and N are directly proportional for small 
changes in N. While this assumption is not strictly tnie, its use yields 
satisfactorj' approximations. 

In the interpolation process we shall have occasion to round off numbers, 
that is, to discard extra digits. In each case the new number will be an 
approximation to the given number. 

Illustrations: 

We round off 2.718 to three digits and have 2.72. We add 1 to the thiixl 
digit of the given number in order to obtain the best three-figure approxi¬ 
mation. For two-figure and one-figure approximations we round off re¬ 
spectively to 2.7 and 3. 

In rounding off 2.715 to three digits, we observe that 2.71 and 2.72 are 
eciually valid. In all such cases we shall arbitrarily round off so that the 
last digit is an even number. Accordingly we choose 2.72. 

Example 1. Find log 2047. 

Solution. The number 2047 is 0.7 of the way from 2040 to 2050. The 
mantissas corresponding to 2040 and 2050 are the same as those for 204 
and 205 and can be read directly from the table. Those mnntissa.s arc 
3091) and 3118, except for the decimal points. To obtain a number 0.7 
of the way from the smaller to the larger of thc.se numbei-s, we compute 
0.7(3118 -3090). Our answer is 15, to the nearest integer, and hence 
3090 + 15 = 31U is the required mantissa when the decimal point is sup- 
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plied. The quantities involved in this interpolation process are tabulated 
as a further aid in understanding the steps. 


Xumber Mantissa 




'2040 

3096' 

10 

/ 

2047 

? 

4 



2050 

3118 


0.7 X 22 = 15.4 

= 15, rounded off 
3096 + 15 = 3111 


Since the required characteristic is 3, we have 


log 2047 = 3.3111. 


Example 2. Find log 0.07542. 

Solution. The characteristic is —2, or 8 — 10. To find the mantissa, 
we recall that this part of the logarithm of a number is independent of the 
location of the decimal point. Hence we find the mantissa corresponding 
to the digits in 7542. The quantities involved are placed here in tabular 
form. 

Number Mantissa 


10 

2 

1_1 

8774’ 

? 

4 



7550 

8779 


0.2 X 5 = 1.0 
8774 + 1 = 8775 


We see that 7542 is 0.2 of the way across from 7540 to 7550; and we want, 
therefore, to find the number which is 0.2 of the way from 8774 to 8779. 
From 8774 to 8779 is 5 units, and 0.2 of 5 is 1. Hence 8774 + 1 = 8775, 

log 0.07542 = 8.8775 - 10. 

The .student who is just beginning to learn the method of interpolation 
will probably need to tabulate the quantities in a way similar to that used 
in tlie preceding examples. Having done a few problems, ho^\e^e^^ e 
.should notice that most, if not all, of the operations can be done mentally. 
A.s .shown in the examples, three operations are involved in finding a man- 
ti.ssa. 

1. A mantissa is to be subtracted from the one immediutel}' following in 
the table. 

2. Thi.s dilTerenee is to be multiplied by an integral multiple of tenths 
(0.1 or more up to 0.9). 

3. The product, rounded off, is to be added to the smaller mantissa. 

Tn most cases the mental perfonnance of these operations can be made 
easily and quickly. 
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Let us next consider the problem of finding the number corresponding 
to u given logaritlim whose mantissa does not appear in the table. This is 
tlie inverse of the problems just done, but the principle of interpolation is 
the same. 

Example 3. Find the antilog 7.9343 — 10. 

Solution. The mantis.sa 9343 is between the consecutive mantissas 9340 
and 0345, and is § of the way acro.*is. The numbers 8590 anti 8000 cor- 
respontl to the consecutive mantissas. Hence we find the number f of the 
way from 8590 to 8000. This gives 8590 which, except for the decimal 
point, is the retjuired antilogarithm. Placing the decimal point in accord¬ 
ance with the given characteristic 7 — 10, or —3, we obtain 

antilog 7.9343 - 10 = 0.008590. 

.\gain, the student should observe that, in most cases, the computations 
required in finding antilogarithms cun be done mentally. 


Exercise 46 


Find the logarithms of the following numbers: 


1. 08.25. 

2. 7.831. 

3. 

685.3. 


4. 0.9872. 

6. 0.09804. 

6. 

0.004446. 


7. 04.050. 

8. 99.09. 

9. 

4.827. 


10. 0.001118. 

11. O.OIOOI. 

12. 

0.00007447. 

13. oaioo. 

14. 10.51. 

16. 

234.8. 


16. 0.8105. 

17. 0.0003077. 

18. 

0.4805. 


19. 1741. 

20. 7021. 

21. 

7897. 


22. 98,890. 

23. 745,500. 

24. 

0.2004. 


Find the antilogarithms of the following logarithms: 




26. 2.7743. 

26. 0.8104. 

27. 

1.8003. 


28. 3.0242. 

29. 4.9985. 

30. 

0.6090. 


31. 7.0621 - 10. 

32. 8.4787 - 10. 

33. 

9.4885 - 

10. 

34. 9.1330 - 10. 

36. 8.1731 - 10. 

36. 

0.3011 - 

10. 

37. 0.2330. 

38. 1.2479. 

39. 

2.3182. 

40. 3.3200. 

41. 4.334G. 

42. 

5.2901. 


43. 9.7375 - 10. 

44. 8.6920 - 10. 

46. 

7.9511 - 

10. 

46. 8.0100 - 10. 

47. 7.0350 - 10. 

48. 

9.6020 - 

10. 


71. Logarithms Used in Computations. We are now ready to compute 
products, quotients, powers, and roots, or any combination of these by 
means of logarithms. The three laws of logarithms (Section GO) serve for 
this purpose. \\c shall illustrate their use in some examples. 
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Example 1. Compute N by means of logarithms, given 

(32.41) (81.93) 

” {1.854)(0.7949) 

Solution. Using Law II, we write 

log .V = log {32.41)(81.93) - log (].8o4)(0.7949). 


And by Law I, 

log A'' = log 32.41 + log 81.93 - (log 1.854 + log 0.7949). 

To help in avoiding errors and also to speed the work, the student should 
first make an outline form in which the characteristics of the given numbers 
are written and spaces are left for the quantities to be found. We suggest 
a form for this problem: 


Numerator 

log 32.41 = 1. 
log 81.93 = I. 


Denominator 

log 1.854 = 0. 
log 0.7949 = 9. - 10 


log num = 
log denom = 


log denom = 


log N = 

H„vinK made the form, the tables should then be used and the spaces 
filled in. We show the completed foiin: 


log 32.41 = 1.5100 
log 81.93 = 1.9135 


log 1.854 = 0.2681 
log 0.7949 = 9.9003 - 10 


log num = 3.4241 
log denom = 0.1084 


log denom = 10.1084 — 10 
» 0.1684 


log N = 3.2557 
N = 1802. 


Example 2* Evaluate 321.4/208.7. 

Solution. Letting .V stand for the g^ven fraction, we have 

(321.4)« 

^ ^ V2^ ” (208.7)^ 
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log N = s log 321.4 - h >og 208.7. 
log 321.4 = 2.5071 log 208.7 = 2.3195 

I log 321.4 = 0.8357 I log 208.7 = 1.1598 

The logarithm of the denominator is greater than the logarithm of the 
numerator. We wish to obtain the difTerence, or log ;V, in the form of a 
negative integer plus a positive fraction (manti.ssa). The table may then 
be used to find N. To obtain log.V in this usable form, we first e.\pres.s 
the characteristic of the logarithm of the numerator as 10 — 10. Thus 
we write 

\ log 321.4 = 10.8357 - 10 
^ log 208.7 = 1.1598 


log N = 9.0759 - 10 
jV = 0.4741. 

Example 3. Compute V^O.SSIO. 

Solution. We first write N = ^O^To = (0.8316)^. Then 

log N = log 0.8316 
log 0.8316 = 9.9199 - 10. 

Dividing 9.9199 — 10 by 3, we get the result, 3.30GG — 3.3333, in an un¬ 
desirable form. usable form is obtained at once if the characteristic 
9 — 10 is replaced by the equal qtiantity 29 — 30. Thus we get 

log0.831G = 29.9199 - 30 

log 0.8316 = 9.9733 - 10 

;V = 0.9404. 


Exercise 47 

Compute by means of logarithms: 


1. (3.82)(61.2). 

4. (47.6)(0.0348). 

7. (0.9093)(0.3909). 

10, 44.8 4- 81.3. 

13. 8034 -r 8307. 

16. 0.7714 4- 7.704. 

19. (5.01)(3.77)(9.12). 

22. (90.92)(0.141)(6.C83). 


2. (3.13)(0.837). 

6. (0.630(7.11). 

8. (87.17)( 1.093). 

11. 224 4- 68.7. 

14. 81.81 -f- 1.194. 

17. 55.66 4- 1.194. 

20. (10.7)(8.16)(70.7). 

23. (7.103)(23.09)(1.783). 


3. (0.00217)(622). 

6. (0.0aSl){723). 

9. (77l.3)(31.25). 

12. 9.07 4- 75.6. 

16. 3333 4- 566.5. 

18. 45.67 4- 1.083. 

21. (4.771)(S.224)(3.016). 

24. (12.36)(357.9)(0.167). 
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■ (544)(S37)’ 

2 g (Q.01.S43)(8.711) 
(0.4()22)(91.27) ■ 

31. (2.718)2. 

34. (0.8703)2. 

37. v"^. 

40. ^^.66. 

43. >yo.04623. 

46. (21.08)« 

49. (11.08)-^4. 

62. (0.32S4)«. 

65. ^yms/VEm. 
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_ (404)(505 ) 
(707)(114)' 

29 (1.743)(43.12) 

■ (347.1)(524S)' 

32. (3.318)2. 

35. (0.9718)2. 

38. \/^8.3. 

41. v/8!082. 

44. >yr7.s!. 

47. (0.1770)'*. 

50. (1881)-54. 

63. (0.2875)^4. 

66. \/^21/v/^12. 


(7531)(3450) 
(1813)(1339)' 
(9.714)(7.941) 
(3743)(3.842) ■ 

33. (1.147)2. 

36. (0.07184)2. 

39. VO.6118. 

42. -^66.78. 

45. \*/(il87. 

48. (1.414)H. 

61. (1004)-^i. 

64. (7531)^. 

67. Vi^/(5.634)2. 


68 . 

25.73 V'5.183/>^893.2. 

69. 

60. 

3/62.13 


V1.783 

61. 

62. 

3/(4881)(2321) 

\ 87.91 

63. 


69. >y800.4/1439\/l-934. 


,, /(57.8lj^ 

V— ioS 


183) 


4 (19. 
* \(1.4 


(19.03)(30.91) 


(1.456)(2.531) 


72. Exponential Equations. An equation in which the unknown ap¬ 
pears in an exponent is called an exponential equation. Some quite simple 
e(iuations of this kind may be solved by inspection. Certain others are 
readily solved by the use of logarithms. The following examples illustrate 
methods of solving exponential equations. 

Example 1. Solve .5* = 025^. 

Solution. First expres.s 02.0 as S'*, then 5* = (5"*)^ = 5*. With the bases 
equal, the exponents must be the same; hence, j = 8 . 


Example 2. Solve 2' = 29. 

Sohilion. Since equal quantities have equal logarithms, we may write 


Whence, 

and 


log 2' = log 29. 

X log 2 = log 29, 

= 4.858. 

log 2 0.3010 


The value of .r is obtained by dividing log 29 by log 2. This is the quotient 
of two logarithms: it should not be confused with the logarithm of a quo¬ 
tient. 


Example 3. Solve the equation = 7*“*. 
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Solution. Taking the logarithm of each member gives 
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log5(3)^*‘‘‘‘ = log/ 


rl-x 


and 


logs + (2x + 1) log3 = (1 - x) log?. 

This is a linear equation in x and may be solved in the usual way. 

(2 log 3 + log 7)x = log 7 - log 5 - log 3 


Thus 


and 


^ log?-logs-log3 ^ -0.3310 ^ 
2 log 3 +log 7 1.7993 


Exercise 48 

Solve the following e.\ponential eqvmtions without the use of tables. 


1. 5* = 125. 

2. 3'-‘ = 9. 

3. c*' = c'“. 

4. 4*+- = 16'. 

6. 10*'-* * 1000. 

6. 25' * 5. 

7. = 4. 

8. G' = aV- 

9. 3’' = 3“. 

Solve the following exponential equations: 


10. 4' = 7. 

11. 9' = 15. 

12. (1.27)' = 2.73. 

13. 9' = 7. 

14. 6*'-» = 4. 

16. (S.13)' = GS. 

16. 4* = 5*. 

17. = 7*. 

18. 20' = 4*. 

19. 100' * 3'. 

20. (0.3)' = 0.5. 

21. (0.182)' = 0.93. 

22. (0.718)' = 1.07. 

23. 3' * 0.13. 

24. 17' = 0.19. 

26. 6-10' = 11'. 

26. 9' = 4-19'+'. 

27. 5-7' = G-8'. 


73. Logarithms of a Number to Different Bases. It is sometimes desir¬ 
able to express the logarithm of a number to one base in terms of its loga¬ 
rithm to another base. In particular, a change from a common logarithm 
to a natural logarithm, or vice versa, is advantageous in certain calculus 
problems. We shall derive the relation between the logarithms of a number 
to any two bases. 

Let a and b stand for two positive numbers different from I, and let 

logo iV = X or ;V = a*. 

Taking the logarithm to the base b of both members of the exponential 
equation, we obtain 

logb N = X log6 a 
logb 

X --- 

logbC 


and 
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Since x = logo A^, we obtain 


loga = 


logbN 

lOgbO 


This formula can be used to change from one base to another. By 
substituting the natural base e (2.718 approximately) for a and 10 for b, 
we have 


log* N = 


logto N 
logio « 


The value of logic e is 0.4343 to four decimal places. Making this substi¬ 
tution, we get the relations 


and 

Illustrations: 


logic N = 0.4343 log* N 
log* N = 2.3026 logic N. 


log* 46 = 2.3026 logic 46 = (2.3026)(1.6628) = 3.829. 


log4 15 = 


logio 15 
logic 4 


1.1761 

0.6021 


1.953. 


Exercise 49 

Find the following logarithms: 


1 . log, 100, 2. log, 158. 3- >08. 

4 . log. 54. 6. log. 175. 6. og. 2W. 

7. log, 0.416. 8 . log. 0.007. 

10. log,, 150. 11. log, 0.041. J?- 

13. log, 9 . 85 . 14- logi 0.009. 16. log, V^- 
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74. Quadratic Equations in One Unknown. An equation which can be 
expressed in the form 

ax* + bx + c = 0, 

where a, b and c are constants and a 0, is called a quadratic equation or 
an equation of the second degree in x. If a were zero, the x^ term would 
be lacking and the equation would not be of the second degree. The equa¬ 
tion, as here written, is said to be in standard form because all the nonzero 
terms are in the left member and appear in the order of descending powers 
of the unknown. 

If the first power of the unknown is missing in a quadratic equation 
(that is, when b = 0), the equation is called an incomplete, or a pure, 
quadratic equation. If the first degree term is present, the equation is 
culled a complete quadratic equation. 

Illustrations: 

7x^ — 4 = 0 is a pure quadratic equation. 

6x^ — 5x + 4 = 0 is a complete quadratic equation. 

An important operation in connection with a quadratic equation is that 
of finding the solution, or roots, of the equation. We shall consider this 
problem in detail. We note in advance, however, that the roots of a pure 
quadratic equation can be readily and simply obtained. 

Example 1. Solve the equation 4x^ — 9 = 0. 

Solution. We solve for and then take square roots. Thus 

4x2 ^ 

X = ±V? 

141 
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The double sign means that the roots are the two numbers +§ and — 
Each of these values satisfies the given equation. 


Example 2. 
Solution. 


Solve the equation 9jr^ + 4 = 0. 

x^ = -i, 



75. Solution by Factoring. If the left member of a quadratic equation 
in standard form can be separated into two linear factors, the roots can be 
had at once from the factors. The key principle involved in this method 
is the fact that the product of two factors is zero if either of the factors is 
zero. Thus, .4 •/? = 0 if .1 = 0 or if 5 = 0. Accordingly, if the left mem¬ 
ber of the equation is factored, a value of the unknoum which make.s 
either factor eciuul to zero makes the product of the factors zero and there¬ 
fore is a root. Hence the two linear equations obtained by equating each 
factor to zero yield the roots. 


Example 1. Solve the equation Gx^ + ox = 4. 

Solution. The equation as given is not in standard form. Hence we first 
transpose 4 to the left side. This gives the equivalent equation 

6x2 + 5x — 4 = 0. 

Factored form: 

(2x- l)(3x + 4) =0. 


Set each factor equal to zero: 


2x - 1 = 0, 

T - i 

Check: 

+ 5(i) = 4. 

1 + 4 = 4, 
G+ 10 


3x + 4 = 0, 

X = 


6(-^)2 + 5(-i) =4, 


32 - 20 ^ 
-- 4, 

3 


4=4. 


4 = 4. 



Quadratic Equations 143 

Example 2. Solve the equation -3 j- - 5x + 12 = 0. 

Solulion. For convenience in fuctorins we write the equation with the 
coefficient of the scpiared term positive. Tims we obtain 

3J-- + oj- - 12 = 0, 

{x + 3)(3a- - 4) = 0. 


The linear factors yield the roots -3 and which could be checked in tlio 
original equation. 

Exercise 50 


Solve the following pure quadratic e<nmtinns; 


1. x- - 9 = 0. 

4. 6x* - 24 = 0. 

7. X* - 3 = 0. 
10. aV + 6- = 0. 
13. 4x- + 49 = 0. 

16. 4x- 4- 1 = 0. 


2. 4x= - 81 = 0. 

6. 7x* - 03 = 0. 

8. X* - fl- = 0. 
11. x’ + 9 = 0. 
14. X- + 7 = 0. 

17. 2x- + 3 = 0. 


3. lx- * 100. 

6. Kxr- = 81. 

9. 2x- = 3. 

12. X- + 10 = 0. 
16. 9x- + 2 = 0. 

18. 5x- + 4 = 0. 


Solve each of the following equations for x by the factoring method, 
your solutions. 


19. I* - X - 2 = 0. 

22. X* = 7x - 12. 

26. 2x^ - X = 10. 

28. 8x* + Ox + 1 * 0. 

31. lOx- = 7x + 12. 

34. 6x* — 5x — 0 = 0. 

37. X* + 3a'^ = 4ox. 

40. x» + 4x + 4 = 0. 

43. X* + (6 + l)x + 6 = 0. 
46. a-x^ — abx — 26- = 0. 


20. x5 + X - 0 = 0. 
23. X- + 9x -h 8 = 0. 
26. Ox- + llx = -3. 
29. 5x- = 13x + 0. 

32. 7x‘ - 9x + 2 = 0. 
35. 4x2 + 9 = i5j.. 

38. 0^x2 4- ax = 2. 

41. x* - Ox 4- 9 = 0. 


Check 


21. x2 - 2x = 0. 
24. 3x2 ^ r^j. ^ 0. 
27. 7j 2 - 1 lx = 0. 
30. 4x2 - 19 = 0. 
33. 30x2 _ I = 0. 
36. a2x2 -9 = 0. 
39. 9x2 + 4x * 0. 
42. 62x2 - a2 = 0. 


44. x2 — ax — 6x 4- n6 = 0. 

46. nx2 — ox — 6x + 6 = 0. 

47. a6x2 4- a2x — 62x — o6 = 0. 48. Sax* 4- abx — 36x — 6* = 0. 


76. Solution by Completing the Square. The solution of a quadratic 
equation is best obtained by factoring if the factoring can be done readilv. 
In other cases a general method, called completing the square, may be used. 
An essential step in this method is the addition of a term to a binomial of 
the form x^ 4- bx to make a trinomial wliich is a perfect square. The term 
to be added is the square of one-half the coefficient of x. We liavc then 
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Example 1. Solve the equation Zx^ + 5x — 2 = 0. 
Solution. We first transpose —2 and have 


Divide by 3: 


3x2 = 2. 


x2 + |:r = i 


One-half the coefficient of x is Hence we add (|)2 = to both sides. 
This gives 

. 5 25 25 2 25 + 24 


a:'' + -x + — = — + - = 


30 


or 


Take square roots: 


3 36 36 3 

(X + if = 

X + f = ±i, 

5 7 -5=t7 

X ^ ± — — -» 

6 C 6 
X = ^ and —2. 

The roots g and —2 can be checked in the given equation. 

Example 2. Solve 2 j 2 + 3x + 4 = 0. 

Solution. Transpose the constant term: 

2x2 + 3x = _4 

Divide by 2: 


+ §x = -2. 


Add (1)2: 


or 


. 3 9 9 

x2 + -xH-=-2 = 

2 16 16 

2 -23 


9-32 

16 


23 

To 


(-)■ 


16 


Take square roots: 


3 

" + T = 


a/^ 


23 


X ==-± 

4 




3 

= - - ± 

4 




t. 


In each of the preceding examples we used the double sign to indicate 
both square roots of the right side. It maj' be observed that the dou e 
sign on the left side would yield no additional values for x. 
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The process of sohinK a quadratie ecpiation by completing the square, 
where .r stantls for tlie unknown, comprises the following steps: 

1. Place the x' and x Icnns on the left side of the equation and the constant 

term or terms on the right side. 

2. Dieide by the coefTicient of x^. 

3. Square one-half the coefficient of x and add to both sides. This makes 
the left side a perfect square. 

Take the square root of both sides, using the double sign on the right side. 
.s’o/rc the two resulting linear equations for x. 


Exercise 51 

Solve for x by con)|)letiag the s(iiiaie, aa«l eheok: 

1. X- + 2x — 3 = 0. 2. X* - ox + b = 0. 3. x® + 4x + 3 = 0. 

4 _ q. j _ 20 = 0. 6. X- + 7x + 12 = 0. 6. x’ + x — 30 = I). 

7, 2x- - X - 3 = 0. 8. 2x- * ox - 2. 9. 6x- + 1 = bx. 

10. Sx' - ar + I = 0. 11. bx- = ox + b. 12. lOx- = 0 - 9x. 

13. X- - 2x - I = 0. 14. X* + 4x + 1 = 0. 16. x- - 8x = 1. 

16. X* - bx = 3. 17. 2x- + 4x + 1 =0. 18. 4x2 - II = 4^ 

19. 9x2 q. 11 = 24x. 20. 2x2 + 21 = 14x. 21. 3x2 = 4j -|- 2. 

22. 25x2 « lOj q. 17. 23. 10x2 q. i = 24x. 24. x* - 2x + 2 = 0. 

26. x2 + 6x + 13 = 0. 26. x2 - 8x + 2.5 = 0. 27. x* - 2x + 3 = 0. 

28. x2 - 3x + 3 * 0. 29. 9x2 + 10 = 12x. 30. 2x2 = iQj- _ 9. 

31. 2x2 = 3„j. 4. 2a-. 32. a2x2 =* «x + 2. 33. a2x* * abx + 2b'^. 


34. x2 - 2ax + a® — 52 = 0. 36. x 2 - ox + <16 - 52 _ q. 

36. x2 + (n + b)x + oft * 0. 37. x' + 2ox — 3ftx - 0<ift = 0. 

77. Solution by Formula. The equation nx“ + 6 x + c = 0 is called the 
general quadratic equation. The substitution of definite numerical values 
for the literal numbers a, ft, and c leads to a particular quadratic equation, 
provided, of course, the value zero is not used for a. For example, the 
eejuation 3x^ — .5x + 7 = 0 ha.s a = 3, ft = —5, and c = 7. If we solve 
the general quadratic equation, we obtain the roots in terms of the literal 
coefficients. The roots thus obtained may be used as a formula to solve 
any quadratic equation. We shall derive the formula by the completing 
of the square method. Each step shoidd be closely followed. We start 
with the equation 

ax- + 6 x -f c = 0 . 

Transpose c: , 

ax^ + bx = —c. 

Divide by a: 

•> _L ^ c 

a a 



146 


College Algebra 


Add {b/2a)^: 


or 



b 

-\--x + 
a 





c 

a 



Take square roots: 


Hence 


b — 4ac 

z H--- 

2a 2a 



— b± — 4ac 
2a 


This is the quadratic formula. It is of such great importance that both the 
formula and the equation from which it came should be clearly fixed in 
mind. 

Example 1. Solve the equation + 7z — 4 = 0. 

Solution. Comparing this equation with the general quadratic equation, 
we see that o = 2, b = 7, and c = -4. The solution therefore may be 
obtained by substituting these values for a, b, and c in the quadratic 
foi-mula. Thus we get 

_7 ^ 4(2)(-4) -7 ± ^49 + 32 

^ "" 2 ( 2 ) 4 


-7 ± _ -7 _ 

"" 4 4 

The roots are ^ and -4. These values 
cciuation. 


- and —4. 

2 

could be checked in the given 


Example 2. Solve the equation 3 j^ — 4 z + 5 — 0. 

Solution. Here a = 3. 6 = -4. and c = 5. Hence, substituting m the 

formula, we find 

4 ^ - 4(3)(^ 4 ± VlG 

^ “ 2(3) 0 

4±-s/r;n 4±2\/^ 2±tVlT 
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Check: 


2 + 


iVTl 




jVTI' 


+ 5 = 0, 


4 + 4iVTT+ llr\ 8+ l^vTl 


)- 


+ 5 = 0, 


4 + 4,Vii _ 11 - 8 - 4iVn + 15 


= 0, 


0 = 0 . 

2 — iVTl 

The other root-may be chocked similarly, or the checking may 

3 

be done together by carrjdng along the double signs. 


Exercise 52 

Solve for x by the quadratic formula, and check. 

1. I* 4- r - 6 = 0. 2. - X - 12 = 0. 3. - 6x + 8 = 0. 

4. + 9x + 20 = 0. 6. x'- - lOx + 25 = 0. 6. x* + 8x + 16 = 0. 

7. 2x* - 3x - 2 = 0. 8. 3x* + X - 2 = 0. 9. 4x* - 12x + 9 = 0. 

10. 3x- + 2x - 5 = 0. 11. 20x* + 9x + 1 = 0. 12. 42x* - x - I = 0. 

13. 4 . a- _ I = 0. 14. X- - X - 4 = 0. 16. x- - x - 3 = 0. 

16. 2x* 4- 5x 4- 1 = 0. 17. 3x* 4- lOx 4- 4=0. 18. 7x* + x - 5 = 0. 

19. 4x- - 9x 4- 3 = 0. 20. 3x* + 1 lx -h 7 = 0. 21. x* 4- x 4- 1 =0. 

22. i2 - j 4 . 1 * 0. 23. X* - 2x 4- 2 = 0. 24. x^ - 6 x 4- 10 = 0. 

26. 2x* - 2x 4- 5 = 0. 26. 3x* 4- 5x 4- I = 0. 27. Sx^ - 19x 4- 9 = 0. 

28. 6 x- - X 4- 4 = 0. 29. x* - ox - da- = 0. 30. Cx" + lax 4- 2a- = 0. 

31. X* 4- (6 — a)x — a6 = 0. 32. hjx^ 4- (1 + »0x +1=0. 

33. nix* 4- + l)x 4* m = 0. 34. abx- 4“ (26 — 3o)x —6 = 0. 

36. (a 4- 6)V - (a 4- 6)x - 2 = 0. 36. x* 4- 5x - 4ni* 4- 6wi 4-4 = 0. 

37. I* 4 - 5ax 4- 6a* 4- 06 — 6* = 0. 38. x* 4- ('« “ n)x — 2(wt — n)* = 0. 

Use the quadratic formula to solve for x in terms of t/ ami for y in terms of x. 

39. X* - 2xy 4- y* + X - y = 0. 40. x* - xy - 2;/* - 2x 4- 4i/ = 0. 

41. 2x* - 5xy 4- 3y* - 2x 4- 3y = 0. 42. 3x* 4- 8xy - 3y* 4- 2x 4- 6y = 0. 

43. 3x* 4- 8xy - 3y* 4- 2x 4- 6y = 0. 44. 4 . 2xy 4- y* + x 4- y = 2. 

46. X* - xy - 12y* 4- 5x 4- 6 = 6y. 46. x* - 4xy 4- -ly^ + 2x 4- 1 = oy. 

78. Equations in Quadratic Form. An equation is often met which is 
not quadratic but can be reduced to a quadratic eciuation by the substitu¬ 
tion of a new unknown. Such an equation is said to be in quadratic form. 
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For example, the fourth degree equation 

- 4 = 0. 

when written as 

^ 0 ^ 

is seen to be a quadratic equation in y'. The substitution x = yields 
the quadratic equation 

- 3jr - 4 = 0. 


The following equations are further illustrations of equations in quadratic 
form: 

x~^ + + 5 = 0 is quadratic in 

(x^ + + 2(x^ + x) — 1 = 0 is quadratic in x^ + x. 

These equations would become quadratic equations by the substitution of 
a single letter for x~^ in the first and for x^ + x in the second. 

Some etjuations in quadratic form can be solved quite readily. The 
following examples illustrate useful methods. 

Example 1. Solve the equation (x^ + 3x)^ — 2(x^ + 3x) — 8 = 0. 
Solution. The substitution y = x^ + x reduces the equation to 

i/2 - 2x - 8 = 0. 

W’hence 

{y + 2){y - 4) = 0, 

and 

y = —2 and 4. 

Since y = x^ + 3x, we have the equations 

x2 + 3x = -2 and x^ + 3x = 4. 


next solve these equations. 

.1-2 + 3x + 2 = 0, 

(x + 2)(.r + 1) = 0, 

X = —2 and 


x2 + 3x - 4 = 0, 


-1 


(x + 4)(x - 1) = 0, 

X = —4 and 1 


The given equation has the four roots —4, —2, —I, and 1. 

Example 2. Solve the equation x + 2x'^ — 8 = 0. 

Solution. This equation would be reduced to a quadratic equation y 
substituting a .single letter for x^. However, it may be readily solved y 
factoring. Thus, employing fractional exponents, we have 

(x^-2)(x'^4-4) =0. 
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Kquating tlie factor to zero, \vc obtain 

_ 2 = 0, or j '- = 2, and x = 4. 

Since cannot he ncsative, it is impiK^sible to make the second factor 
4 o(|ual to zero. Hence the only solution is a =4. 


Example 3. Solve the e<iuation 


X- - 4 


4x 


+ 3 = 0. 


X X- - 4 

Solution. This equation, though not in quadratic form, may be reduced 

X- - 4 . 

to a (juadratic equation. Substituting ij — gives 

y - - + 3 = 0. 

y 

and, multiplying by y, we obtain 

y- + 3y - 4 = 0. 

Tlie roots of this equation are y = -4 and 1. Hence we form the ecpiation-s 

X- - 4 , , 

- = —4 and - = 1. 


These equations yield: 

+ 4x - 4 = 0, 


-4 ± y/m+ 10 


X = 


X* - X - 4 = 0. 


1 ± Vl + IG 


X = 


= -2 ± 


2V2. 


1 ± V 17 


Exercise 63 

Solve the following e<puitions: 

1. - lOx^ + 9 = 0. 2. x’ - X- - 2 = 0. 3. 4x* - 5x* + 1 * 0. 

4. 2x‘ + 7x2 - 4 = 0. 5 . + 7 xs + 12 = 0. 6 . x' + 4x2 + 3 = q 

7. x-2 + x-‘ -12 = 0. 8. 2x-2 + x-‘ - 1 = 0. 

9. 3X--2 + 4x-' -4 = 0. 10. 4x-2 + x“‘ - 0 = 0. 

11. x~* - l7x-2 + 10 = 0. 12. x"^ - 8x-2 -9 = 0. 

13. x*i + 7x^ + 12 = 0. 14. x*^ - Sx** + 4 = 0. 

16. X - 4i'‘ + 3 = 0. 16. X - Sx^’ - 10 = 0. 

17. 6x^> - 1 lx‘‘ -2 = 0. 18. X - x‘’ - 30 = 0. 

19. x'^ - 3x-‘» +2 = 0. 20. Ox'^ + x"'* -5 = 0. 
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21. x--3x- SV-r* - 3x + 2 = 0. 
23. _ 9 j-2 -8 = 0. 

26. (x2 - x)2 - 8(z-- j) = -12. 

27. i2x^- + i)2 = 4(2 z 2 + i) - 3. 

- (^) - ^ 


-2 = 0 . 




22 . x^-\-2x- Vx^ + 2x -2 = 0 . 
24. (2j- 1)^ + 5 = 6(2x- 1)"+ 
26. (x- - ox)* + (x* - 5x) = 12. 

28. (3x* + 2x)* + 5 = 6(3x* + 2x). 

- ^ (^)=- 
34. 4x* - 3x + ® 


4x* - 3x 


-6 = 0 . 


36 


.i±i-Ji±i_2 = 0. 

jr — 3 \jr — 3 


79. Equations Containing Radicals. An equation in which the unknown 
appears under a radical sign is called a radical, or irrational, equation. 


Illustrations: 

Vsx^ - 1 = X is a radical equation of second order. 

1 = 4 is a radical equation of third order. 

The usual process for solving a radical equation employs the operation 
of raising both members of an equation to the same positive integral power. 
The new eciuation thus obtained has all the roots of the original equation. 
This is true because the results of taking the same positive integral power 
of two equal numbers are equal. The derived equation, however, may 
have roots in addition to those of the original equation. The extra roots 
are called extraneous roots. The existence of extraneous roots is illustrated 

in the examples worked out below. 

We list the steps for solving second order radical equations. 

I. Arrange the members of the equation so that a single radical constitutes 
one member. 

2 Eliminate this radical by squaring both sides of the equation. 

3. Repeat steps 1 and 2, if necessary, until an equation free of radicals u 

I Solve the resulting equation and check all its roots in the given equation. 
Reject the extraneous roots, if any. 

Example 1. Solve Vx + 4 — V2x +^ +1=0. 

Solution. 


Transpose: 


\/x + 4 = V^+ I - 1. 
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Square: 

Transpose: 

Square: 

Transpose: 


j + 4 = 2 j + 1 - 2V 2x + 1 + 1. 

2V2.r +1 =* T - 2. 

4(2j- +1) = T- - 4x + 4. 
j- - 12J- = 0, 
j(x - 12) = 0, 

j- = 0 and 12. 


Check in given equation: 

For X = 0 
\/4 — \/T +1^0, 
2 - 1 4- 1 0, 

2^0. 


For X = 12 

VlG - + 1 0 , 

4-54-1=0, 
0 = 0 . 


Though zero is a root of the quadratic equation, it is not a root of the given 
radical equation. Hence 12 is the only root of the ratlical equation. 


Example 2. Solve Vsx -H 4 - V'2x 4- 1 - Vx - 3 = 0. 
Solutioji. 

Transpose: 

VSx 4- 4 = -n/^T+I 4- Vx - 3. 

Square: _ 

3i + 4 = 2x 4- 1 + 2V(2x 4- l)(x - 3) 4-^-3. 

Transpose: 

6 = 2V(2x 4- l)(x - 3). 

3 = V(2x-|- l){x-3). 

Square: 

9 = 2x2 - 5x - 3 
2x2 _ 5 j. _ 12 = 0, 


(2x + 3)(x - 4) = 0, 


X = 4 and — §, 
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Check: 


For ar = 4 


\'T2 + 4 - Vs + 1 - V4 - 3 = 0, 

4 - 3 - 1 = 0, 

0 = 0 . 

For X = — § 

+ 4 _ V -3 + 1 - V-§ - 3 = 0, 

- V^ - -V^ =L 0, 

^V^ - V^ - §V^ = 0, 

-2V^ 7 ^ 0. 

We reject the extraneous root, — The given equation has only the root 4. 


Exercise 54 


Solve the following equations. Check your results. 


1. 

V3x+7 = 

4 . 

2. V2j + 3 = 5. 

3. \Ux -5 = 1. 

4. 

\/?T~5 = 

3. 

5. V-r* ■ 

- 3x = 2. 

6. V-r® - 7x = 2. 

7. 

V^+ 1 = 

0 . 

8. y/3i + 2 = -5. 

9. v/Gx — S = X. 

10. 

\A - Ax = 

V^- 

11. V5x + 0 = X + 2. 

12. \/A - X - X - a. 

13. 

\'2x - 5 = 

j — 4. 

14. Vl - 

X = X + 5. 

16. ■s/2 +"x = X + 2. 

16. 

\/2x + 13 - 

- V-r + 10 = 1- 

17. \/x^ 

— \/x — 5 = 1. 

18. 

\/2x +TT - 

- VrT2 = 2. 

19. 1 + Vx 

+ 9 = v^2x+ 11. 

20. 

1 

+ 

1 

> 

‘2 = 3 . 

21. y/o-Ax+ Vl3 - 4x = 4. 

-- y — 

22. 


+ 4 = 

VOx + 12. 

23. V-r + 0 

= V6x + 6 - V-r- 

24. 

:i\/x - 5 + V-f - 

9 = 2Vr- 

26. 2v^ - 

\/3x + 3 = V-r - 


26. Vl - ^ + V" - -f - Vl2 - Oj = 0. 

27. V2-r - V'-f ^ + Vj + 2 = 0. 

28. V" - 2j* - V3 -V - V-1 - -c = 0- 

29. V-f^ - J- - 2 - V-T" + + 7 +1=0. 

30. - 3 V+4-Vj'*"J' + 3-1=0. 

31. V^J' — “ 8 - \/4j-- + 3r + 4 + 2 = 0. 
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80. The Nature of the Roots. The roots of the general quadratic equa¬ 
tion are Xi and xa, where 


4- Vb* - 40^ . _6 - Vb- - 4 ac 

-__ and xo =- - 

■ 2a 2a 


The ndicand b- - -iac is called the discriminant The discriminant, which 
can he had without solving the e.iuation, yields information regarding the 
nature of the roots. Recalling that we are restricting a, b, and c to real 
numbers, we make the following observations; 


1 jfiji _ 4 ac = 0. f/te roots arc real and equal. 

2 jfb‘2 _ 4 ac > 0 , the roots are real and unequal. 

3 ’ jj 52 _ < 0 , the roots are imaginary and unequal. 

If we further restrict the coefficients a. b. and c to be rational numbers, 
the following statements can be made: 


Jj ij‘ _ ^ac is a perfect square, the roots are rational. 

If h- - 4ac is not a perfect square, the roots arc irrational. 


These conclusions can be readily verified, 
the roots are 



-6 + 0 

2 a ~ 


and 



If the discriminant is zero, 

- 6-0 

2 a 


These quantities arc obviously etjual and are real because a and 6 are 
both real. If the discriminant is not zero, the roots, of couree, arc uneiiual. 
It is also clear that the roots are imaginar>- if and only if each contains the 
square root of a negative discriminant. \\ ith a, b, and c rational, the roots 
are rational if and only if the discriminant is a perfect square (the sciuare 
of a rational number). 


Illustrations: 

Equation 

5i- - 21x + 18 * 0 
+ 8x + 3 = 0 
X* - lOx + 2o = 0 
3x- + 6x + 4 = 0 


Discriminant 

(-21)- - 4(5)(18) = 81 
8 - - 4(2)(3) = 40 
10- - 4(25) * 0 
62 - 4(3)(4) = -12 


Nature of Roots 

Real, unetjual. rational 
Real, uneciual, irrational 
Real, equal, rational 
Imaginary and uneciual 


Example. Determine k so that the roots of kr^ + 4x + fc — 3 = 0 are 
equal. 
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Sohition. The roots are equal if the discriminant is zero. Hence, sub¬ 
stituting in — 4ac = 0, we obtain 

42 - 4ik)(k - 3) = 0, 

16 - 4k" + I2k = 0, 

- 3A- - 4 = 0, 

« 

ik + 1)(A- - 4) = 0, 

^ = — I and 4. 

The roots of the given equation are equal when k has the value — 1 or the 
value 4. 


Exercise 66 

Without solving, determine the nature of the roots: 

1. 4x2 - i2j + 9 = 0. 2. 3x2 -f- 5x - 2 = q. 3. 4^-! + -f 3 = 0. 

4. 7x2 - 4 j -h 3 = 0. 6. x2 - X + 4 = 0. 6. x* -|- 4x 4- 5 = 0. 

7. x2 - 7x 4- 7 = 0. 8. 2x2 4- ox 4- 5 * 0. 9. x - x - I = 0. 

10. x2 - 2V2x4- 2 = 0 . 11 . V3x2 - x - 2 = 0. 

12. x2 4- 5x - -v/2 = 0. 13. 9x2 = 6x - I. 14. 5x2 4. gj- = 2. 

16. x2 = 8x - 16. 

Determine k so that each equation has equal roots: 

16. x2 4- 3x 4- A- = 0. 17. Ax2 - 6x 4- 3 = 0. 18. 2x2 - Ax 4- A = 0. 

19. x2 _ (k + l)x 4- 4A - 3 = 0. 20. (A 4- 2)x2 4- 12x 4- 2A 4- 5 = 0. 

21. x2 - (A 4- 5)x 4- 4A 4* 5 = 0. 22. ki- + (3A - l)x 4- A - 3 = 0. 


81. The Sum and Product of the Roots. Indicating the roots of the 
general quadratic equation ai^ 4- + c = 0 by X| and X2, we find their 

sum to be 


+ ^2 — 


— 64- — 4 ac 

2a 



— 6 — y/b^ — 4ac 
2a 


-26 _ -6 
2a a 


7'hcir product is 

-i, + \/62 - 4ar -b - y/b‘^ - 4ac 
2a 


6^ — {6' — 4ac) 4ac c 

4a^ 4a" a 


X1X2 = 


2a 
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We put these results in wortls: 

The sum of the roots of a quadratic equation in standard form is equal to 
the negative of the coefficient of the first degree term divided by the coefficient 
of the second degree term. 

The product of the roots of a quadratic equation in standard form is equal 
to the constant term divided by the coefficient of the second degree tenn. 

These formulas enable one to find the sum and product of the roots at 
a glance. There are situations in which the sum or product of the roots 
is needed but not the individual roots. The formulas may also be used as 
a rapid check after solving a quadratic equation. 


Illustrations: 

Equations 
4x2 - 7x + 8 = 0 

i2 - X - 1 = 0 

6 - 3x - 2x2 = 0 

7x2 - 42x + 1 = 0 


Sum of Roots 
b 7 
a 4 


Product of Roots 

c 8 
- = - = 2 
a 4 



If the coefficient of the second degree term of a quadratic equation is 
unity (a = 1), the sum of the roots is ~b and the product c. This fact 
may be used to form a quadratic ecpiation whose roots are two given 
numbers. 


Example 1. Foiro a quadratic equation whose roots are — f and 5. 

Solution. By making the coefficient of the second degree term unity, we 
may use the negative of the sum of the given roots as the coefficient of the 
first degree term and their product as the constant term. Since 5 — ^ ^ 

and 5(— §) “ "e have the desired equation 

x2 — -Jx — = 0 or 2x2 — 7x — 15 = 0. 

Alternatively, the equation could be formed by reversing the operation 
of solving a quadratic equation by factoring. Thus we may write the equa¬ 
tion 

(x + §)(x - 5) = 0. 

We see at once that the roots are — | and 5. Multiplying the two factors 
we have, as before, the equation x" — ix — 0. ’ 
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Example 2 . Determine the value of k so that one root of the equation 
2 x" — ox + A' = 0 is twice the other. 

Solution. Let Xi and 2xi stand for the roots. Then, adding the roots, 
we have 

b 5 5 

xi + 2 xi = — = - and Xt = -• 

a 2 6 


The roots, therefore, are xi = | and 2xi = -1. 
roots yields 



Xow the product of the 
25 

k = — 

9 


Assigning k this value in the given equation, we obtain 

2x2 - 5x + ^ = 0 Qj. _ 4 -^ + 25 = 0. 
The roots of this equation are | and 


Exercise 66 


Without solving, find the sum and the product 
equations: 

1. 4x2 - 8 x + 3 = 0. 


4. + Sy = 7. 

7. 4 - 7x - 4x2 ^ 0. 

10. 6x2 q. isj. ^ 0. 

13. 7x - 6 + 2/2 = 3. 


16. 2 , - 1 . 

19- 3. -h 

22. ^2, - v^. 

26. 2 + y/2, 2 - \/2. 

28. I + Ji, 5 - li. 

30. 6 - i 6 + t-v/5. 


2. 3x2 - 2x - 6 = 0. 
6. 2y2 - Gy - 3 = 0. 
8 . x2 +9 = 0. 

11. 5y2 + 3 = 0. 

14. 8x2 - X + 6 = 


17. 3. 4. 

20 . Z’ 

23. 2t, -2t. 

26. 1 - y/3, 1 + \/3- 


of the roots of the following 


3. x2 + 6 x + 5 = 0. 

6 . 3y2 = 7y + 2. 

9. x* - 9x = 0. 

12. 5 - 6y - y2 = 0. 

16. 2y2 - 7y 4- 3 = 7. 

of the roots, find quadmtic 


18. - 2 .- 6 . 

21 . -i 

24. -y/B* -\/5- 
27. 3 - t, 3 + i. 



Using the formulas for the sum and the product 
equations whose roots are as follows: 


Determine the values of k so that each given condition is satisfied: 


31. 4x2 _ ^.j. 4_ 7 = 0, sum of roots 3. 

32. kx- 4* 6 x + 32 = 0, sum of roots — 2. 

33. 7x2 _ q. 41 = 0, sum of roots 0. 

34. 3x2 4 _ 41 j 4 . /; = 0, product of roots 7. 

36. 8 x 2 4 - 5j - 6 A = 0 , product of roots 0 . 

3 g 4 . 91 4 - /.• = 0 , one root double the other. 
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37 j.: _ ki 4-18 = 0. one root double the other. 

38. -ii’ — 3x + ^' = 0, one root three times tlie other. 

39 j 2 _ 4 j. -j- t = 0. difference of roots 0. 

40 . J- - 4 - A: - -1 = 0, difference of roots 5. 

41. Zkx- - ox + - 20 = 0. product of rmds -3. 

42. 4x* + lOj 4- A- - 3 = 0, one root is the recijjrocal of the other. 

43. 5x- - {k + 2)x + 7A- - 6 = 0. one root is 2. 

44. A-j* 4- (3A- - 4 )/ - 5 = 0, one root is 1. 

45. 4jr- + oA-j: - j 4 * 2* 4- 7 = 0, one root is 

82. Graph of a Quadratic Function. The expres-sion ax^ 4- + c, wliieli 

is the left member of the general quadratic etpiution, is called a ciuadratic 
function. We wish now to conskler the graphs of functions of this kind. 
The graph of a quadratic function is calletl a parabola. We shall construct 
the graphs of some quadratic functions, employing the procedure described 
in Section 41. 

Example 1. Draw the graph of the function 2x^ — 6x 4- 2. 

Solution. We let y stand for the function and write 

y = 2x2 - Ox 4- 2. 

W'e next assign various vahies to x, compute the corrc.sponding values of 
y, and tabulate the results. By plotting the points (x, y) of the table and 
drawing a smooth curve through them, we obtain the graph in Figure 9. 
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Example 2. Draw the graph of the function 3 + 2a: — 

Solution. Setting the function equal to y, we have 

y = Z + 2x-x\ 

We prepare a table of corresponding values of x and y, plot the points thus 
determined, and draw a cur\'e through them (Fig. 10). 



The graph in Figure 9 is a parabola which opens upward, and that in 
Figure 10 opens downward. The direction in which a parabola opens is 
(lofcrmincd by the sign of the coefficient of the second degree term. It 
i.s proved in analytic geometry that tlie graph of ax^ + fej + c opens up¬ 
ward if a is po.sitivc and opens downward if a is negative. 

Noticing furtlier the graph (Fig. 9) of y = 2x^ — Ga: + 2, we see that 
it cros.ses the i-axis at two points. The abscissa of each of these points 
is a value of x for which the function 2x- — 6x + 2 is equal to zero. Hence 
these values are zeros of the function and roots of the equation 

2x2 - 6x + 2 = 0. 

Referring to the graph, we estimate the roots to be x = 0.4 and x = 2.6. 
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These arc approximate values of the roots. The exact values, by the 

(luncinitic formula, are 5(8 + y/5) and 5(8 — v5 ). 

The graph of j = 3 + 2x - x" (Fig. 10) crosses the x-axis at x = -1 

j. - 3 . Hence these values are roots of the equation 

3 + 2jr - = 0. 

The preceding examples illustrate a graphical method of solving a 
(luadratic equation. Only the real roots, however, can be found by this 
method, and usually the results are approximations to the exact values. 

It may be obsen’cd that the graph of ax' + bx + c does not touch the 
.r-axis if - 4flc < 0. The negative discriminant means that there is no 
real number which makes ax^ + bx + c equal to^zero. On the other hand, 
the graph crosses the x-axis at two points if b' - 4ac > 0, and touches 
the x-axis at one point only if b^ - 4ac = 0. Hence the discriminant re¬ 
veals if the graph of a quadratic function crosses the x-axis at two points, 
touches the x-axis in only one point, or has no point on the x-axis. Tliese 
three possibilities are illustrated by the graphs (Fig. 11) of the functions 
y = - 2 x - 1 , y = x^ - 2x -1- I, and y = x'^ - 2x + 3, whose discrim¬ 

inants are respectively positive, zero, and negative. 



Fig. 11 

83. Maximum and Minimum Values. The graph of ax^ bx -|- c opens 
upward if a > 0, and the curve has a lowest point. The abscissa of the 
lowest point is the value of x for which the function has its least, or mini , 
mum, value. The ordinate of the point is the minimum value of the func- 
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tion. Similarly, the graph opens downward if a < 0, and the curve has a 
highest point. The abscissa of the highest point is the value of j for which 
the function has its greatest, or maximum, value. The coordinates of a 
minimum point or a maximum point can be obtained approximately from 
the graph. The exact coordinates can be determined directlv from the 

to 

function as is illustrated in the following examples. 

Example 1. Determine the coordinates of the minimum point of the 
graph of the function 2j- — Ox + 2. 

Solution. This is the function whose graph is shown in Figure 9. How¬ 
ever, we shall find the coordinates of the minimum point without the use 
of the graph. First we factor 2 from the x terms and have 

2(j2 _ 3j) + 2. 

The terms within the parentheses become a perfect square by the addition 
of Since these terms are multiplied by 2, we subtract f in order that 
the value of the function shall be unchanged. Thus we get 

2(i2 - 3x + f) + 2 - 
or 

2(x - §)2 - i 

The first term 2(x — §)^ cannot be negative. It is equal to zero when 
X = 2 ^ind is positive for all other values of x. ^^’hen x = f, the value of 
the function is —This obvioush' is the least value of the function. 
Hence the coordinates of the minimum point of the graph are ( 5 * 

2 

Example 2. Determine the value of x for which the function 3 + 2x — x 
has its maximum value. 

Solution. We complete the square in the x terms by subtracting 1. It 
is neressarj’ of course to add 1 to retain the original value of the function, 
riius we get 

3 + 2x - x^ = 3 - (x^ - 2x) 

= 3+ I-(x2-2x + 1) 

= 4 - (x - I)^ 

It is evident that the function has the value 4 when x = 1. ^Vhen x takes 
a value other than 1, the value of the function is 4 minus a positive quan 
tity. Hence 4 is the maximum value of the given function. This resu t 
may also be obtained from the graph of the function (Fig. 10). 

There are numerous practical problems whose solutions depend on mini 
mum and maximum values of quadratic functions. 
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Example 3. What is the largest rectangular plot which can be fenced 

on three sides with 1(>0 yards of fence? 

Solution. We let i stand for the width, z for the length, and tj for the 
area. Since one side is left unfenced, the length of the fence is 2x + 2 . 

Hence we have . , « 

2x + 2 = IGO and z = IGO - 2j. 


Then the area is given by 


y = xz 

= x(160 - 2 j) 

= IGOx - 2x- 
= -2(x- - 80x) 

= -2(i' - 80x + 1000) + 3200 
= -2(x - 40)2 ^ 3200. 

We see that the area is greatest when x = 40 yards. For this value of x 
the value of z is 80 yards. Hence the largest plot is obtained when the 
dimensions are 40 yards bj' 80 yards. The area is 3200 scjuare yards. 


Exercise 67 


Construct the graphs of the functions given in problems 1-9. ICstiinate, to one 
decimal place, the zeros of each function whose graph touches the x-axis. 


1. X- - 3x + 2. 
4. 1 - 2x - x^ 

7. Jx* - X + 3. 


2. X--4X + 4. 
6. 3 + X - x^. 

8. x^ -h X -h 5. 


3. X- -I- 7x + 12. 
6. 5 -1- 3x - x^ 

9. 2x- + 2x4- 1. 


Solve equations in problems 10-16 graphically. Estimate the roots to one 
decimal place. 


10. 2x- - X - 3 = 0. 11. 2x* - 3x - 7 = 0. 12. 3x2 + x - 1 = q 

13. lx'- + X - 2 = 0. 14. x2 - 4x + 2 = 0. 16. x* - 5x + I * 0. 

\\ ithout drawing the graphs, determine how many points the graph of each 
function in problems 16-27 has on the x-axis. Also find the ma.\imum or minimum 
value of each function. 


16. x2 - 8x -h 10. 

19. 4 + 8x - x*. 

22. 2x2 - 3x 4- 2 . 
26. 3x* - 3x + 4. 


17. 1 - 6 x - X*. 

20. 4x- + 4x+ 1. 

23. -2x2-1- 2x - 5. 
26. 9x2 _ i2x -f- 4. 

of the largest 


18. x^ + 4x + 3. 

21. X* - Ox 4- 9. 

24. -3x= 4- 9x 4- 4. 
27. -Ox^ 4- 4x 4- 3. 


28. What are the dimensions 
closed with 440 rods of fence? 


rectangular field which cun be en- 
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29. Separate 18 into two parts sucli that the product of the parts is a maximum. 

30. A rectangular pasture is to be fenced along four sides and divided into two 
equal parts by a fence parallel to one of the sides. Find the greatest area if the 
total length of the fence is 300 rods. 

31. Separate the number 8 into two parts such that the sum of their squares is 
a minimum. 


84. Stated Problems. There are many kinds of stated problems which 
can be solved by means of quadratic equations. Frequently only one root 
of the equation has meaning in the problem at hand. The root not satis¬ 
fying the conditions of the problem must be rejected. It is well, therefore, 
to examine the roots to determine if one or both may be used. 

Example 1. The square of a number exceeds the number by 56. Find 
the number. 

Solulion. Let x = the number. Then 

— X = 56 or — X — 56 = 0. 


(x - 8){x + 7) = 0, X = -7 and 8. 

Check: 

8^ - 8 = 56, (-7)2 - (-7) = 56, 

64 - 8 = 56, 49 + 7 = 56, 

56 = 56. 56 = 56. 

The problem has two solutions, —7 and 8. 

Example 2. A rectangular garden, 80 feet long and 40 feet wide, has a 
walk of uniform width around it. Find the width of the walk if its area is 
1300 square feet. 

Suhilion. Let x stand for the width of the walk. Then the outside di- 
mension.s of the rectangle formed by the garden and the walk are 2x + 80 
and 2x + 40. Hence the combined area of the garden and the walk is 

(2x + 80)(2.r + 40). Since the area of the walk is the combined area minus 

ti)e area of the garden, we have the equation 

(2x + 80) (2x + 40) - (80) (40) = 1300. 

4x2 ^ 240x + 3200 - 3200 = 1300, 

4x2 ^ 240 x - 1300 = 0, 
x2 -f- 60x - 325 = 0, 

(x + 65)(x - 5) = 0, 

X = —65 and 5. 


Then 
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The width of the walk is positive; lienee we select 5 feet for the width, 
which salisties the conditions of the problem. 

Example 3. A car wliich travels 10 miles per hour faster than a truck 
goes 300 miles in 3 hours less time than reiiuired by the tivick to travel the 
same distance. Find the rate of each. 

Solution. Let x - rate of the truck, and x + 10 = rate of car. Then 


300 


and 


300 


= time required by truck, 


= time required by car. 


I + 10 

Since the difference of the times is 3, we write the ecpiation 


300 300 

X a- + 10 

whence, clearing of fractions, 

300(j- + 10) - 300x = 3x(x + 10), 
360x + 3000 - 300 j- = 3x^ + 30 j. 

3000 = 3j-2 + 30^, 
+ IOj - 1200 = 0, 

(a: - 30)(r + 40) = 0, 


X = 30 and —40. 

Rejecting the negative quantity, we have x = 30, rate traveled by the 
truck; and x + 10 = 40, rate traveled by the car. 


Exercise 68 

1. The product of two consecutive odd integers is 143. Find the integers. 

2. The sum of the squares of two consecutive integers is 85. Find the numbei-s. 

3. The square of a number exceeds four times tlie number by 140. Find the 
number. 

4. Two numbers differ by 1; their cubes differ by 91. Wlmt are the numbers? 
6. The area of a rectangle is 88 scjuare indies. What are the dimensions if the 

length is 3 inches more tlian the width? 

6. The volumes of two cubes differ by 98 cubic inches; their edges differ by 2 
inches. I’ind the edge of each cube. 

7. The diagonal of a rectangle is 8 inches more than the length, and the length 
IS 1 inch more than the width. Find the dimensions of the rectangle. 
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8 . The dimensions of a page are 9 inches by 12 inches. The area of the foui 
margins, which are all of the same width, is 38 square inches. Find the width of 
the margins. 

9. A page, with length 3 inches more than its width, has 80 square inches of 
printed area. The margins at the top and bottom are each I 5 inches wide, and 
the side margins are each 1 inch wide. Find the dimensions of the page. 

10. A rectangular-shaped gutter is made by bending up the sides of a strip of 
sheet metal. If the width of the strip is 18 inches and the carrying area is 40? 
square inches, find the width and depth of the gutter. 

11. Two boys are to mow a rectangular grass area 90 feet by 120 feet. One of 
the boys starts on the edge and mows arounrl the perimeter. How wide a strip 
should he mow from each side in order to do half the work? 

12. A skating rink 50 feet by 75 feet is to be enlarged into a rectangle of twice 
the area by adding strips of equal width on one end and a side. Find the width 
of the strips. 

13. The length of a rectangular piece of tin is 6 inches more than ita width. A 
2 -incli square is cut from each corner, and the edges are bent up to make a box 
of depth 2 inches and volume 112 cubic Inches. Find the dimensions of the piece 
of tin. 

14. A car travels 15 miles per hour faster than a truck and goes a distance of 
220 miles in 1 \ hours less time than required by the truck to travel the same dis¬ 
tance. Find the speed of each vehicle. 

16. A man drove a distance of 120 miles at a certain speed and returned at a 15 
miles per hour greater speed. Find the speeds if the total time of driving was 43 - 

’T^ A ship leaves port and sails east at 20 miles per hour. A second ship leaves 
the port 1 hour later and sails south at 10 miles per hour. When will the ships b 

17. A man ia walking north at 3 miles per hour. A seeond man 

at 4 miles iier hour. The first man reaches the intersection point P“ , 

hours before the seeond man reaches it. At what times are the men 5 ^ 

18. An airplane takes off from a field and travels e«t at 150 ”, 

hour later a second airplane leaves from the same field 

miles per hour. How long will it be until the airplanes are 200 md« ap t. 

19. An airplane travels 175 miles with a 25 -.nile-per.hour wind n 24 mmute liv 
time than it takes to return against the wind. What is the still air speed of the 

20. A railroad and highway intersect at right angles. A 

the crossing at the same time a car is 6 miles from the crossing. minutes 

tag Urn crossing and each is traveling at J mile per nunute, in how many ...mutes 

will they be 4 miles apart? , . Working 

21. A man can do a job in 9 days less time than is requir J jfjjlone to do 
together, they can do the job in 20 days. How long would it take eac 

^man bought some pigs for $480. Had the price been P'®’ 

would ha" received 16 more pigs for the S480. How many pigs did he bu>? 
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23 A group of children renterl a skating rink for S20. Fifteen of the group d.d 
not attend, and conse<|uentl,v each child |)rescnt was requ.recl to increase his con¬ 
tribution I.V 30 cents. How many were in the original group? 

24 One pipe fills a tank in 4 houi^ less time than it takes a second pipe. Both 
pipes fill the tank in 25 hours. Find the time required for each pipe alone to fill 

*''26!*"v can do a piece of work in 7 days less time than it takes B. Tonether they 
can do the work in 12 days. Find the time required for each alone to do the work. 

26. If an object is thrown vertically downward with a velocity of i-o, the distance s 
which the object has fallen at the end of t seconds is given by the formula 

s = fof + \gt- 


where s is in feet, I'o in feet per second, and g is approximately 32. 

From a balloon a marble is thrown downward with a velocity of 64 feet per 
second. Find the time required for the marble to fall 192 feet. 

27. If a body is projected vertically upward, the formula for its distance from 

the starting point is 

8 = I’of - 


where I'o is the initial velocity and g = 32. 

A ball is thrown vertically upward with a starting velocity of 80 feet per second. 
In how many seconds will the ball be (a) 100 feet high; (b) 96 feet high? Explain 
the two answers for part (b). 

28. A bullet is shot vertically upward at a balloon. If the bullet is shot at 1100 
feet per second and the balloon is 9400 feet high, find the time required for the 
bullet to reach the balloon. (See problem 27.) 
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SYSTEMS INVOLVING QUADRATIC EQUATIONS 


86. Quadratic Equations in Two Unknowns. An equation of the form 

Ax^ + Bxy + C|/2 + Ux + Ey + /■ = 0, (1) 

where A, B, C, D, E, and F are any constants, except that A, B, and C 
cannot all be zero, is called a general quadratic equation in the two un¬ 
knowns X and y. A pair of numbers for the variables x and y which satisfy 
the equation is called a solution of the equation. Two such equations taken 
together constitute a system of quadratic equations; and a pair of values 
for X and y which satisfies both equations is called a solution of the system. 

We shall consider in this chapter the problem of solving two equations 
in two unknowns where (a) one equation is linear and the other quadratic, 
and (b) both equations are of second degree, or quadratic. Before attack¬ 
ing this problem, however, we shall construct the graphs of certain special 
cases of equation (1). 

86. Graph of a Quadratic Equation. In Section 82 we constructed the 
graphs, called parabola.'^, of quadratic functions of x. That is, we con- 
.structed the graphs of equations of the form 

y = <u* + 6x + c. 

An equation of this form may be obtained from equation (1) by assigning 
B and C the value zero and solving for y. Similarly, the equation 

X = Qi/ + hy A- c 

is a special case of equation (I). The graph of thi.s equation is a parabola 
which opens to the right if a > 0 and to the left if a < 0 (see Fig. 16). 

To construct the graph of an equation of the form (1) where all terms are 
present is a tedious task. Hence, as in the case of the parabola, we shal 
use equations which lack certain terms. The process comprises the fo - 

lowing steps: 
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/. Solve the equation for ij in terms of x. (If it is easier to solve for x, 
interchange x and // in these directions.) 

2. Assign values to x and compute the corresponding values of y. 

3. Plot the points thus determined and draw a smooth curve through them. 

A. The Circle. The graph of an ecpmtion of the form 

X- + y = r- 

is a circle of radius r with the center at the origin. That the graph is a 
circle may be seen by referring to Figure 12. .Vccording to the Pythagorean 
theorem the coordinates (jr, y) of points on the circle siUisfy the equation 



Illustration: The graph of x^ A- y^ = 30 is a circle of radius 6 uith the cen¬ 
ter at the origin. It is easier to draw the circle with compasses than to use 
the point plotting process. 

B. The Ellipse. The graph of an equation of the form 

ax~ + by^ = c, 

where a, b, and c are positive constants is called an ellipse. 

Example 1. Construct the graph of the equation 4x^ + = 36. 

SobUion. We first solve the equation for y and have 

y = x®. 

From this equation we see that if x^ > 9, the radicand is negative and hence 
y IS imaginary. This means that, for the purpose of graphing, x may take 
only the values from -3 to 3, inclusive. We assign several values to x in 
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this range and find the corresponding values of y. The pairs of values for 
X and y determine points through which the curve of Figure 13 is dra^^■n. 


-3 

0 

- 2.5 

± 1.1 

-2 

± 1.5 

-1 

± 1.9 

0 

±2 

1 

± 1.9 

2 

± 1.5 

2.5 

± 1.1 

3 

0 


N 


4 , 2 + 9^2 = 36 


Fig. 13 

C. The Hyperbola. The graph of an equation of the form 

ax^ - by^ = c or ay^ - bx^ = c, 
where a, b, and c are positive constants, is called a hyperbola. 
Example 2. Construct the graph of the equation I6x^ — 9j 



1 

— 7 

± 8.4 

-6 

± 0.9 

-5 

± 5.3 

-4 

± 3.5 

- 3.5 

± 2.4 

-3 

±0 

3.5 

± 2.4 

4 

± 3.5 

5 

± 5.3 

6 

± 0.9 

7 

± 8,4 


8 -6 -4 


G 
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Solution. Solving for y, we get 

y = -"9. 

We notice th:it y is imaginaiy foi' values of x between —3 and 3. Hence 
the graph consists of two parts, one starting at (3, 0) and extending to the 
right, the other at (—3, 0) and extending to the left. The graph, drawn by 
use of the pairs of values in the table, is in Figure U. 

The graph of ay’ - bx’ = c, where a, 6. and c are positive constants, has 
one part which opens upward and the other part downward. This is illus¬ 
trated in Figure 17. Each part of a hyperbola is called a branch. 

Example 3. Draw the graph of the equation xy = 4. 

Solution. In this equation x may be given any value except zero. If x 
were zero, there is no value for y which would make the product xy ecpial 
to 4. Similarly, y may have any value except zero. The graph is a hyper¬ 
bola and comprises the two branches drawn in Figure 15. 


I 

y 

-8 

-0.5 

-4 

-1 

-2 

-2 

-1 

-4 

—0 .5 

-8 

0.5 

8 

1 

4 

2 

2 

4 

1 

8 

0.6 

1 

> 


Fio. 15 

87. Solution by Graphing, in Chapter Six we solved systems of linear 
equations by graphing each equation of a system and reading the coordi¬ 
nates of the point of intersection. The same procedure may be applied to 
second degree equations in two unknowns. However, the graphs will not 
be restricted to straight lines, and there may be more than one point of 
intersection. Only real solutions will be obtained graphically; and these 
as a rule, will be approximations. ’ 
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Example 1. Solve graphically the system 

-Ax ~S = 0 
3x -2y+I =0. 

Solution. We make a table of corresponding values for each equation. 
A table for the quadratic equation may be conveniently formed by solnng 
for X and then assigning values to y. 



Fig. 16 
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The graphs of the two equations are shown in Figure 16. There are two 
intersection points, whose coordinates we estimate to be (-1.4, -1.6) and 
(2.5, 4.2). These value pairs may be written as X = -1.4,?/= -1.6 and 
X =*2.5, y = 4.2. The results are good approximations to the solutions, 
as may be verified by substituting in the given equations. 

Example 2. Solve graphically the system 

4y2 + 9x= = 36 
9y^ — 4x" = 36. 

Solution. We solve each equation for y and then prepare tables of value 



Fig. 17 


The graphs (Fig. 17) intersect in four points whose coordinates are ap- 
pro.ximately (-1.4, -2.2), (-1.4, 2.2), (1.4, -2.2), and (1.4, 2.2). 
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Exercise 69 

Construct and give the name of the graph of each of the foUon-ing equations. 
(See Table I, page 301, to find square roots of numbers.) 

1. x^ + y^ = 49. 2. 2x^ + 2y^- = 5. 3. + j/* = 10. 

4. + 4 ,/ » 16. 6. 4x* + 9y* = 36. 6. 4x* + y* = 64. 

7. 4r^ + 3y2 = 12. 8. 6x* + St/ = 30. 9. x^ + 25>/ = 25. 

10. x-~ 7/^ 25. 11. 9x2 _ 4 ,jZ « 30^ 12. 3i/ - 2x^ = 6. 

13. 2y2 - 2x2 » 5_ 14, yi _ 25x2 » lOO. 16. i2 - 36^* = 36. 

16. y2 _ 4x = 0. 17. y2 - 4y - X = 0. 18. x + 4y - r = 0. 

19. xy-4 = 0. 20. xy+l0 = 0. 21. 3xy-ll = 0. 

Solve the following systems graphically. Estimate the results to one decimal 
place. 


22. x2 - 9y = 0 

X - y = 0. 

26. xy — 12 = 0 
X + 2y = 2. 

28. ly + 16 = 0 
a:2 + y2 = 36. 

31. xy - 3 = 0 
x2 - y = 4. 

34. 4x2 + y2 = 16 
x2 + 4y2 = 16. 


23. y2 - 6x = 0 
X + y = 1- 

26. i2 -I- y2 = 25 
7x + y = 4. 

29. y2 - X = 0 
x* — 5y = 6. 

32. 2x2 3y2 = j2 

x2 - y = 3. 

36. 9x2 _ i0yi = 144 

4x2 _ gy2 = _36. 


24. x2 - y + 2 = 0 
X — 2y + 5 = 0. 

27. 2x2 + yi = 9 

I - y - 1 = 0. 

30. 2x2 _ 3y2 = 8 
3x2 + 2,/ = 8. 

33. 6y2 - 9x2 = 54 

x2 + y = 4. 

36. 3x2 + 4y2 = 20. 
yi _ 9x = -9. 


88. Solution by Algebraic Methods. Any two independent quadratic 
(■(luations in two unknowns can be solved by algebraic methods. These 
methods yield both the real and imaginary solutions exactly. In contrast, 
the graphical method does not give the imaginary' solutions and usually 
give.s the real solutions only approximately. However, a general algebraic 
method of solution would lead to a fourth degree equation. Though such 
an e(Hiation can be solved by algebraic methods to obtain its exact roo s, 
we shall consider that problem as being too difficult at the present stage. 
Hut certain kinds of quadratic sj'stems can be solved by special methofis 
involving only processes which have been considered. A few of these sys¬ 
tems will be di.scussed and illustrated by examples. 

89. A System Without an xy and First Degree Terms. If both equations 

are of the form + Br + F = 0. 

,ve may employ one of the methods for solving two linear equato in two 

unknowns (Sec. 45). If we treat the equations as linear m x andy^, \a 
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for the squares of the unknowns can be found. Then the unknowns j and 
y are obtained by taking square roots. It is necessarj', of course, to pair 
properly the values of x and y. 


Example 1. Solve algebraically the system 

x^~ + y- = 25 



Solution. Multiplying the membei-s of the first equation by 2, and re¬ 
writing the second equation, we obtain 


Hy subtracting, we have 
and 


2x- -t- 2y- = 50 
2j 2 - 3y- = 5. 

5y^ = 45, 

y — ±3. 


Substituting either y = 3 or y = —3 in x" -f- y^ 


25 gives 




±4. 


We write the solution in pairs, and have 

X = 4, y = 3; x = 4, y = -3; x = -4, y = 3; x = -4, y = -3. 

These solutions may also be conveniently paired as 

(4,3): (4.-3); (-4.3); (-4,-3); 

and it can be shown by substitution that they satisfy the original equations. 
These are the coordinates of the points at which the two graphs would 
intersect. 


Example 2. Solve the system 


4x=^ -h 3«r = 24 
3x2 - 2y2 = 35. 
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Solution. Multiply the members of the first equation by 2 and those of 
the second by 3 to get 

Sx^ + 6y2 = 48 
9x2 _ 6 y 2 = 105 

17x2 ^ 1-3^ 

x2 = 9, 

X = ±3. 

Substitute in 4x2 ^ 3^2 _ 24 ^ 

36 + 3y2 ^ 24, 

3 y 2 = - 12 , 

= - 4 , 
y = ±2i. 

Pairing the values for x and y, we have (3, 2i) \ (3, —2i): (-3, 2i); (-3, 
— 2i). The solutions being imaginary means that the graphs of the two 
equations have no point in common. These value pairs, however, satisfy 
each of the given equations. 

Exercise 60 

Solve the following systems of equations algebraically and check by substitution: 

1. x2 + i/® = 25 2.x-+}/ = 2^ 3.x*-^=11 

X* - y* = 7. 4 j* + y* = 41. 3x* - 2y* = 58. 

4. 2x* + 3y* = 23 6. 4x* - 3y* = 29 6 . 5j* + 2y* = 37 

3x* - 2if- * 15. X* + 7y* = 46. 3x* + 3/ = 15. 

7. 6 x* - 1 ly* = 38 8 . 7r - 5x* = 17 9. 7x* + 2y* = 45 

5 j -2 _ 9,/2 ^ 31. 4y*-3x*»12. 5x* + 3y* = 18. 

10. 8 x* + 3y* = 2 11. 5y* - 6 x* = 43 12. 4x* + 5y* = 21 

5 x 2 _ 4 y 2 * 13, 4 yj _ 5 x 2 = 35 3 x 2 4 . 4 ^? = ig. 

90. A System with a Linear and a Quadratic Equation. If the system 
has a linear and a quadratic equation, the solution can be readily obtained. 
The following directions furnish a simple, workable plan: 

/. Solve the linear equation for one unknown in terms of the other. 

2. Substitute the result in the second degree equation. This gives a quadratic 
equation in one wiknown. 

3. Solve the quadratic equation to find the values of Oie unknown involved. 

4 . Substitute the values thus obtained in the linear equation of step 1 to find 
the corresponding values of the other unknown. Each pair of corresponding 
values is a solution of the given system. 
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Example 1. Solve the system 

- Zxy - 2 / = 2 

X - }j = 2. 

Solution. From the linear equation, j = y + 2. Substituting in the 
(}uadratic equation, we have 

(y + 2)- - 3(y + 2)y - 2y2 = 2, 

y= + 4y + 4 - 3y- - (iy - 2y^ = 2, 

-4,/ - 2y + 2 = 0, 

2 r 4- y - 1 = 0 , 

( 2 y - l)(y+ 1 ) = 0 , 

y = — 1 and 

Then 

ar = y -f 2 = I and 

The value pairs x = 1, y = — 1 and x = 5, y = \ ean be shown to satisfy 
each of the original equations. Hence, they are the solulion.s. Tlie graph.'; 
of the two cur\’es would intersect at the points ( 1 , — 1 ) and (f, j). 

Example 2. Solve the system 

4x2 _ 9/ - gj - 3Gi/ - 68 = 0 

y = X - 2 . 

Solution. Substitute x — 2 for y in the quadratic equation and get 
4x2 _ _ 2)2 _ 8 x - 3(j(x - 2) - 08 = 0. 

Whence, 

5x2 + 8 x + 32 = 

^ _ -8 ± V64 - 640 _ -8 ± 24-\/^ _4 12 ,■ 

” 10 ” 10 “ 5 

^ “4±12t -14±12f 

y = X - 2 -- 2 -- 

5 5 

Pairing the values for x and y, we have 

-4 - 12i -14-12i\ 

5 ’ 5 /' 

The graphs of the two equations would not intersect since the solutions are 
imaginary. 
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Exercise 61 


Solve each of the following systems algebraically: 


2x + y = 3. 

4. x--^-i/= 10 
X + y = 4. 

7. 2x- + y- = 27 
2x + y = 3. 

10. 2x= - 3y* = 5 
2 j - 3y = I. 


2. y2 + 2x = 7 
X - 2y = -7. 

6. I® + y^ = 13 

x-hy = 1 . 

8. 3x* + 2y* * 25 
X + y = 5. 

11. xy + X - y = 13 
4x - 3y = 7. 


3. 2y* + 3x = 5 
X - 3y = 4. 

6. x^ -i- y® = 20 
3x — y = 2. 

9. 4x^ -i/= -5 
4x - y = 1. 

12. X* — xy + y = 5 
3x — 2y = 5. 


13. x2 + y2 - 4x + 6y + 3 = 0 
X + y - 3 = 0. 

16. X® + 2xy - 2y2 = 3 
X - 2y = 3. 

17. y^ - 4xy - 4y + 8x + 3 = 0 
4x — 2y = 3. 


14. X® — xy — 3x + 2y = 2 
3x - 2y - 10 = 0. 

16. 3x* + 4xy - y* - 2x = 0 
3x + 4y = 1. 

18. X* + xy — 2y^ — 3y = 1 
X - 2y = 1. 


91. A System Without First Degree Terms. If both equations are of 
the form 

Ax^ + Bxy + Cy- + F = 0y 

where the constant term F is not zero, they may be combined to jneld tuo 
(somelimes only one) linear equations. Each linear equation may then be 
.solveil .simultaneou.sly with either given equation. The following procedure 
gives the linear equations; 

1. Mnltiplij the members of each equation by a properly chosen constant so 
that the constant terms of the resulting equations are numerically equal. 

2. Then by adding or subtracting eliminate the constant term. 

3. Transpose terms, if necessary, to make one member of the equation o) 
step 2 equal to zero. Factor the other member. 

4. Set each factor equal to zero. This gives the desired linear equations. 

We shall consider systems of equations for which the factors of step 3 
are real and rational. However, the linear equations in all cases can e 
found by solving the equation of this step for one unknown in terms o t e 

other. 

If /J’ = 0 in one of the given equation.s, the left member of that equa ton 
may be factored to yield the linear equations. The following examp es 
illustrate the process. 
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Example 1. Solve the system 

oj- - 2xi/ - r = 2 
2 a:- + xy - 2i/ = 1. 

Solution. Leave the first equation unchanged and multiply the members 
of the second equation by 2. \\ e get 

5^2 -2xy-y- =2 
4J-- + 2xy - Ay- = 2 


or 

and hence 


- Axy + 3y2 = 0, 

(x — y){x - 3i/) = 0, 

X — j/ = 0 and x — 3y = 0. 


\Vc take each of these eciuations and either of the given etiuntions (pref¬ 
erably the simpler) and form two systems. Thus, choosing the second 
equation, we have the systems: 

2 x^ + xy - 21 /^ = 1 2x^ + xy-2,/=\ 

and 

X — y = 0. X -3y = 0. 

These systems may be solved by the method of Section 90. For the first 
system the solutions are 


and for the second 


(1, l)and(-l, -1); 


/3's/i9 VT9\ / 3^19 V\Q\ 

\ 19 ’ 19 \ 

Example 2. Solve the system 

53^+ 2xy-i/ ^3 

2 x- - xy — = 0. 

Solution. In the second of these equations F = 0 and the left member 
has the real rational factors. We have 

- ^y - y- = 0, 

(2 j: + y)(x - y) = 0, 

2x -I- y = 0 and x — y = 0. 


and hence 
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Taking each of these equations wth the equation which we have not used 
thus far, we have the two systems: 

5x^ + 2jy - = 3 5x^ + 2xy - = 3 

and 

2x + y = 0. X — t/s=0. 

These systems have the follomng solutions: 


/V 2 V2\ ( V 2 

(e.- 20 ; (-i. 20 ; ^ 



Each of these value pairs can be checked in the given equations. Substi¬ 
tuting X = t and y = — 2 t in the right members of the original equations, 
we obtain 

5(if + 2(i)(-2f} - (-20* = -5 + 4 + 4 = 3. Check. 

2(1)2 _ {t)(_2i) - (-2if = -2 - 2 + 4 = 0. Check. 

As an exercise, the student might check each of the other value pairs. 


Exercise 62 


Solve each of the following systems: 
1. 2x® - 3xy + 2/ = 4 

4x2 _ 0jy _|. 3y2 s: 4, 

3. x2 - 2x1/ “ 2i/2 = 1 

2x2 ^ _ 2. 

6. 3x2 _ 5 jy _ 4 i/2 = 8 
x2 - 2xy - j/2 = 2. 

7. 2x2 _ 2xi/ - 3y2 = -7 
x2 + 3xy + 2y2 s 4. 

9. 3x* - 3xy + y2 * 7 

a;2 — 4x1/ -f- 4i/2 = 0. 

11. x2 + 2xtf - y2 = 14 
5x2 _ 26xy + 5i/2 = 0 . 

13. 2X2 _ 3jry 21/2 = 8 

3x2 ^ 5xy - 4y2 = 6 . 

16. 6x2 _ 13j.y -I- 6y2 = 0 

^2 + 2 x 1 / - 5y2 = -1. 


2 . x2 - XT/ - y2 = -5 

2 x 2 -f. 2 xj/ + 1/2 = 10 . 

4. x2 + y2 _ 8 = 0 
xy + 4 = 0. 

t 

6 . 3xy 4 - 2y* = 2 
3 x 2 ^ = 1 . 

8 . x* - xy - y2 = 3 
3x2 + 4 jj/ + 3y2 = 6 . 

10 . 2 x 2 + xy + y* = 16 
2x2 ^ jxy + 6y2 = 0. 

12. 4x2 _ - 0y2 = 0 

3x2 - 3xy - 5y’ = 9- 

14. 5x2 ^ 2 xy + y® = 16 

4x2 ^ 4xy = -16. 

16. 5x® + 3xy - 2y* = 34 
3 x 2 + 8 xy - 3y2 = 0 . 
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92. Other Methods of Solution. The three methods which we have dis¬ 
cussed for solving svstems of quadratic equations will be helpful to the stu¬ 
dent in later courses. There are still other systems, however, whose solu¬ 
tions can be obtained quite simply. The following e.xamples illustrate 

additional procedures. 

Example 1. Solve the system 

— 3x(/ + 2 j: - 3v = 3 
+ 2x1/ — 3x + 2y = 8. 

Solution. We multiply the members of the first equation by 2, those of 
the second by 3, and add the corresponding members of the resulting equa¬ 
tions. This eliminates y. Thus we get 

2x" — Gxy -f 4x — 6y = 6 

3x^ + Gxy — 9x + Gy = 24 

5x^ — 5x = 30. 

The roots of this last equation are x = —2 and x = 3. By substituting 
X = —2 in either of the given equations, the value y = 1 is obtained. The 
substitution x = 3 also yields y = 1. Hence the solutions of the given 
system are (—2, 1) and (3, 1). 

Example 2. Solve the system 

x2 -b y2 - 2x + 2y = ll 
x^ + y^—6x-2y = 7. 

Sobdion. By subtracting corresponding members of these equations, we 
obtain 4x -b 4y = 4, or x -f y = 1. This linear equation with either of 
the given equations forms a system with the solutions (—1,2) and (4, —3). 

Example 3. Solve the system 

x^ + y^ + xy-x—y — 10 = 0 
2xy -b 3x -b 3y -b 10 = 0. 

Solution. Each of these equations would be unaltered by the interchange 
of X and y. This condition is true because in each equation the coefficients 
of the first degree terms are equal and the coefficients of the second degree 
terms are also equal. An equation of this kind is said to be symmetric in 
the unknou-ns. A system of two symmetric quadratic equations may be 
solved by first using the substitutions 

X = u -b V and y = u — v. 
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Making these substitutions and simplifying, we reduce the given equations 
to 

- 2u - 10 = 0 
2w2 - 2 v2 + 6u + 10 = 0. 

The unknown v can be eliminated from this system by dividing the mem¬ 
bers of the last equation by 2 and adding to the preceding equation, mem¬ 
ber by member. Thus we get the equation 

4u^ + u — 5 = 0. 

The roots of this equation are u = 1 and u = —f. By substituting these 
values in either of the quadratic equations in w and v, we find the four 
solutions 

u = 1, y = 3; u = 1, y = —3; 

« = “i, V = u = -f, y = -iVs. 

Taking each of these solutions and using x = u v and y = u — v, we 
find the solutions of the original system to be 

(4, -2), (-2, 4), (-f + Jv/5, -i - f\/5 ), 


Exercise 63 


Solve the following systems: 

1. - 4x -t- 5i/ + H = 0 

y’ -h 2r + 2i/ - 7 = 0. 

3. + y® - 2 j - 7 = 0 

2/* - 3y* - 6 = 0. 

5. - y^ -I- y - 6 = 0 

4x- - 2y- - 3y - 14 = 0. 

7. + y= + 4x - 6y - 13 = 0 

X- -H y* - 8x -f- 2y - 9 = 0. 

9. x2 - 2xy -I- X - y + 4 = 0 
2x- — 4xy + 2x — 3y -H 10 = 0. 

11. 2x® - 5x + 3y -f- 2 = 0 
3x* - 8x + 3y -h 4 = 0. 

13. x= + y" - 10 = 0 
xy + -r + y- 7 = 0. 

16. x^ + y' + xy + 3x + 3y = 18 
X* + y® + 2x -h 2y = 15. 


2. 4xy -I- y* - 2y - 11 = 0 
2xy + y® - 3y - 4 * 0. 

4. X® - 3jy -f- X - 3y -h 6 = 0 
+ 2xy -f 3x -f 2y - 8 = 0. 

6. x^ -H 2xy - 2y® - 3x + 2 = 0 
x* - 4xy -h 4y* -I- 2x - 8 = 0. 

8. x= + y® - 6x - I = 0 
+ y2 + 2x -I- 4y = 5. 

10. 3xy - 1 - 4x - 5y * 9 
2xy -I- 3x — 4y = 8. 

12. x* - xy -i- y® - X - 2y = 6 

X® - xy -I- y* - - 3y = 5. 

14. x® -1- y* - X - y - 4 = 0 

2xy — 3 x — 3y -h 4 = 0. 

16. x‘+tr- lOx - lOy + 40 = 0 
xy — 5x — 5y + 22 * 0. 
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Exercise 64 

1. Tlie sum of two numbers is 10; tlie sum of tlieir squares is 130. Find tlie 
numi>ers. 

2. Tlie jiorimeter of a rectangle is 40. and tlie area is 96. Find the dimensions 
of the rectangle. 

3. Tlie length of a rectangle is 14 units more than its width, and the diagonal 

is 34 units. Find the lengths of the sides. 

4. The perimeter of an isosceles triangle is 36 and altitude Is 12. Find the 

lengths of the sides. 

5. The diagonal of a eloseil rectangular box is 6 inches and the total surface 
area is tW scjuare inches. Find the dimensions of the box if the base is a sijuare. 

6. The printe<l area of a rectangular jioster is 704 square inches. The [irintecl 
area plus the area of the margins is 1200 sijuare inches. Find the dimensions of 
the poster if each of the four margins is 4 inches wide. 

7. A rectangular piece of tin has an area of 144 square inches on one side. A 
two-inch sijuare is cut from eacli corner and then a Ik>x is made by turning up the 
sides. Fiml the dimensions of the piece of tin if the box contains 120 cubic inches. 

8. .\ group of children engageil a skating rink for 824. .\fter engaging the rink. 
10 more children joined the party, and thereby retluced the cost jM?r child by 20 
cents. Find the cost to each child and the final number of children. 

9. .\ man loans a sum of money at simple interest. The interest for one vear 
is 863. Hatl the interest rate l>een 1% more, the interest would be 8i>4. Find the 
amount loanetl and the interest rate. 

10. \ man loaned a sum of money at simple interest. ,\t the end of one year 
the amount (princi|>al plus interest) was 82SS4. Had the interest rate been 1% 
more, the amount would have l>een 82912. Find the interest rate and the principal. 

11. Two pifies can fill a jiool in 8 hours. The larger of the pipes can fill the pool 
in 12 hours less time than the smaller. Find the time re<iuired for each pipe alone 
to fill the pool. 

12. car leaves town A and travels with uniform speed to town B. A second 
car, traveling 20 miles per hour faster than the first car, goes from town B to town 
X. The two cars start at the same time and meet in 1 hour, and one of the cars 
makes the drive, from town to town, in .50 minutes less time than is recjuircd for 
the other car. Find the s[)eed of each car and the distance between the towns. 

13. Three airplanes take oR at the same time from an airfield and tmvel in 
straight courses to another field. The first airplane flies 40 miles per hour faster 
tlian the second airplane and makes the flight in 40 minutes less time. The thinl 
airplane flies 40 miles per hour slower than the second airplane and consumes 1 
hour more flight time than the second one. Find the spceil of the second airplane 
and the distance between the fields. 
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93. Introduction. A succession of numbers which are determined by 
some given law is called a sequence. Each number is called a term. The 
terms are ordered as the first, second, third, and so on. The numbers 

1, 4, 9, 16, 25, 36 

constitute a sequence of six terms. As may be seen, the terms are formed 
by squaring the integers 1 through 6. 

A great variety of sequences is used in mathematics. However, we shall 
study only two kinds which, though comparatively simple, are of especial 
importance. 

94. Arithmetic Progressions. A sequence in which each term after the 
first is formed by adding a fixed number to the preceding term is called an 
arithmetic progression. The number which is added in this way is called 
the common difference. 

Illustrations: 

5,7,9, 11, 13 common difference 2 
7, 4, 1, —2, —5 common difference —3 

If we let a stand for the first term and d for the common difference of aii 
arithmetic progression, the successive terms may be written by repea e 
additions of d. Tlius the first four terms are 

a, a + d, a + 2d, a + 3d. 

The coefficients of d increase by one as we go from term to term. By notic 
ing also that each coefficient is one less than the number of the teim, we 
can find any teim without writing the preceding terms. Thus we have 

8th term = a + 7d, 

20th term = a 4* 19d, 

nth term = a + (n — l)d. 

182 
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Designating the nth term by I, we have the formula 

/ = a + (n — l)d. 

This formula is frequently used to find the last term of an arithmetic pro¬ 
gression. But, with a and d given, it will yield any desired term by sub¬ 
stituting the proper positive integer for «. 

Example 1. Find the 30th term of 2, 6, 10, • • - . 

iSo/»/ion. Here a = 2, d = 4, and n = 30. Hence, using the formula, 
we find 

/ = 2 + (30 - 1)4 = 2 -t- lie = 118. 

Example 2. Find the 21st term of -J, 2, -J, §, • • •. 

Solution. The common difference, found by subtracting a term from 
the following term, is negative in this progression. We use the values 
a = I, d = - n = 21, and get 

The first and last terms of an arithmetic progression are called extremes. 
The terms between the first and last are called arithmetic means. If we 
wish to insert a certain number of arithmetic means between two given 
numbers, we may employ the formula for the nth term to find d. Then 
the progression may be written by repeated additions of d. 

Example 3. Insert 5 arithmetic means between 7 and 25. 

Solution, a — 1, I = 2o. In order to get the number of terms, we 
notice that there are 5 means and 2 extremes, giving n = 7. Using the 
formula I = a {n — l)d, we have 

25 = 7 + 6d 

and 

d = 3. 

The progression is 7, 10, 13, 16, 19, 22, 25. 


Exercise 66 


Determine which of the following sequences are arithmetic progressions. Write 
the next two terms of each arithmetic progression. 


1. 4, 7. 10, 13. 
4. 0, 4, 8, 12. 




10. 4|, 3J, 2. 


2. 8. 6. 4, 2. 

6. l.l.2.3,3.4. 
8. 0, 3, 7, 11. 
11. 3.8, 3.1, 2.4. 


3. 65,8. 95, 11. 

6. -9. -5. -1,3. 
9. 2.4,8, 16. 

12. 2.3. 1.4, 0.5. 


13. 2x — 5y, 4x — 7y, 6x — 9i/. 


14. 5i — 14i/, 3 j — 4t/, r + 6y 



184 


College Algebra 


Find the term indicated: 

16. 5, 7, 9, ■■■ 25th. 16. 6, 4, 2, 18th. 17. 52,47,42, ■■■ llth. 

18. -6, -2, 2, • • • 16th. 19. 27, 24. 21. • • • 51st. 

20. 1.3, 2.5, 3.7, • • • 21st. 21. % • • ■ 15th. 

22. 7-1, 8tV, 8|, • • • 22nd. 23. 8.9, 7.8, 6.7, • • • 62nd. 

24. j, 2r + 1, 3i + 2, • • • 10th. 

26. 2x — y,Zx — 2y, 4x — Zy, • • • 12th. 

Insert the indicated number of means between each pair of numbers: 

26. 5 and 23; 7 means. 27. 2 and 25; 5 means. 28. 6 and 15; 1 mean. 
29. 8 and 4; 3 means. 30. —15 and 15; 5 means. 

31. 6 and 20; 3 means. 

95. The Sum of n Terms of an Arithmetic Progression. We wish now 
to derive a formula for the sum of the terms of an arithmetic progres.sion. 
If we start with the first term a and add rf repeatedly, a progression of any 
desired number of terms may be written. By starting with the last term 
I and subtracting d repeatedly, the same terms are obtained in reverse 
order. Using five terms, for example, and denoting their sum by S, we 
have the equations 

S = a + (g + d) + (a + 2rf) + (a + 3rf) + (a + 4d), 

S = / + (/ - d) + (/ - 2d) + {/ - 3d) + (/ - 4d). 

Adding the corresponding sides of the two equations, we get 

2S = (a + f) + (a + 0 + (a + 0 + {a + 0 + (a + /) 

= 5(a + 0. 

We see that the sum of the first and last terms multiplied by the number 
of terms gives twice the sum of the five terms. Now it is evidejit that 
()(a + 1) is twice the sum of 6 terms. 7(a + 1) is twice the sum of i terms, 
and, in general, nfa + 1) is twice the sum of n terms. Hence we have lo 

tlie sum jS of n terms 

5 = - (a + /)■ 

We now have two useful formulas which are applicable to arithmetic 
progressions. The formulas, rewritten for convenient reference, are 

/ = G + (n — l)d 

S = ^ (a + 0. 

2 


(2) 
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The five quantities a, I, d, n, and S. oceurring in the formulas, are called 
the elements of an arithmetic progression. If three of the elements are 
given, the other two may be founti by the use of formulas (1) and (2). 
When the two unknowns appear in both formulas, it is necessary to use 
them as a system of two eejuations in two unknowns. In case the three 
given elements appear in one of the formulas, that formula will yield a 
fourth element, and then the other formula gives the remaining element. 

Example 1. Find the sum of 20 terms of the arithmetic progression 
3.5.7, •••. 

Solution. The known elements are a = 3, d = 2, and n — 20. We can 
not apply formvila (2) directly because it contains two unknowns. Formula 
(1), however, has only one unknown and we use it to find /. Thus 

1 = 3+ 19(2) = 3 + 38 = 41. 

Having found I, we use formula (2) to yield 

S = ^(3 + 41) = 10(44) = 440. 

Example 2. Given n = 13, I = 51, and rf = 4, find a and S. 

Soluiion. Formula (1) contains only one of the unknowns. Substituting 
in it, we obtain 

51 = (I + 12(4), 
a = 3. 

'I'hc remaining unknown S can now be found by using formula (2). Thus 
we get 

S = + 51) = 351. 

Example 3. Given n = 11, S = 77, and d = 3, find a and 1. 

Solution. The unknowns a and I occur in both formulas. Substituting 
in both, we obtain the linear system 

i = a + 10(3) 

77 = + /), 

which may be written as 

a -1= -30 

a + I = 14. 

Ihe solution is o = — 8, I = 22. The progression may now be written as 
-8, -5, -2, 1.4, •••,22. 
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Example 4. Given the elements d = 3, ? = 33, and S = 195, find a 
and n. 

Solution. Substituting the known elements in the formulas gives the 
system 

33 = a + (n - 1)3 

195 =-(a+ 33), 

2 

which reduces to 

a + 3n = 36 
n(a + 33) = 390. 

We solve the first equation for a and substitute the result in the second 
equation. Thus we have 

n{36 - 3n + 33) = 390 
09n - 3 h‘ = 390 
- 23/i + 130 = 0 
(n - 10)(n - 13) = 0, 

n = 10 and 13. 

The corresponding values of a, found by substituting for n in either equa¬ 
tion of the system, are 6 and —3. Hence the two solutions are a = 6, 
n = 10 and a = -3, n = 13. The two progressions having the three 

given elements are 

6,9, 12, ■••,33 

and 

-3, 0,3, 6, 9, 12, •■•,33. 

^\^len a and n are the unknowns, as in the preceding example, and when 
I and n are the unkno\Mi.s, fonnulas (1) and (2) give a linear equation and 
a second degree equation. This means that there may be two solutions. 
A value for n other than a positive integer, however, must be rejecte . 

Exercise 66 

Find I and S for each arithmetic progression: 

1. 2, 6, 10. • • • to 18 terms. 2. 1 , 3 , 5 , • • • to 23 terms. 

3 - 37 ^ -34, -31, •.. to 21 terms. 4. 18, 13, 8, • • • to 15 terms, 

g _ 12, -8 .-4, ••• to 7 terms. 6. 5 . 7 , 3 . 6 . 1 . 5 , ••• to 14 terms. 

7. h 1 % T^. • • • to 10 terms. 8. -‘+, 6, • • • to 17 terms. 
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Find the two missing elements in each arithmetic progression: 


9. a = -22. / * 14. n = 10. 
11. 1 » 40, d * 4. n » 10. 

13. I = 50, n = 16. S * 200. 

16. d = 4, n = 37. S * 14S. 

17. a * 12, d = -3, S = -54. 

19. l-8,d = 3.S= -20. 


10. <j = ^. / = 34, d = %. 

12. a * 5, n * 10, S = 90. 

14. a = 3./ = 21, S = 156. 

16. / = —15, d » —2, S = —48. 

18. d = -3. « = lO.S = -35. 

20. d = 4, 1 = 28, S = 108. 


21. Find tlie sum of the integers from I to 50, inclusive. 

22 Find the sum of the even integere between 19 and 71. 

23. Find the sum of the integer between 20 and 80 which are divisible by 3. 

24. Find the sum of the integers between G and 141 which are divisible by 7. 

25 ! There are 28 logs in the bottom layer of a pile of logs. 27 in the ne.xt layer, 

26 in the next, and so on to the top layer which has 1 log. Find tlie number of 

logs in the pile. 

26. In a lottery, tickets are numberc<l consecutively from 1 to 80. The tickets 
are drawn by 80 persons, each of whom pays as many cents as the number on his 
ticket. Find the tobil amount which is paid for the tickets. What is the least 
number of tickets which, under this plan, would bring in as much as $100? 

27. A body falling from rest travels 16 feet during the first second, 48 feet during 
the sccoml second, 80 feet during tlie third second, and so on. Find how far the 
body falls (a) during the 8th second; (b) during the first 8 seconds. 

28. .\n object, dropped from a height of 3600 feet above the earth. falLs 16 feet 
the first second, 48 feet the second second, 80 feet the third second, and so on. 
Find tlie time required for the object to reach the earth. 

29. An employer engages a man at a beginning salarj- of $3600 per year. If the 
salary is increasetl $200 yearly, what would be the total earnings over a period of 
12 years? 

30. A man borrows $10,000. He agrees to pay $1000 at the end of each year 
for 10 years, and also to pay at the end of each year 4% interest on the amount 
he owed during the year. Find how much interest will be paid in settling the 
debt. 

31. A man buys a car priced at $.3000. He agrees to pay each month, beginning 
one month after the purchase date, $100 on the debt plus an interest charge of 1% 
of the debt outstanding during the month. Find the total amount of interest which 
he will pay. 

32. An employer engages a man at a beginning salary of $4000 per year. He 
offers to increase the salary $200 per year at the end of each year or, alternatively, 
he will increase the pay $50 for each six months at the end of each half year. Which 
is the more attractive proposition? 

33. Prove that the sum of the first n positive even integers is n(n + 1). 

34. Prove that the sum of the first n positive odd integers is n®. 

36. Solve the system I = a + {n — \)d, 5 = ^ (a + /) for n and L 
36. Solve I = a + (n — l)d for each element in terms of the other three. 
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96. Geometric Progressions. A sequence in which each term after the 
firet IS a fixed number times the preceding term is a geometric progression. 
The fixed number is called the common ratio. 


Illustrations: 

2, 4, 8 , 16 common ratio 2 

1, —3, 9, —27 common ratio —3 

6 , 4, f, ^ common ratio | 

The first term, the common ratio, the number of terms, the nth or last 

term, and the sum of n terms constitute the five elements of a geometric 
progression. We denote the elements, in the order named, by a, r, n, I, 
and S. 

The first and last terms of a geometric progression are called the extremes 
and the terms between are called the means. 

97. The nth Term and the Sum of n Terms of a Geometric Progression. 
If a is the firet teim and r is the common ratio, we can form a geometric 
progression of any chosen number of terms. Thus, for five terms, we \\Tite 

a, ar, ar^, ar^, ar*. 


Ily noticing that the e.xponent of r in each term is one less than the num¬ 
ber of the term, we see that the nth term, designated by I, is 

/ = ar"-*. 


Example 1. Find the Gth term of the progression 9, — 6 , 4, • • •. 
Solution. In this case we see that the first term multiplied by —3 gives 
I he second teim, and tlie product of the second term and — j is the third 
teim. Using r — —5 and a = 9, we have 

I = 9(-i)® = 9(-^) = -fr* 

To derive a formula for the sum 5 of n terms of a geometric progression, 
we write the two equations 

S = a -|- ar -|- ar^ + ar^ -j-h ar"”^ 4- ar"”* 

tS = ar -h ar^ ar^ + ■ ■ ■ + ar"”^ + ar"”* + a'"”- 

The second equation is obtained by multiplying each member of the first 
by r and placing the like terms of the right members one under the other. 
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By subtracting the membei^ of the lower equation from corresponding 
members of the upper equation, we get 

S - rS = fl - or", 

S(1 - r) = a(l - r”), 

«(1 -r") 

S =- 

I - r 

This formula for the sum is in terms of a, r, and n. The^sum in terms 
of a, r, and I can l)e obtained by using the formula / = ar"~‘. Multiply¬ 
ing both members by r gives rl = or", and we may write 

a — or" a — rl 

S ---- 

1 - r 1 - r 


We now have the following formulas involving the elements of geometric 


progressions: 


I = or"-' 



1 - T 



a — rl 

S = -- (3) 

1 — r 


With any three elements known, these formulas suffice to yield the remain¬ 
ing elements. In some eases there will be more than one solution. 

Example 2. Find the sum of the progression 5 , 1,2, • • • to 8 terms. 
Solution. The known elements are a = I, r = 2, and n = 8 . Substitut¬ 
ing these values in formula ( 2 ) gives 

^(l - 2») 1(1 - 250) 

S = — -^ ^ = 127i 

1-2 -1 ^ 


Example 3. Find 8 th term and the sum of 8 terms of the progression 
81, -27,9, •••. 

Solution. Here a = 81, r = —-J, and n = 8 . Substituting fii-st in 
formula ( 1 ), we get 

l = 8l(--\ = - ^= - 

\ 3/ 3’ 3® 27 

With a, r, and I now known, we substitute in formula (3) and obtain 


81-(-^)(— 2 V) 810500 3 1040 


1 - (- 5) 
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Example 4. Given 1 = 80, n = 3, and S = 65, find a and r. 

Solution. Both unkno™ occur in each formula. Therefore, we use 
formulas (1) and (2) together and solve for n and r. From (1), 


From (2), 



or 



a(l - r^) 

65 = —-= a{i + r + r^). 

1 — r 


Substituting for a in this equation gives 



80 

7 


(I + r + O, 


65r2 = go + sOr + SOr^, 
15r2 + 80r + 80 = 0, 


Then 


3r2 + 16r + 16 = 0, 

(3r + 4)(r + 4} = 0, 

r = “4 and —4. 


80 

a = — = 45 and 5. 

The solutions are a = 45, r = —4 and a = 5, r = —4. 
sions with the three given elements are 


The two progres- 


45, -60, 80 and 5, -20, 80. 


Exercise 67 

Find I and S for each geometric progression: 

1. .3. 0, 12. • • • to 7 terms. 2. 18, 9, 4j, • • • to 8 terms. 

3. 20. - io, .5. • • • to 7 terms. 4. 18, 12, 8, • • • to 7 terms. 

6. 48, 36. 27, • • • to 8 term.'?. 6. 16, -12, 9, • • • to 6 terms. 

Find 5 for each progression determined by the given elements: 

7. a =3, r= 1,1 = ^. 8. a = 2, r = -2, i = -64. 

9. a = 6, r = 3, / = 486. 10. a = 27, r = -i / = rr- 

11 . fl = -6, r = -§, / = 12. a = 32, r = f, f = 243. 
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Find r and insert the indicated number of geometric means between each pair 
of numbers: 


13. 3 and 4$; 3 means. 

16. \ and - 8 : 4 means. 

17. and 4 means. 


14. 9 and 5 ; 3 means. 

16. ^ and 9 ; 4 means. 

18. -1 and 128; 6 means. 


Find the two missing elements in each geometric progression: 


19. f * 81, r * 3, n = 6 . 

21.a=*if = H.n*'l- 

23. S = 21, a = 16, n = 3. 

26. S — n = 3, f = f. 

27. a = 1, f = V"- ^ 


20 . « * I. r = 3, f = 18. 

22. a = 15, r = |,S = 

24. S = -26, r = -§, n = 4. 
26. S = 13. r * -i I = - 8 . 

28. S = 18, / « 24. « = 3. 


29. If at the end of each year the value of a car is ? of its value at the beginning 
of the year, find the value of $3000 car after 4 years. 

30. The number of bacteria in a certain culture doubles in 3 hours. If there 
are .V bacteria to start with, find the numlrcr in 24 hours. 

31. If the population of a city is 2,000,000 and if the rate of increase is lO^c 
each year, what will the population be at the end of 6 years? 

32. With each stroke a vacuum pump removes lO^c of the remaining air from a 
container. How much of the original air Is in the container after 5 strokes? IIow 
many strokes are required to remove 90% of the air? 

33. If the distance of each succeeding swing of a pendulum is 0.9 of tlie previous 
swing and the distance of the first swing is 5 inches, find the distance of the 7th 
swing. Find the total distance of the 7 swings. 

34. .\ man de|)osits $200 in a sanngs bank. Interest at 3% annually is adde<l 
to the principal at the end of each year. How much is in the account at the end 
of 5 years? 

35. A certain ball when dropped from a height rebounds | of the distance from 
which it fell. Find the total distance traveled by the ball from the time it is droppe<l 
at a height of 30 feet until it strikes the ground the 5th time. 

36. A ball is throttm vertically upward to a height of 100 feet. Each time the 
ball strikes the ground it rebounds to a height of \ the previous height. How far 
has the ball traveled up and donm, when it strikes the ground tlie Gth time? 

37. .According to a storj’, a farmer and blacksmith made the following agreement; 
for shoeing his horse the farmer was to pay the blacksmith 1 cent for the first nail, 
2 cents for the second nail, 4 cents for the third nail, 8 cents for the fourth nail, 
and so on. How much did the farmer owe if 32 nails were use<l? 

38. \ 10-quart container is filled with water. One quart of water is draineil out 
and replaced with a quart of alcohol. .After mixing, a quart of the solution is 
drained out and replaced with alcohol. This process is continued until 5 quarts of 
alcohol have been put in the container. The solution in the container is then what 
percent alcohol? 

39. A man has $10,000 in a bank. Each month he withdraws J of the amount 
remaining to his credit. How much does he have left after 6 withdrawals? 
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40. A man can have a position at a beginning salar>' of $4000 per year with an 
increa.se of $450 per year each year, or he can begin at the same annual pav and 
each following year receives 10 % more than during the preceding year. \\Tiich 
proposition will yield the better income during the 5 th year? \Miich proposition 
will yield the better income for the period of 5 yeare? 

98. Infinite Geometric Progressions. In dividing 1 by 3 we obtain the 
unending decimal fraction 0.3333- • *. By stopping at one, two, or three 
decimal places appro.ximations are obtained. The appro.ximation is bet¬ 
ter as more decimal places are kept. The digits in the fraction are terms of 
a geometric progression in which r = 0.1. This is evident when we wTite 

§ = 0.3 + 0.03 + 0.003 + 0.0003 + ■ ■ - . 

The numbers on the right are terms of an unending, or infinite, geometric 
progression. Although the progression does not end, we shall say that its 
.sum is 5. The reason for taking this value as the sum is that in adding 
enough terms we can obtain a result as close to 5 as we please. 

Next let us consider any geometric progression in which the common 
ratio is numerically less than 1. In this case the terms decrease numerically, 
and, by going far enough into the progression, terras can be found as near 
zero as we please. This fact may be seen intuitively by examining the for¬ 
mula for the nth term, I = ar"“^ If r is between —1 and 1, its square, 
cube, fourth power, and so on, diminish in absolute value and approach 
zero. 

Illustrations: 


(!)^ = f 

(-0.1)^ = 

0.01 

II 

II 

0 

-0.001 

(1)^ = M 

II 

0 

0.0001 

II 

(-0.1)“ = 

-0.00001 


In the formula for the sum of n terms 

a — or" a af* 

S =--- 

1 — r 1 — r I — r 

we notice that or" can be made arbitrarily near zero if r is between — 1 
and 1 and if n is sufficiently large. This means that the last fraction on 
the right can also be brought as near zero as we please. Hence the sum of 
terms, for a large n, is appro.ximately equal to the first fraction in the right 
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member of the equation. Moreover, the approximation improves as more 
and more terms are used. We say then that 

a 

S =- 

1 - r 

is the sum of an infinite geometric progression if r is between —1 and 1. 
Example 1. Find the sum of the infinite geometric progression 1, §, 

^ f * 

Solution. In this progression a = 1 and r = f. Hence 


1 



Example 2. Express the repeating decimal 4.7676 • • • as a rational num¬ 
ber. 

Solution. The fraction 0.7676 may be written in the form 

0.76 + 0.0076 + 0.000076 + 0.00000076 H-. 

We see that a — 0.76, r = 0.01, and therefore 

0.76 0.76 76 

S =-=-- —• 

1 - 0.01 0.99 99 

Hence 

4.7676 = 4M = W- 


Exercise 68 


Find the sum of each infinite geometric progression; 

1. IJ.i. ■■■. 2. i-l.i..-. 

4. 8 .-l.i. •••. 6. 10,2. I, •••. 

7. 0.5,0.05,0.005, •••. 8. 0.1.0.05.0.025, •••. 

10. 8, -1.6,0.32, • ••. 11. -36. 6. -1, •••. 


3. 8, 2,1,.... 

6 . -36,6, -1, .... 
9. 7. 2.1,0.63, ••., 
12. 1. -0.7,0.49, .... 


Express tiie following repeating decimals as rational 


13. 0.888-... 

16. 0.3434 ... 

19. 3.1212-... 

22. 0.123123---. 

26. 0.142857142857---. 


14. 0.555---. 

17. 0.2121--.. 

20. 2.8383---. 

23. 0.567567---. 

26. 0.076923076923 - -. 

infimte geometrical 


fractions in lowest terms: 

16. 0.777--.. 

18. 0.4747--.. 

21. 1.1919---. 

24. 0.819819---. 

27. 3.17121712---. 


28. Compare the sum of the 
sum of the first 10 terms. 


progression 1, J, ... with the 
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29. Compare the sum of the infinite geometrical progression 1, —y, -gV. • • • with 
the sum of the first 4 terms. 

30. Compare the sum of the infinite progression 1, 0.05, 0.0025, • • • with the sum 
of the first two terms. 

31. .4 certain ball rebounds | of the height from which it has fallen. Find how 
far the ball travels before coming to rest if it is thrown vertically upward to a height 
of 60 feet. 

32. Find the total distance which the tip of a pendulum will travel if the first 
swing is 10 inches, and each succeeding swing is ^ of the pre\ious one. 
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99. Definition of Inequalities. A statement that one algebraic expres¬ 
sion is greater than, or less than, another algebraic expression is called an 
inequality. The expressions, called the members, must be real numbere. 
The usual symbols of inequalities are > and <, and are read, respectively, 
“is greater than’’ and “is less than.” The statement that a is greater than 
b may be expressed by a > 6 . Similarly, c < d means c is less than d. 
The symbol opens to the greater member and points to the smaller. 

Two inequalities with their inequality signs pointing in the same direc¬ 
tion are of the same sense. If the signs point in opposite directions, the 
inequalities have unlike senses. 

Illustrations: a: -b 1 > 5 and x* — 3 > 4i have the same sense, but 
3x — 2 < X* and — 3 > 0 have unlike senses. 

100. Properties of Inequalities. Just as there are operations which may 
be performed upon the members of an equation, there are similar opera¬ 
tions by which inequalities may be transformed. We shall consider three 
operations or properties. 

PnoPEnTY I. The sense of an inequality is not changed if the same number 
is added to, or subtracted from, both members-, or, slated in symbols, 

if a > b, then a -f c > 6 -|- c. 

Proof. Since a is greater than b, it is necessary to add some positive 
number n to 6 in order to have 


Addc: 


a = 6 + n. 
a + c = 6 -fc-f7i. 


Now, since a positive number n added to 6 -b c yields a -b c, it follows that 

a + c > 6 + c. 

19S 
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Hence c, a positive or a negative number, may be added to both members 
of the inequality without changing the sense of the inequality. 

From Property I it follows immediately that terms of an inequality 
may be transposed just as in an equation. 

Property II. The sense of an inequality is not changed if both members 
are nudliplicd by, or divided by, the same positive number. Thai is, 

if a > b, then ac > be and - > -• 
where c is a positive number. 

Proof: Since a > b,b plus some positive number n will jield a, or 

a = 6 + n. 

Multiply by c: 

ac = be -h nc. 

The term nc is positive since n and c are positive. Hence 

ac > be. 

a b n n . 

Next, w’e divide a = 6 -f n by c, and get - = - H-Since - is positive. 

c c c c 

a b 

it follows that - > -• 

c c 

Property III. The sense of an inequality is mersed if both members are 
multiplied by, or divided by, the same negative number. In symbols, 

a b 

if a > b, then ac < be, and - < -■ 

c c 

where c is negative. 

Proof: We ha\'e 

where n, is positive. 

Multiply by c: 

ac = be nc. 

The term rw is negative since n is positive and c is negative. Hence 

ac < be. 

Dividing by gives 

ac be a b 

-i<3 or - < "• 

C^ (T C C 

Though c is negative, is positive; and the diWsion does not reverse the 

sense of the inequality. 


0 = 6 + n, 
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101. Absolute and Conditional InequaUties. An inequality which holds 
for all defined values of the letters involved is called an absolute inequality. 
An inequality which holds for only certain of the defined values of the 
letters involved is a conditional inequality. 


Illustrations: The inequalities 

a2 + 62> -1, 



+ 2x + 3 > 0 


are ahsohite inequalities. The first obviously holds for all real values of 
a and b. The left member of the second may be written as 

(x +1)2 + 2 

which, of course, is positive since (x + I)* is not negative for any real 
value of X. But the inequality 

x + 3 <4 


is conditional; it holds only if x < 1, and not for all values of x. 


Example 1. If a and b are unequal real numbers, show that 

+ b-> 2ab. 

Proof: Since a and 6 are unequal, a — 6 is not zero, and 

(a - b)2 > 0. 


Then 

and, transposing, 


— 2ab + 6^ > 0, 

(jZ + > 2ab. 


To solve an inequality means to find the values of the unknown (or un¬ 
knowns) for which the inequality is valid. Those values constitute tl»e 
solution. 


Example 2. Solve the inequality 2 — 3x < 2x + 12. 

Solution. Transpose 2 and 2x: 

-5x < 10. 

Divide by —5 and reverse the inequality sign (Property III); 

X > - 2 . 

The given inequality is conditional; it holds only for x greater than -2. 
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Example 3. Solve the inequality 

2x2 - X - 15 < 0. 

Solution. The first step is to factor the left side. Thus we have 

(2i + 5)Cx-3)<0 or 2(x + 4)(x - 3)< 0. 

In the factored form we see that the zeros of — x — 15 are x = —f 
and X = 3. For all other values of x the left side is either positive or nega¬ 
tive. It is negative when the factors x + -j and x — 3 are of different signs; 
and positive when the factors have the same signs. The factor x + is 
negative when x < —f and positive when x > —f. This is pictured on 
the number scale (Fig. 18) by the minus signs to the left of —f and the 



2 


Fig. 18 


plus signs to the right. Similarly the factor x — 3 is negative to the left 
of 3 on the scale and positive to the right. From the diagram it is easy to 
see that the factors have opposite signs for values of x between —| and 3. 
This solution may be expressed in the form 

— j ^ X 3. 

This result is shown graphically in Figure 19, where we have dra^Mi the 



Fig. 19 
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curve for the function 2 j:“ - x - 15. The graph is below the x-axis for 
values of x between —5- and 3. 

Example 4. Solve the inequality (j + 3)(j — l)(j — 4) > 0. 

Solution. The inequality holds when two of the factors in the left mem¬ 
ber are negative and the other po.sitive, and also holds when the three fac¬ 
tors are po.<itive. The zeros of the left member are / = —3, x = 1, and 
X = 4. Each factor is placed by its zero point on the number scale (Fig. 
20). The minus and plus signs indicate that a factor is negative for values 

i+3 ■>^-1 

- 0 + + +* . 0+4 + -» 0 +++-» 

I I-1-1-1-1-1-1-1- 

-4 -3 -2 -I O I 2 3 4 

FiCJ. 20 

of X to the left of its zero point and po.sitive to the right. Referring to the 
diagram, we can easily pick out the values of x which satisfy the given 
inequality. Values of x between —3 and 1 make x + 3 positive and both 
X — 1 and X — 4 negative. For these values the product of the three fac¬ 
tors is positive. All three factors are positive for values of x greater than 
4. Hence the solution is given by 

—3 < X < 1 and x > 4. 

Example 6 . Solve the inequality !2x — 3| <5. 

Solution. The vertical bars are used to indicate the absolute value 
(Sec. 2) of the enclosed expression. Hence the inequality means that 
2x — 3 is between —5 and 5, or the inequality 2x — 3 > —5 and the in¬ 
equality 2x — 3 < 5 are to be satisfied. These inequalities can be writ¬ 
ten as 

-5 < 2x - 3 < 5. 

By adding 3 to each member and then dinding by 2, we obtain 

-2 < 2x < 8 , -1 < I < 4. 

Thus we see that the given inequality is valid for all values of x between 
— 1 and 4. 


Exercise 69 

Establish the following inequalities if the letters stand for unequal positive 
numbers: 


1 . a* -t- 6^ < (o + bf. 2. (j -h j/)’ > X* + u» 


A °* + *>* ^ 

4. -> a _ 


6 .? + ^> 2 . 
y X 


3. (X - {/)* < x* + yi, 

a + 6 /— 

6 - > \/^. 


0 + 6 


2 
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7. > xy. 

i + y 

8. , . < 
a + b 

9." + ^> 1 . 

4z x + y 

10 . (z + y + > z® 

+ y- + 11 . + 6 ' > 0 ( 0 ^ - ab + 6 *). 

Solve the following inequalities: 


12. 3z > 9. 

16. 6 z + 3 < z — 9. 
18. 8 z - I > 6 z + 4. 

13. 2z - 3 < 5. 

16. z + 6 < 4 - 3z. 

19. 5z - 7 < 3z + 2. 

14. 5z - 1 > 3z + 7. 
17. 4 > 3z + 5. 

20. z + 1 > 3z - 4. 

21. X- > 4. 

24. z(z - 1) < 0. 

27. z- + 3 > 0. 

30. z2 + 2z + 2 > 0. 
33. 2z2 - z - 10 < 0. 

22. z^ < 25. 

26. z2 - 4z + 3 < 0. 

28. z2 + 36 < 0. 

31. z- - 4z + 5 > 0. 

34. 3z= - 4z - 4 < 0. 

23. z- - 16 > 0. 

26. z* - z - 6 < 0 . 
29. z2 > 0. 

32. z* - 6 z + 10 > 0. 
35. 2z2 - 9z + 7 < 0. 


36. (x - - 2) > 0. 37. (x - 2)Hi - 3) < 0. 38. (x + 2)V - 5) < 0. 


39. (x - l){x - .3)(z - 4) > 0. 40. (x + l)(z - 2)(z + 3)< 0. 

41. (z - 3)(z + 5)(z - 6) > 0. 42. (z + 4)(z + 5)(z - 4) < 0. 


43. |z - 4|< 6. 

44. |z|> 4. 

46. lz + 3[<7. 

46. [3 - zl < 5. 

47. i2-z|> 1. 

48. |z+ li> 2. 

49. i2z- 1|<7. 

60. iSz - 4|> 3. 

61. |4z-3l<9. 

62. i < 0. 

63. > 0. 

T —* 4 

64. -—- < 0. 

z - 2 

z -1-5 

X 

66 . > 0. 

X 

2 z 

66 . q < 0- 

X — 3 

67.'^ +So. 

X — 1 
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THE HINOMIAL THEOREM AND 
MATHEMATICAL INDUCTION 


102. Factorial n. The proiluct of consecutive integei-s beginning with 
1 occui’s frequently in mathematics. A shorthand notation is u.'^ed to stand 
for an expression of this kind. Thus the product of the positive integei-s 
from 1 to n, inclusive, is designated by the symbol «!. This is read “fac¬ 
torial /I." 


Illustrations: 

1! = 1, 2! =1-2, 3!=l-2-3, -l!=l-2-3-4. 

Example 1. Evaluate 8!/5!. 

Solution. 

8 ! 1-2-34-5-C-7-8 

- =-= 6-7-8 = 336. 

5! 1-2-3 4-5 

Example 2. Simplify the expression (n -j- l)!/(n — 1)!. 

Solution. The numerator has the integers from 1 to n -f 1 ns factors. 
The denominator has two fewer factors since it is the product of the in¬ 
tegers from 1 to n — 1. We simplify the fraction by reducing it to lowest 
terms. Hence 


(n+ 1)! 
(n-D! 


1 2 3 • • • (n ~ 2)(n — l)(n)(n 4- 1) 
1-2-3 • •• (n - 2)(n - 1) 


= n{n + 1). 


Exercise 70 

Evaluate the following expressions: 

3. 5!. 

6 . 4!5!. 

9. 5(4!) - 4(41). 


1 . 61. 

4. 2141. 

7. 6! - 41-1-3!. 


2. 71. 

6 . 4! -f- 5!. 

8 . 2(5!) - 5(2!). 
201 
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12 

12 . 

i- 

14. 

d! 

1R ^2! 

6 !6! 

16. . 

(n- 1)! 

17. 

nl 

ifi (” + 2)[ 

(n - 1)1 

19. {n - l)!n. 

20 . (n - 2)\(n)(n - 1). 

21 . (n + l)(nl). 


103. The Binomiel Theorem. In Chapter One we saw how to write the 
square and the cube of a binomial. We \\-ish now to show how to write 
any positive integral power of a binomial as a polynomial. 

We may show by multipljring that 

(a + a:)* = a + x, 

(a + xf = + 2ax + 

(a + xf = + 3a^x + 3ar^ + x^, 

(g + x)* = + 4a^j" + 6 aV + 4ax^ + x^, 

(a + x)® = Q® + oa'*! + lOa^x^ + lOaV + 5ax^ + x®. 

The right members of these identities are the expanded forms of the 
positive integral powers of a + x from the first through the fifth. In each 
of the expansions we may obseiA'e the following facts: 

1. The number of terms in each e.xpansion is one more than the exponent 
of tiie binomial. 

2. The first term is a with an exponent the same as the exponent of the 
Irinomial, and the exponent decreases by I from term to term. 

3. The exponent of x in the second terra is 1, and it increases by I from 
term to term. 

4. The sum of the exponents of a and x in any term is equal to the e.x- 
ponent of the binomial. 

0 . The coefficients of the terms read in order from the first term through 
the last term are just the same as if read in the reverse order. 

(i. The coefficient of the second term is the same as the exponent of the 
binomial. The coefficient of any term farther on may be computed from 
the previous term by multiph-ing that term’s coefficient by the e.xponent 
of a and dividing bj' 1 more than the e.xponent of x. 

These statements are immediately endent except for item 6 , which we 
notice further. The second term in the expansion of (a + x) is 4a x. 
We get the coefficient of the following term by multipl.ving 4 by 3 and divid- 
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ing by 1 more than the exponent of x. Thus (4-3) 2 = 6. Hence C is 

the coefficient of the next term. In tliis manner the coefficients can be 
computed from term to term. 

In Section 107 we shall prove that the foregoing observations hold for 
the expansion of (fl + J)”. where » is any po.sitive integer. This is called 
the binomial theorem. Assuming now that the theorem is true, we obtain 


n(n - 1) , 

(fl + xY = a" + no"-'jc + — - —a' V + 


n(n - l)(n - 2) 

- a" 

3! 


n(n - l)(n - 2)(n - 3) 

4-H-h X 

4! 


This expansion is called the binomial formula. By use of it a positive 
integral power of a binomial can be conveniently written. The terms a 
and X may stand for terms of more than one factor or even stand for ex¬ 
pressions of more than one term. 


Example 1. Expand (2 + x)® and simplify. 

Solution. The expansion can be found by use of the formula or by fol¬ 
lowing the observations 1 through 0. We first apply the formula using 
0 = 2 and n = 6. Thus we get 


(2 -b xY = 2» 4- 6(2)=x -h — (2)^2 -1- (2)"x" 


2! 


3! 


4! 


(2)2x' 



6-5-4-3-2 

5 ! 


(2)x® -I- x*^ 


= 64 + 0(32)x -h 15(16 )x 2 -j- 20(8)x3 -i- 15(4)x^ -f 6(2)x5 + 
= 64 -1- 192x + 240x2 ^ j^qx^ -f 60x^ 4- 12x® -t- x*^. 


Alternatively, we can use item 6 and compute the coefficients mentally 
in going from term to term. Thus we have 

(2 + xf = 2“ -f 6(2)®x -b 15 ( 2 )V 2 + 20(2)^ -|- 15(2)2x^ + 6 ( 2 )x^ + 

The coefficient of the third term is obtained from the second term 6(2)®x 
by computing (O-S) 4- 2 = 15. Similarly, the coefficient of the fourth 
term, using the tliird term, is (15-4) -5- 3 = 20. A continuation of the 
process yields the remainmg coefficients. However, the coefficients after 
the fourth term are, in reverse order, exactly those of the first four terms. 
This expansion when simplified gives the same result as before. 
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Example 2. Expand (2a=^ + 3(/)^. 

Solution. 

(2a" + 3i/)' = (2a")^ + 4(2a")"(3^/) + 6(2a")"(3j^)" + 4{2a")(3y)" + {3y)' 
= IGa* + 96a®y + 2l6ay + 216aV + Sly\ 

Example 3. Expand (a — x)® by the binomial theorem. 

Solution. 

{a-x)®= [a + (-x)]® 

= a® + 6a®(-x) + 15a^(-x)" + 20a"{-x)" + 15a"(-x)^ 

+ 6a(-x)® + (-x)® 

= 0 ® — Ga®x + ISa^x" — 20a"x" + 15a"x^ — Gax® + x®. 

The signs alternate here, as will be the case whenever the binomial is the 
difference of two quantities. 


Exercise 71 

Expand and then simplify: 


1. 

(a - 

-xY. 

2. 

(fl + 

2yY. 

3. 

(a - 6)*. 

4. 

(a + 2)^ 

6. 

(3a + 2yY. 

6. 

(x 4- y)‘. 

7. 

(X + 1)’. 

8. 

(1 - 

x)\ 

9. 

(1 + x)*. 

10. 

(m + n)®. 

11. 

{m - 

n)‘®. 

12. 

(m — n)*. 

13. 

(2a 

-yf- 

14. 

( 2 x»- 

-#• 

16. 

(a* + 26)*. 

16. 

( 2 x 

- rV- 

17. 

(a- - 

ZyY. 

18. 

(X* - 2)*. 

19. 

(^ 

2\« 

20. 

(^ 

-T 

21. 

(^+;)‘ 

22. 

(X- 

- y + 1 ?- 

23. 

(2a + 6 - 3c)*. 

24. 

(X* - X + ])*. 


104. The General Term of a Binomial Expansion. Frequently one term 
only of a binomial expansion is needed. By examining the expansion of 
(a + x)" it may be seen how any term may be found independently of the 
preceding terms. The following observations will enable us to write the 
rth term, where r is any integer from 2 to n + 1, inclusive. 

1. The exponent of x in each term is one less than the number of the 
term. Hence the exponent of x in the rth term is r — 1. 

2. Since the sum of the exponents of a and x in any term is equal to n, 

the exponent of a in the rth term is n — r + 1. 

3. The denominator of the coefficient of each term in which x appears 
i.s the factorial of the exponent of x in the term. Hence the denominator 
of the coefficient of the rth term is (r - 1)1. 
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4 The number of factors in the numerator of each coefficient, after the 
first, is eqvial to the exponent of j in the term. Then the numerator of tlio 
coefficient of the rth term has r — I factors. The first factor is a; the 
second. « - 1; the third, « - 2; the fourth, n - 3. and so on. Hence 
the (r l)st factor is a - (r - 1) + 1 = n - r + 2. From these obser¬ 
vations we may write 


rth term = 


n(n - l)(n - 2) ■ (n - r -b 2) 

(r - 1)1 


This formula will give any term after the first. .Vssigning r the value 
« + I yields the last term x". The formula is equal to zero when r is 
assigned an integral value greater than a -b 1. Thus for r = « -b 2 the 
factor « - r -b 2 becomes n - (n -b 2) + 2 = 0. This shows that, ac¬ 
cording to the binomial formula, the expansion terminates with the (« + l)st 
term. 


Example. Write the 7th term of (2^ — y)". 

Solution. The exponent of -y is fi. and the exponent of 2.r is 5. The 
denominator of the coefficient is G!. The six factore of the numerator are 
11, 10, 9. 8, 7, G. Hence 


lMO-9-8-7-6 » « 

7th terra --(2j)»(-y)® = 4G2(32x5)y« = 14.784x®y«. 

G! 


106. The Binomial Theorem for Fractional and Negative Exponents. If 
n is zero or a positive integer, the expansion of (a + x)" lurs n -b 1 terms. 
But for other values of n, the expansion does not end. That this is true 
may be seen by noticing the formula for the rth terra. The factor n — r 4- 2 
cannot be zero for any positive integral value of r unless n is zero or a posi¬ 
tive integral. We can, however, write as many terms as we like of a non- 
terminating expansion. There are mathematical situations in which the 
first few terms yield u.seful results, provided values of x are chosen between 
—a and a. We shall not give a proof of this statement. The question is 
considered in calculus. 


Example 1. Find the first four terms of the expansion of (a + 2x)“^^. 
Solution. 


(a -b 2x)-^ = 



ia-’n2x)-b 


2 ! 







3! 


a“'’(2x)'* -b 


= a ^ -b §a '*x" — fa ’’x^ H-. 
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Example 2. Find approximately ■y/TE. 

Solution. 

A/i5 = (16 - 1)^= I6^+ i(I6)“^(-l) -|(16)-«(-1)2... 

= 4 - ^ 

= 4 - .125 - .002 
= 3.873. 

This gives appro.ximately the square root of 15. The result may be had to 
more decimal places by using more terms of the binomial expansion. 


Exercise 72 


Express the indicated term in simplified form: 


1. (a + -r)". 7th term. 

3. (x — 1//)'®, 5tli term. 

6. (a- — 6)'^ 9th term. 

7. ( Ja — middle term. 


/ 


term free of x. 


11. (x^ 4* . term free of .i 


2. (a — x)'*, 6th term. 

4. (2x — y)®, 5th term. 

6. (fl^ — 6®)", 8th term. 

8. (2x* — 5th term. 

10. ^x* - — j , tenn free of x. 




7th term. 


13. , term free of y. 14. (x^ + , 7th terra. 


Expand to four terms and simplify: 


16. (x 4- y) *• 

18. (a 4- 2x)-«. 
21. (1 4-y)'^ 
24. (2 - x)«. 


16. (1 - x)-*. 

19. (a4-3)-^ 
22 . (1 - y)'^. 
26. (5 4-6)"’^. 


17. (a 4- x)-*. 

20. (4 - x)-‘. 
23. (3 4-y)*^. 
26. (I - 3x)-«. 


Approximate to three decimal places, using three terms of expansions. 

27. \/24 = (25 - 1) «. 28. = (27 4- 0 29. ^y82. 

30. 31. Vo!^- 32. \/l05- 

33 2G-H. 34. 28-« 35. 33"^. 

106. Mathematical Induction. Certain mathematical theorerns and for¬ 
mulas can be proved by a process of reasoning called mathematical induc¬ 
tion. Thougli the reasoning involved is quite simple, mathematical induc¬ 
tion can frequently be applied with great effectiveness. The method may 
be best explained with illustrative e.xamples. 
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Example 1. Prove that the sum of the first n positive odd integers is n^. 
That is, show that 

1 + 3 + 5 H-h (2 h - 1) = 

Proof: The proof has two separate parts. 

Part I. For the formula to be tnie it must hold in particular for the 
smallest integer which may be assigned to n. The smallest integer for 
which the formula would have meaning is a = I. Then checking the 
formula for n = 1 constitutes the first part of the proof. To illustrate the 
meaning of the formula we substitute also « = 2 and n = 3. 

For a = 1, 1 = 1" or 1 = 1. 

For a = 2, 1 + 3 = 2^ or 4 = 4. 

For n = 3, I + 3 + 5 = 3" or 9 = 9. 

Thus it is seen that the formula is true for a = 1, n = 2, and n = 3. But 
this does not prove the formula for other values of n, and further checking 
would make the proof only for the particular values used. To complete 
the proof we proceed to the next part. 

Part II. This part of the proof consists in showing that if the formula 
holds for any value of n, say n = k, then consequently it also holds for 
« = A: + 1. That is, if k~ is the sum of the first k positive odd integers, 
then it must be shown that {k + 1)^ is the sum of the first A: + 1 positive 
odd integers. Hence, substituting k for a, we assume that 

1 + 3 + 5 + ■•• + (2A; - 1) = A--. 

Now if we add 2A: + 1, the next consecutive odd integer, to both sides of 
the equation we have 

1+ 3 + 5 + ■ • ■ + {2A: - 1) + (2A: + 1) = ^ {2k + 1). 

The left member of this equation contains as terms the first A: + 1 positive 
odd integers. The right member, when factored, is (A: + 1 )^. Thus if 
the given formula is true for a = k, it is true for the next a, orfora = A: + 1. 

Taking the two parts, let us notice what conclusions can be made. By 
Part I, the formula holds for a = 1. Then, by Part II, the formula holds 
for n one greater, or for a = 2. Since the formula holds for 7 i = 2, by 
Part II again, it holds for a = 3. Thus Part II may be applied repeatedly 
to show that the formula holds for a = 2, 3, 4, and so on, for n any positive 
integer. 

It should be noticed that both parts of a proof by mathematical induc¬ 
tion are essential. The failure of either part in a supposed formula means 
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that the formula holds for no value of n or, at most, for only some values of 
n. For example, the relation 

l+2 + 3+ '''+n = 2n — 1 

holds for n = 1 and for n = 2. It does not hold for any other value of n; 
and hence Part II could not be established. 

Let us next test the formula 

5 -f- 10 -f* 15 H" • • • H" 5/1 = '^/i(/i "I" 1) — 1- 
Assuming that the formula holds for n = k, we have 

5 + 10 + 15 + - ■ ■ + 5A- = + 1) - 1. 

Add Sit + 5 to both sides of the equation: 

5 + 10 + 15 +■ • ■ + 5/: + {5i- + 5) = ^kik + 1) - 1 + (5fc + 5) 

= f(fc+l)(fc + 2)-l. 

The right member of this equation is just what we would get by substituting 
n = k -j- I \n the given formula. Thus Part II of the proof is established. 
Ilut if we trj' Part I by substituting « = 1 in the supposed formula, we have 

5 ^(1)(2) - 1 = 5 - 1 = 4. 

Part I fails; the relation as given holds for no value of n. 

Example 2. Provo by mathematical induction that 

l2 2- + 3^ H-!-/("= + l)(2/i + !)• 

Proof: We must establish the two parts of the proof. 

Part I. If we tr>' the formula for n ~ I, we have 

I2 = l(i)(i + 1)(2+ 1) = i(2)(3) = 1. 

Thus we see that tlie formula holds for n = 1. While this “"f‘J;" 
demonstration of Part I, a few other small values of n may be trted if 

so desires. 

Part II. We next assume that the formula is true for n ~ k. That , 
12 + 2^ + 32 +... + = lk(k + l)(2fc + !)• 

Now add the square of A; + 1 to both sides of the equation: 

l2 + 2^ + 3- + ■ • ■ + + (fc + 1)2 = lk(k + l)(2t + I) + 

= + I)(A' + 2)(2ft + 3). 
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The left member of thi.s ecjuation is the sum of the s(]uares of the first 
k + 1 positive integers. Anil the expre.-ssion in the right member is exactly 
that which the given formula yielils for /< = A + 1. That is, 

i/i(n + 1)(2« + 1) = l(k + m + 1 + 1)12(A- + 1) + 11 

= l)(A- + 2)(2A- + 3). 

Thus, if the given formula holds for a value of n, it holds for n one greater. 
Combining the two parts of the proof, the formula holds for n = 1; and 
hence for n = 2. By repeate<l applications of Part II, the formula is seen 
to be true for all positive integral values of n. 


Exercise 73 

Prove that the following formulas are true for all jwsitive integral values of n. 
Use mathematical induction. 

1 . l+2 + 3+ -- '+ n = jofn + 1). 

2. 2 + 4 + 6 + •• • + 2n = n(n + 1). 

3. 1 + 4 + 7+---+(3n - 2) * in(3n - 1). 

4. 1 + 5 + 9 + • • • + (4n - 3) = n(2n - 1). 

6. I- + 3- + 5- + • • • + (2n - Ip = ln(2n - l)(2n + 1). 

6 . + 2^ + 3’ + • • • + n* = }n-(n + 1)*. 

7. 2- + 4* + 6^ + • • • + (2np = ?-n(n + l)(2n + 1). 

8 . P + 3* + 5*+---+(2n - D* * nW - 1). 

9. 2* + 4* + 6» + • • • + (2n)» = 2n\n + !)«. 

, 1_^ 

l-2'^2-3'*’3-4'^ "^nln+D n+T 

' 1-3 3-0 5-7 *^{2n - l)(2n + 1) 2n+ l' 

12 . a + (a + (i) + (o + 2</) H-1- [a (n — I)d) = \n[2a + (n — l)d). 

13. a + ar + ar -i- ar"~’ = 

1 — T 

14. If n is a positive integer prove that (a) x" - j/" is divisible bv x - w 

jin+i ^ is divisible by x + y. ’ 

Hint: r" - i/" = x" - xy—* + xi/"-> - y" = ifi"-! - y"-i) ^ 

107. Proof of the Binomial Formula for Positive Integral Exponents. We 
now use mathematical induction to prove that the binomial formula gives 
the expansion of (a + x)\ where n is any positive integer. Since expan¬ 
sions according to the formula have been tested for several small values of 
n, we proceed to the second part of the proof. 
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Part II. We assume that the formula is true for n = k. Then we have 


(a + i)* = a* + fca'" ’x H-f- 


kik - 1) ... (fc - r + 2) 


(r- 1)! 




+ 


-j-o*' 'x*" H-1- kax’‘ * -f X*. (1) 

/ « 


To obtain an expression for (a + x)*'*’*, we multiply both members of 
equation (1) by a + x. This gives 

(a + x)^+^ = a‘+‘ + (fc + l)a*x + • • • 


+ 


(k+l){k)ik-l) 


(k-r + 2) , 


a' 


x' + • • • + X 




r! 


The student should verify this multiplication. It is easy to check the first, 
second, and last terms. The term containing is obtained by 

multiplying the rth term of the expansion in (1) by x and the (r + l)sf 
term by a and then adding these two products. Thus the coefficient of 
^k-r+i^r jg Qf coefficients of the rth term and the (r + l)st 

term of the right member of (1). That is, 


k(k~ 1) ■■■ {k-r-\-2) ^ k(k - 1) • ■■ jk - r + 2)(fc - r + D 
(r- 1)! r! 

rkik - i) • ■ ■ (fc - r + 2) + kik_- 1) ■ • • (fc - r + 2)(fc-r+l) 

r! 


k{k - 1) • • • (it - r + 2)(r + (fc - r + 1)] 


(fc+ 1)(A-)(A-- 1) (fc-r + 2) 

r! 

The expression which we have obtained for (a + x)*"*"^ is exactly what the 
binomial formula yields by substituting n = k 1. Hence for n any posi 
live integer we have 

(a + x)" = a" + na^-^x +--— a” V + • • • 



r»(K — 1) • • • (a - r + 2) 

(r- 1)! 


. -j- x' 
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Supplementary Problems 

Elxpand and then simplify: 

1. (i-‘+2)>. 2. (x^ + y'^r. 

4. (rv’- 22^)®. 6. (l+3^/i)^ 

7. 8. (v^-\/6)‘. 


3. (0-* - b)*. 

6. (^i- V3)‘. 

9. {y/a + ^/6)^ 


The coefficients of the expansions of nonnegative integral powers of a binomial 
can be arranged in a triangular form known as Pascal’s triangle. The coefficients 
of the expansions of each of the indicated powers of o + z are written to the right. 

(a + z)« 1 

(a+i)‘ 1 1 

(a + z)» 12 1 

{o + z)» 13 3 1 

(o + z)* 1 4 6 4 1 

(a + z)® 1 5 10 10 5 1 

(a + x)» 1 6 15 20 15 6 1 


The first and the last number of each row is 1. Each of the other numbers is equal 
to the sum of the two nearest numbers in the row just above it. 

10. Form a Pascal triangle of ten rows. Use the numbers of the tenth row to 
write the expansion of (a 4- x)*. 

11. Find the value of (l.Ol)'® * {1 + 0.01)*® correct to three decimal places by 
using three terms of the expansion. 

12. Find the value of (0.98)® = (1 — 0.02)® correct to three decimal places. Use 
three terms of the expansion. 

13. Compute (1.2)* correct to one decimal place. 

14. Compute (0.97)* correct to two decimal places. 

15. Compute (1.03)'® to two decimal places. 

Use the binomial formula to find the values of the indicated powers: 

16. 98® = (100 - 2)®. 17. 99* = (100 - 1)*. 18. 81® = (80 + 1)>. 

19* 55*. 20. 92®. 21. 161®. 



Chapter Fifteen 


THEORY OF EQUATIONS 


108. Rational Integral Equations. An equation of the form 


floJc" + flix” ‘ + azx" ^ H-h fln-ix + = 0, 

where n is a positive integer and the a’s are constants, is called a rational 
integral equation in one unknovTi. If we assume that a 0, the equation 
is of the nth degree. Since the left member is a polynomial, the equation 
is also called a poljmomial equation. Using the notation of Section 39, 
we may let/fx) stand for the polynomial. The equation then can be writ¬ 
ten more briefly as f{x) = 0. 

Our chief interest in polynomial equations uill be that of finding the roots. 
We have developed methods by which linear and quadratic equations can 
be solved quite readily. Finding the roots of higher degree equations is, 
in general, less simple. In fact, the problem is much too difficult for a com¬ 
plete investigation at this stage. We shall, however, consider certain prop¬ 
erties of polynomial equations and describe some methods of solving. \Ve 
initiate our study by establishing some useful theorems. ^ 

109. The Remainder Theorem. If we divide fix) = 2x^ - 3x -h a- - 1 
by J - 2, we get the quotient 2x^-\-x + 3 with o as the remainder. Now 

by substituting 2 for x in the dindend, we have/(2) - 2(2) - 3(2) + 
2-1 = 5. Thus we obtain the remainder 5 in two ways. This is an 
illustration of a theorem which, as we shall see, has important conscquenc(». 

The Rem.vinder Theorem. If a polynomial f(x) is divided by x rum 
a remainder free of x is obtained, this remainder is equal tof{r). 

Proof: Let Qix) stand for the quotient obtained when/(x) is diuded by 
X -r, and let R stand for the remainder. Then 

fix) = (x - r)Q(x) -h R. 

(Dividend = divisor X quotient + remainder.) 

212 
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Since this is an identity, tnic for all values of i, we may substitute r for x, 
and obtain 

f(r) = (r - r)Q{r) + R 
/(r) = Ot?(r) + R 
f(j) = R. 

This establishes the remainder theorem. 


110. The Factor Theorem and Its Converse. If r is a root of the rational 
integral equation f{x) = 0, then x - r is a factor affix); and conversely, if 
X - r is a factor of f{x), then r is a root affix) = 0. 

Proof: From the remainder theorem, we have 


fix) = (x - r)Q(x) + /? = (x - r)Qix) + fir). 

If r is a root of the equation/(x) = 0, then/(r) = 0. Hence we may present 
fix) in tlie factored form 

fix) = (x - r)Q(x). 

To prove the converse of the theorem we need but to notice that with 
I - r given as a factor, we may write the identity 


fix) = (X - r)Qix), 

which i. tme for all the valocs of x. Whence, replacing x by r, we have 

fir) = (r - r)Qir) = 0 (?(r) = 0 . 

Ex^ple 1 . Show by the factor theorem that x^ + x^ - 7 j - q 
divisible by X + 3. ^ 

Solulion To determine if r. + 3 is a factor we need only to see if -3 is 
a root of the equation ^ 

+ x2 - 7x - 3 = 0 . 

Substituting -3 for x, we obtain 

(-3)= + (-3)^ - 7(-3) - 3 = -27 + 9 + 21 - 3 = 0 , 

The equation has -3 as a root; hence x + 3 is a factor of x“ + x^ - 7 x - 3 

Example 2 Form a cubic equation/(x) = 0 whose roots are 2 -3 i 
kolulwn From the factor theorem we know that x - 2 x + 3 
^ - i are factors of /(x). Hence we write the equalion ’ 

(x - 2)(x + 3)(x - A) = 0 . 

coefficients. 

That is. * ^ ^ an equivalent eouation 


2)(x + 3)(5x — 1) = 0 


or 5x3 _ 31j. g ^ Q 
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Example 3. Determine by the factor theorem \i x ~ y and a: + y are 
factore of where n is a positive integer. 

Solution. We have/(x) = x^” — and x ~ r = x — y. Then 

f(y) = /" - y"" = 0 . 

Since y is a root of x^" — y^" = 0, x — y is a factor of x^" — y^”. Simi¬ 
larly, /(—y) * (—= 0, and x -|- y is a factor of x^” — y^". 


Exercise 74 

Find the remainder when the poljmomial is dhided by the linear expression. 
Use both long division and the remainder theorem. 

1. - 4x^ - 2x + 5, X - 1. 2. 3x» + 4i® - 5i - 3. x -f- 1. 

3. 2x* -I- 5i® -h X - 7, X - 2. 4. x« - 3x® - 2x- -f- 5x - 6, x - 3. 


Using the remainder theorem, find what the remainder would be if tlie first 
expression were divided by the second. 

6. 2x* - x’ -{- 3x + I, X -h 2. 6. X* - 5x* - 6 x - 7, x - 2. 

7 . _ 3_j2 _ 2x - 2, X + 3. 8 . 4x* -|- 4x2 -f -1 -I- 3, x 4. 

9. 2x2 + i 10. 6 x* 9x* - 5x - 2, x - 

11 . X* - x’ - x® -I- X - 1, X - 3. 12. x2 + 2x* - 3x - 5, X -I- 2. 

13. x2 -}- 5x* -i- x* - 9. X 4* 2. 14. 4x* + 2x^Sx - 1, x 

By means of the factor theorem, show that the second expression is a factor of 

the first. 

16. x* — 4x2 -f- 3i + 8, X 4- 1. 16. 21* — Sx* 4" 2x — 8, x — 2. 

j 7 ^ 4 - 5x2 _ 0 j ^ |g^ X -{- 3 . 18. 4x2 _ -f- 2 x — 12 , x — 2 . 

19 ! x2 4- 2x2 _ 6x - 72, X - 4. 20. x* 4* Sx* 4 - 8 x - 32, x 4- 4. 

21 . 2 x^ 4 - x* 4 - X — f, X — J. 22 . 3x* — x* — 3x2 ^ a ^ 

23.x‘-l.*-l. 24.x‘+l,x+l. 26.x»-lx+l. 

26. z-'-v\x-y. 27. x’ + y’.z + y. 28. x* -I + !/. 

29 . x" — y”, X — y, n a positive integer. 

30. x" — y", X 4 - y, n an even positive integer. 

3 j. x" 4 - y", X 4 - y, n an odd positive integer. 

Write equations with integral coefficients which have the following numbers, and 


no others, as roots: 

32. 1,2, -3. 

36. 2, -2,3. 

38. i 1, 2. 

41. -\/2, \/2. 2. 


33.1,2,4. 34.-1, 2, 3. 

36. 0, 1, 4. 37. -4. 3, 0. 

39. i-1,1. 40. it,-1. 

42. 1 4- V2, 1 - V^- 0, -\/3. V^- 


111 Synthetic Division. A much used operation in finding roots of 
eqiafcnTis that of dividing a polynomial/(x) by a linear express,on of the 
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form X — r. This kind of division can be done rapidly by a process called 
synthetic division. The process is the result of eliminating nonessential 
writing from the method of long division. An explanation can best be 
made by an example. 

Example 1. Divide 2x^ + x^ — 18j + 7 by x — 2. 

Solution. We first use the long division method. 

2x^4- x^ 

2x^ - 4x- 

5x^ 

5x" 


- I8x + 7 X — 2 (Divisor) 

2x- + ox — 8 (Quotient) 

- 18x I- 

- lOx 


- 8x + 7 

- 8x + 16 


— 9 (Remainder) 

In the steps of the division the terms — 18x and 7 were rewritten. Now 
let us leave these terms in the first line and write beneath them the terms 
to be subtracted. The di\ision then appears as 

2x^ + x= - 18x + 7 X - 2 

2x3 _ 4j. 2 _ jg - 

- 2x3 _ g 

5x3 - gj. _ ^ I-^- 

The third line has in order the coefficients 5, -8, and -9. Placing the 
first coefficient of the first line before these, we have 

2, 5, -8, -9. 

These values, in proper order, are the coefficients of the quotient 2x3 + 
5x — 8 and the remainder —9. Thus the coefficient of x® and the coeffi¬ 
cients of the third line are the essential numbers to yield the quotient and 
the remainder. Let us now obsen-c, step by step, how the third Une is 
ormed The term 2x= of the second line is the same as the first term of 
the first Ime Its coefficient multiplied by -2 of the divisor gives -4 the 
coefficient of the second term of the second line. By subt^ting - 4 “ 
from the term above, we get 5x^ as the first term of the third liL Its 
cMfficient tiin^ -2 of the divisor is -10, the third coefficient of the sec- 

e product of -8 and -2 is 16, the fourth term of the second line \n<l 
the last subtraction gives the remainder -9. Thus the dividend and the 
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—2 of the divisor permit us to \\Tite the second and third lines, and thereby 
obtain the quotient and the remainder. Next we write only these parts 
and, in order to have all the coefficients in the third line, move 2x^ from the 
second line do^m to the third line. Then we have 


2x^+ - 18x + 7 

- 4x^ - lOx + 16 



2x^ + 5x2 - _ 9 


The powers of x are not essential in forming the coefficients of the sec¬ 
ond and third lines. Omitting them and writing only the coefficients, we 


obtain 


2 + 1 - 18 + 7 
-4-10+16 



2 + 5 - 8 - 9 

The third line numbers, after the first, are obtained by subtraction. If 
we change the sign of -2 of the divisor, the signs of the numbers in the 
second line mil be reversed. Then addition, rather than subtraction, com¬ 
pletes the numbers of the third line. Making these changes in signs, we 
have in final form all the necessary work to give the quotient and remainder. 

2 + 1 - 18 + 7 I 2 
+ 4+10-16 1— 


2 + 5 - 8 - 9 

The quotient may be written, by supplying the proper powers of x, as 

2x2 + 5x - 8 

with -9 as the remainder. r • i- 

Following the process above, we may formulate directions for dividing 

a polynomial /(x) by x — r. 

t Arrange the coefficients affix) in a line in order of demnding poo’ers 
of X, supplying zero as the coeffmenl of each missing power of x. At the end 

Tr'cZZ’uw first coefficient of this line underneath as the first number of 
the third line. Multiply this number by r and place the product immediately 
beJealhtt second number of the first line, and write the sum of these two 
second position numbers as the second number of the thud line. Continue th 
Zeess until the second and third lines are completed to the position of the 
last 7 iufnber of the first line, which ts the constant term of (x). 
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S. The numbers of the third line give the coeficients of the quotient in order 
of descending poivers of J-, the last number being the remainder. The degree 
of the quotient is, of course, one less than the degree of the dividend. 

Example 2. Divide 3/ - - 7 j- - 8 by x - 3. 

Solution. We place zero in the first line as the coefficient of tlie missing 

power of X. , 

3-8+0-7-83 

+ 9 + 3 + 9 + G 1— 


3+1+3+2-2 

The quotient is 3x^ + x^ + 3x + 2 and tlie remainder is —2. 

Example 3. Divide 2x^ + 5x^ — 8x^ — 7x — 9 by x + 2. 
Solution. The divisor isx — r = x — 2 and therefore r = —2. 


2+5- 8- 7- 9 
- 4 - 2 + 20 - 2G 



2+1-10+13-35 

The quotient is 2x^ + x^ — lOx + 13 and the remainder is —35. 


Recalling that when /(x) is divided by x — r, tlie remainder is/(x), we 
may use synthetic division to find the value of the polynomial correspond¬ 
ing to a given value of x. 


Example 4. 
by —3. 
Solution. 


Find the value of/(x) = 4x^ — 7x^ + 13x when x is replaced 


4 - 7 + 13 + 0 

- 12 + 57 - 210 



4 - 19 + 70 - 210 

The remainder is —210; hence/(—3) = —210. 


Exercise 76 

Find the quotient and remainder in cacl. problem by the use of synthetic division 


1. {2x» - 7x»-l-3x+ 1) ^ (X- 1). 
3. (x* - X - 9x2 + 11) -5- (x - 2). 

6. (4x* + 4x2 + X + 5) -5- (x -f 

7. (5x» + 8x2 + 7 j. + 4) ^ (j. 1) 

9. (i« - jd 4- 3x + 1) -r (x + 1). 

11. (2x« -h 7x2 + X + ,3) ^ 4. 

13. (x* - x« - x2 4- I) (X - 2). 


2. (x» + 5x2 _ 5 j. _ 6) ^ jj 

4. (3x2 4. 3^2 + ox + 1 ) - 5 - (x + 2) 

6. (2x» - 8x2 4 - 5x 4 - 3) -5- (X - 

8. ( 4 x 2 _ 4^2 4. _ (1) -7- (x - 1). 

10. (x* + x2 - 5 j — 5) ^ (j. _ 1) 

12 . (x2 - x2 - 7x2 _ 3) ^ (j. _ 4) 

14. (x 2 4 - x 2 4 - X 4- 1) ^ (X + 2). 
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16. (i® + + 4x^ - 5j: + 3) -4- (i + 4). 

16. (x^ ~ 4x^ - ex^ + 5i2 _ Gj; + 7) -r (x - 5). 

17. (2x* - 3x* - X* + 1 = + 4x + 4) (x - |). 

Evaluate by synthetic di\ision: 

18. If/(x) = x* - 7x= + 12x - 2. find/(-2):/(3):/(4). 

19. If/(x) = x^ - 7x3 + 7 j. _ 20 , find/(l):/(-l);/(2). 

20. If/(x) = 4x3 + 7x3 _ 13 ^ ^ 20. find/(2):/(3);/{-3). 

21. If/(x) = 2x^ + 6x3 + 7^.2 _ j. + 7 ^ find/(-2):/(-l);/(l). 

22. If/(x) = x3 - 4x3 - 20x + 50, find/(5):/(6);/(7). 


112. The Graph of a Polynomial. In Section 41 graphs of functions were 
introduced, and in Section 82 the real roots of quadratic equations were 
found by graphing the corresponding quadratic functions. The same 
methods of graphing are to be used here, but with the added advantage of 
computing the functional values by synthetic division. Moreover, the real 
zeros of fix), or the real roots of f(x) = 0, may be had by noticing the ab¬ 
scissas of the points where the graph meets the x-axis. 


Example. Solve the equation — 4x^. + x -f- 3 = 0 graphically for 
the real roots, estimating them to one decimal place. 

Solution. To draw the graph of the function fix) = x^ — 4x^ 4- x -I- 3, 
we first set y = fix) and prepare a table of corresponding values of x and 
y. The functional values should be verified by synthetic division. When 
X = 3.5, for e.xample, we have 


1 - 4.0 -1- 1.00 + 3.000 
-I- 3.5 - 1.75 - 2.625 



1 - 0.5 - 0.75 + 0.375 



Fio. 21 
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The graph oi fix) is shown in Figure 21. From the graph the zeros of 
the function, or the roots of the given ecuiation, appear to be approxi¬ 
mately —0.7, 1.2, and 3.5. 

Exercise 76 


Solve for the real roots by graphing. 

1. - 4x2 + r + 5 = 0. 

3. X* - 3x + 4 = 0. 

6. x’ + x2 — 9x — 7 = 0. 

7. x* - x2 - 5x - 1 * 0. 

9. x» - 3x2 -I- 3 = 0. 

11. x* - x2 - 5x - 6 = 0. 

13. X* - 2x2 - 3 = 0. 

16. x< - 3x + 5 = 0. 

113. Theorems Concerning Roots. 


Kstiniate tlie results to one decimal place. 

2. x2 -I- 4x2 + X - 4 = 0. 

4. x* — 7x — 5 = 0. 

6. x* - 2x2 _ 4 j. + 0 = 0. 

8. X* - 19x + 25 = 0. 

10. x* -I- 3x2 -I- 1 » 0. 

12. x* - 3x2 - 7x - 6 = 0. 

14. x« - 4x2 + 3 = 0. 

16. X* + 4x2 _ iGj + 5 = 0. 


Having found roots of certain ra¬ 
tional integral equations, particularly equations of the first and second 
degrees, we might expect that every etjuation of this kind has a root. In 
this connection we state the following theorem. 


TfiKOREM 1. Every rational integral equation in one unknown has at least 
one root, real or imaginary. 

This important theorem is known as the fundamental theorem of algebra. 
The proof, which we omit because of its difficulty, was first made in 1797 
by a German mathematician named Gauss. We shall assume this theorem 
to be true and from it establish other theorems. 


Theorem 2. Every polynomial /(x) of degree n can be expressed as the 
product of n linear factors. 

Proof: Let fix) = qoi" + H-o„_ix + a„, with oo 0. From 

the fundamental theorem, fix) = 0 has at least one root. Denoting this 
root by rj and recalling the factor theorem, we conclude that x — rj is 
a factor of fix). Hence, 

/(x) = (x - ri)(?,(x), 

where the factor 0i(x) is a polynomial of degree n - 1, its highest degree 

term being flox** *. Using the fundamental theorem and the factor theorem 

again, we have 

Qi(x) = (x - r 2 )Q 2 (x). 

Wlience 

fix) = (x - ri)(x - r 2 )Q 2 (x), 

where ra is a root of Q,(x) = 0, and Q,ix) is a polynomial with its 

highest degree term. This process may be continued until n linear factors 
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are obtained, the last factor ha\ing the term aox. Then factoring the con¬ 
stant oo from the last factor we may write it as oofa; - r„) and have 

f(x) = ao(x — ri)(x — T 2 ) - • - (x — r„). 

The numbers ri, r 2 , • • •, r„ need not all be distinct, or even real. That 
is, certain factors may be repeated and some, or all, may contain imaginary 
constants. 

TBEOREii 3. Every rational integral equation f{x) = 0 0 / degree n has 
exactly n roots. 

Proof: By the preceding theorem we may factor f{x) and write the equa¬ 
tion as 

OQix - ri){x - ra) • • • (x - r^) = 0 . 

The roots of the equation are rj, rj, ■ ■ r„ because any one of these values 
when substituted for x makes a factor equal to zero, and hence the product 
of the factors equals zero. A value of x different from these quantities mil 
obviously make no factor equal to zero. Hence the equation has only the 
n roots Tu ra, • • •, r„. 

If no two factors of /(x) are alike, the n roots are all different. Each 
root is then called a single, or simple, root. If the same factor occurs twice, 
a root occurs twice. A root which occurs twice is called a double root 
If a factor occurs three times, there is a triple root In general, if a factor 
occurs m times, the corresponding root is said to be of multiplicity m. It 
is customary’ to count a double root as two roots, a triple root as three roots, 
and a root of multiplicity m as m roots. Counting the roots in this way, 
we say that a rational integral equation of degree n has exactly n roots. 

Illustrations: The equation (x — l)(x 2)(x — 5) = 0 is of degree three. 

It has the three distinct roots 1, —2, and 5. The equation 

(x - A)Hx - 3)\x -H 2) = 0 

is of degree seven. It has 4 as a double root, 3 as a root of multiplicity four, 
and —2 as a simple root. The total number of roots, ginng each a count 
according to its multiplicity, is seven. 

Theorem 4. If two polynomials of degree n are equal for more than n 
distinct values of the variable, they are identical and consequently are equal 
for all values of the variable. 

Proof: Denoting the polynomials by/(x) and gix), where 

f(x) = Qox" + flix"”* + a 2 x''"^ H- 1 - a„_ix -|- a„, 

g(x) = + hix"”* -f- 62 ^"”^ + ■ —b + ^’n, 


and 
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we have 

+ a,x"”‘ + 02^"“^ H-1" Qn-i-r + (in 

= boX" + 6ix"“' + -j- . . . -J- 6„_iX + bn. 

By transposing, we obtain 

(flo - bo)x" + (ai - bi)x''~^ + (02 - 62 )x''”^ H- 

+ (a„_i - bn-i)x + a„ - 6„ = 0, 

which is an equation of degree not greater tlian h; and therefore can have 
no more than o roots. Then the only way in which more than n distinct 
values of x can satisfy the equation is for all the coefficients to be zero. 
That is, 

oo ~ i>o = 0, Oi — bj = 0, 02 — ^2 = 0, • • •, a„_i — = 0, 

a„ - 6„ = 0 
or 

Oo = bo, Oi = bi, 02 = b2, • • •, a„_i = b„_,, a„ = b„. 

The polynomials/(x) and g{x), having equal coefficients for like powers of 
X, are identical and consequently are equal for all values of x. 

114. Imaginary and Quadratic Surd Roots. From the quadratic formula 

it may be seen that if the imaginary- number (o + bi) is a root of a quad¬ 
ratic equation with real coefficients, then the other root is (o — bi). That 
is, the imaginary roots occur in pairs, which are called conjugate imaginary 
numbers. We now prove a general theorem concerning imaginary' roots. 

Theorem 1. If the imaginary number (a bi) is a root of a rational in¬ 
tegral equation with real coefficients, then the imaginary number {a - bi) is also 
a root. 


Proof: Designating the equation hyfU) = 0, ive have /(a + bi) = 0 sineo 
(a + i«) IS a root ot the equation. Then (r - n - bi) is a factor of fix) 
V. e shall show that (x - a + bi) is also a factor by showing that the product 


(x - a - bO(x - a + bi) 


X- -2ax+ + b=) 


1 a factor of /(x). Let D(x) stand for this product. Now /(x) can he 
divided by the quadratic expression D(x) until a remainder of degree lower 
than two IS obtmned. Then indicating the quotient by Q(x) a^d the re- 
mainder by Rx -f- S, we may write 


/(x) = Z)(x)Q(x) Rx.\-S. 
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If we substitute a -{-hi for x in this identity, we get 

/(a + hi) = D{a + bi)Q{a + bi) + R(a + hi) + S. 

But, by h}'pothesis,/(a + bi) = 0. And D(a + fei-) = 0 since (x - a - bi) 
is a factor of D{x). Thus we obtain 

0 = 0Q(a + W) + /f(Q + 60+5, 
or 

(ffa + 5) + Rbi = 0. 

A complex number is equal to zero if, and only if, the real and imaginarj’ 
parts are each equal to zero. Hence we must have 

i?a + S = 0 and Rb = 0. 

Since a + in is an imaginary' number, b ^ 0; and therefore R = 0. Sub¬ 
stituting R — 0 in = 0 gives *S = 0. Hence the remainder 

+ 5 is equal to zero, and 

f(x) = Dix)Q(x) = (x - a - in)(x - a -|- bt)Qix). 

Then (x — a + bi) being a factor of /(x), it follows that (a — bi) is a root 
of/(x) = 0. 

If we restrict the coefficients of f(x) = 0 to be rational numbers, then 
we have a similar theorem concerning quadratic surd roots. The number 
a + \/b is a quadratic surd if a and b are rational numbers (b positive) 
and if y/b is irrational. 

Theohem 2. If (he quadratic surd (a + y/b ) is a root of a rational in¬ 
tegral equation, with rational coefficients, then the conjugate surd (a — y/b) 
is also a root. 

The proof of this theorem is much like that for the conjugate imaginary' 
roots, and will not be given. 

Example 1. Solve the equation x^ — 4x^ + lOx^ + 12x — 39 = 0, if 
(2 — 3f) is one of the roots. 

Solution. Since (2 - 3i) is a root, (2 + 3i) is also a root. Then the 
product 

(x - 2 + 3f)(x - 2 - 30 = x^ - 4x + 13 

is a factor of the left member of the given equation. The other factw, 
obtained by division, is x== - 3. The roots of x^ - 3 = 0 are ±VS. 
Hence the solution of the given equation is 

X = ± y/S, 2 =t 3*. 



223 


Theory of Equations 

Example 2. Form an equation with rational coefficients and of the low¬ 
est possible degree if two of the roots are 2 — 3-\/5 and 4 + i. 

Solution. In addition to the given roots, 2 + 3\/5 and 4 — i must 
also be roots. Hence the required equation is 

(r - 2 + 3-S/5 )(x - 2 - S-s/B )(x - 4 - 0(x - i + i) = 0, 
or, multiplying, 

x^ - 12x^ + 8x2 + 200x - G97 = 0. 

116. Coefficients in Terms of Roots. If r,, rj, and are the roots of 
the cubic equation 

x^-h Oix202^- + 03 = 0, (1) 

then the equation may be written in the factored form 

(x - ri)(x - r 2 )(x - r 3 ) = 0. (2) 

By multiplication we get 

+ ra + r3)x^ 4- (r,r2 + rirg + r2i-3)x - rir2r3 = 0. (3) 

The left members of equations (1) and (3) are identicallv equal; hence we 
may equate the coefficients of the like powers of x and obtain 

= — (»‘i + r2 -f rs), 

= (riTa + r,r3 + r2r3), 

^3 = “(rirjra). 

In the same manner it could be shown that the coefficients a, a, a 

of the equation ' ^ 

x" + aix""' H-1- .j. „ 0 

may be expressed as follows: 


oi = —{the sum of the roots), 

02 = (the sum of the products of the roots taken two at a time) 

03 = - (Ue 0 / l/,e products oj the roots taken three at a time) 

“ (“!)" {product of the roots). 


If the coefficient of the highest degree term /i ^ c 

the equation can be put in the form (4) by dividing'by oo- "" 

Example. Form a cubic equation which has 2, -3, and 5 as roots. 
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Solution. Write the equation as + 021 + 03 = 0. Then 

a, = -(2-3 + 5) = -(4) = -4. 

02 = (2)(-3) + (2)(o) + (-3)(5) = -6 + 10 - 15 = -11, 

03 = -{2){-3){5) = 30. 

Hence we obtain the equation — 4x^ — liar + 30 = 0, which has the 
given numbers as roots. 

Exercise 77 


Find the roots which are not given: 


1 . ^ 4 J .2 ^ I + 4 = 0. i is a root. 

2 . - 3 x' + 9/ + 13 = 0. 2 - 3i is a root. 

3. x’ — + 6 j + 52 = 0. 5 — t is a root. 

4. 2j® + 3x* - lOx -15 = 0. ‘s a root, 

6. 3x3 - 7x* - X + 1 = 0. I - V2 is a root. 

0 , X* + 6x3 4. i 7 j 2 + 36x + 66 = 0. -3 + i\/2 is a root. 
7 ^ X* — 2 x* + 4 x* + 2x — 5 = 0. 1 — 2i is u root. 

8 . X* - 4x3 4 . x2 4 - 28x — 56 = 0. \/T is a root. 

9 ’ X* - 2 x 3 + 2x3 + 4x - 8 = 0. 14 . is a root. 

10 ! X* + 4x3 4 . 2/2 + 4x + 1 = 0. -2 - -s/S is a root. 


Find the equation of lowest degree with integral coefficients which has the given 


numbers among its roots: 

11. 1 - i, -2. 

14. 5 + 2i, \/2. 

17. 's/y, 3 - \/5- 


12. 6 + 3t, 4. 

16. 3i, 4 - \/2. 

18. 1 - y/2. 2 + t. 


13. t, 2 - i. 

16. \ + y/2,2- Vs. 

19. 2 - 4i, 4- y/S. 


Find the sum and the product of the roots of each of the following equations. 


20. x® + 4x3 — 5x + 7 = 0 . 
22. X* + x® - 5x + 1 = 0. 
24. x® + 6x* + X - 10 = 0. 
26. 2x3 _ 5 j 2 4_ 0_j 4_ 8 = 0 . 


21. X* - 3x3 + X - 5 = 0. 

23. x' - 7x» + 2x3 + 3x = 0. 

26. x« - x« + x3 + 3 = 0. 

27. 5x« + lOx* + X - 14 = 0. 


Use the method of Section 115 to find an equation having the given roots: 


28. -2, 1. 4. 

31. 1, 2, 4. 

34. 2, -2, -2. 


29. 0, 3, -5. 

32. 1, -2. -2. 
36. -1,0, 1,2. 


30. -3, -2,1. 

33. 1, -t, i- 
36. -2, -1, 1,2. 


116. Limits for the Roots. In solving for the real roots of an equation 
IS we shall do, it is helpful to know a range of values which contains al 
he roots. Anv number which is larger than or equal to the greatest root 
,f an equation is called an upper limit for the roots. Any number «hic 1 
s smaller than or equal to the least root is called a lower limit for the roots. 
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Upper and lower limits can be determined by applying the following 
tlieorem. 

Theorem. // in (he synthetic dirision of a polynomial S{x) by x ~ r, 
where r is positive, each term of the third line is positive {some may be zero), 
then r is an upper limit for the real roots of the equation fix) =0. If r is 
negative and the terms of the third line are alternately positive and negative, 
then r is a lower limit for the roots. 

The truth of the theorem may be observed immediately. If a positive 
r produces positive teims in the third line in the division process, a number 
larger than r would increase all terms of the line after the first. The last 
term of the line could not then be zero. C’onsequently a value larger tlian 
r is not a root of the equation. 

liy quite similar reasoning the second part of the theorem can be estab’ 
lished. 

Example. Find upper and lower limits for the roots of the equation 

2x=* - 5x-- 7 j- + 4 = 0. 

Solution. We show the tests for r = 3 and r = 4. 

2-5-7+4 3 2-5-7+4 4 

+ 0 + 3-12 — +8+12 + 20 — 

2 + 1- 4- 8 2 + 3+ 5 + 24 

These tests show that the smallest integral upper limit, as determined by 
the theorem, is 4. 

We next try negative integers, starting with —1. 

2-5-7+4 -1 2-5-7+4 -2 

-2 + 7+0 - _ 4 -I- Ig _ 22 - 


2-7+0 + 4 2-9+11-18 

Since -2 makes the terms of the third line alternate in signs, this num¬ 
ber is a lower limit. Hence all the real roots of the given equation lie be¬ 
tween —2 and 4. 


117. Descartes’ Rule of Signs. A polynomial f{x) with the terms writ¬ 
ten m the order of descending powers of x is said to have a variation of sign 
if two consecutive terms have opposite signs. Anv missing power of x is 
to be disregarded (a zero coefficient is not supplied) in this definition 


lUustration: The polynomial 2r= - - gx^ + x-’ - 2 has three varia- 

lons of sigri. There is one variation from 2x^ to -x^ another from 
to +x , and a third from +a:^ to —2, 
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The variations of sign furnish some information concerning tlie roots of 
a polynomial equation. In this connection we state a theorem which is 
sometimes useful. Because of the difficulty, the proof is not given. 

Theorem (Descartes’ rule of signs). The number of po-ntiie roofs of a 
polynomial equation f(x) ~ 0 is equal to (he number of variations of sign in 
fix) or is less than that number by an even integer. The number of negative 
roots of fix) = 0 is equal to the number of variations of sign in fi~x) or is 
less than that number by an even integer. 

Although the proof of this rule is omitted, we shall apply it to some equa¬ 
tions. According to the rule, one variation of sign means there is exactly 
one positive root. For variations in excess of one the rule does not furnish 
definite information. Four variations, for example, reveal that there are 
four, two, or no positive roots. 

Example 1. Apply Descartes’ rule of signs to the equation 

-H ~x^ + 8x — 17 = 0. 

Solution. The left member/(j) has one variation of sign. Hence the 
equation has exactly one positive root. To test for negative roots, we re¬ 
place X by —X and have 

fi-x) = -x^ + 7x^ - 8r - 17. 

Here there are two variations of sign. According to the nile, the given 
equation has either two negative roots or no negative root, \^’e conclude, 
therefore, that the original equation has one positive root and that the two 
remaining roots are either both negative or both imaginarj'. That is, the 
possibilities are: 

a. One positive root and two negative roots. 

b. One positive root and two imaginarx’ roots. 

Example 2. Determine the information which Descartes' rule provide.s 
for the equation 

X* + Zi^ -b 4x2 + 3 j + 5 = 0. 

Solution. There is no variation of sign in the left member, and con¬ 
sequently the equation has no positive root. We have/(—x) - x — 3x 
+ 4x2 _ 3 j. ^ 5 ^ which contain.s four variations of sign. Hence, by the 
nile, the following possibilities exist: 

a. All roots negative. 

b. Two roots negative and two imaginar>’. 
e. All roots imaginary. 
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Exercise 78 


For each equation 1-18 find the greatest integral lower limit and the least inte¬ 
gral upper limit for tlie roots which the theorem of Section 116 will yield. 

2. 3x’ - 5 j-= - 3x + 4 = 0. 

4. 4j’ — X* — X -h 8 = 0. 

6 . 4x» - 5x2 - 6x + 4 = 0. 


1. 2x» -h 5x2 - X - 2 = 0. 

3. x2 - x2 - 16x + 15 * 0. 

6. 2x2 - 8x2 -I- 3x + 2 = 0. 

7. X*- x2 - llx - 4 = 0. 

9. 2x2 -t- 3x2 -h X -h 7 = 0. 

11. 2x2 + _ 50x - 24 = 0. 

13. X* - 3x2 - 4 = 0. 

16. 4x' -I- 3x2 _ 2x2 - X = 0. 

17. 2x* - X* - 6x2 - X - 8 = 0. 


8 . 2x» - x2 - 14x - 3 = 0. 

10. 5x» - x2 - 25x -f 5 = 0. 

12. 3x2 + X? - 30x -h I = 0. 

14. x* - 7x2 4* 6x -h 6 = 0. 

16. 2x2 _ x2 - 7x 4- 10 » 0. 

18. 3x2 4- 3x» - 8x2 4- X - 3 = q 


.\pply Descartes’ rule of signs to each of the following equations. Where the 
rule does not yield definite information, state the various possibilities as to tlie 
types of roots. 


19. 2x2 4- 5x - I * 0. 

21. 4x» - 5x2 - 3 = 0. 

23. x’ 4- 2x2 - 3x 4- 5 = q. 

26. 3x2 - x2 4- X - 4 = 0. 

27. X* 4- x2 - 6 = 0. 

29. X* 4- x2 4- X* 4- X - 7 = 0. 
31. x* 4- 2x* 4- X* 4- X 4- 4 = 0. 
33. x2 - 3x» - 5x - 4 * 0. 


20. x» 4- 3x 4- 3 = 0. 

22. 3x2 4- 3 j2 4- 4 = 0. 

24. X* 4- x2 4- 3x - 2 = 0. 

26. 5x» - x2 4- X - 1 = 0. 

28. X* 4- x» - 1 = 0. 

30. i2 - X* 4- 2x2 - X 4- 3 = 
32. x2 4- X* 4- 4x2 - X 4- 8 = 
34. X* - 2x2 4- 4x2 - 5 = q. 


0 

0 


118. Rational Roots. A rational number which is a root of an equation 
is called a rational root We shall consider a quite simple method of find¬ 
ing the rational roots, if any, of an equation with integral coefficients. 

Theorem. If a rational number b/c in Us lowest terms is a root of the 
equation 

floX" + OlJt" * + --h 4" fln = 0, 

where the coefficients are all integers, then b is a factor of a„ and c is a factor 

OJ Oq. 

Proof: Assuming that 6 /c is a root, we have 

6\n 


ao 




( 1 ) 


Multiplying this equation by cV 6 and transposing the last term giv 


es 


Oob" * 4- Oib" 4- a 26 "~V 4 - 4 . = - —• 


( 2 ) 
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The left member of equation (2), being made up of terms whose factors are 
integers, has an integral value. Hence, the right member 



likemse yields an integer. By hypothesis 6 and c have no common integral 
factor greater than I; then it must follow that is divisible by b. 

Now returning to equation (1), we multiply by c"'’, transpose the first 
term, and obtain 

+ aji’-h + a^b-V +■■■+ a,_,6c"-=' + 

c 

The left member of this equation, having an integral value, means that the 
fraction in the right member is expressible as an integer. Since b and c 
have no common integral factor greater than I, oq is divisible by c. 

For the case in which no = 1, the rational root b/c is an integer. This 
is true because c, being a factor of oo, would be equal to 1 or —1. Hence 
we have the following corollary. 

Corollary. Any rational root of the equation 

x" + flix""^ + a 2 x "~2 +- 1 . + g„ = 0 , 

where the coefficients are integers, is an integer and a factor of a„. 

Example 1. Find all the rational roots of 

/(x) = x^ + x^ + -fx^ + Gx — 12 = 0. 

Solution. The rational roots, if any, must be factors of —12; and the 
possibilities are 

±1, ±2, ±3, ±4, ±6, ±12. 


Testing 1 by ^thetic division, we find/(I) = 0. 


1 + 2 + 6 + 12 



1 + 2 + 6 + 12 + 0 

Then /(x) = (x - l)(x^ + 2+* + 6x + 12). Additional roots of /(x) = 0 
may be more readily found from the equation 

Qi(x) = x^ + 2x2 + 6x + 12 = 0. 

Q\(x) = 0 is called the first depressed equation. This equation has no pos- 
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itive roots; for a positive value for i makes all the terms on the left positive 
and their sum. of course, not equal to zero. Tn,-ing negative values, and 
starting with —1, we find (?i( —1) = 7. 


1 + 2 + G + 12 
- 1 - 1 - 5 

1 + 1 + 5 + 7 


-1 


Pa.ssing to —2, we get Qi(—2) = 0. 


-2 


Therefore, 


-2 + 0-12 
1 + 0 + G + 0 


Q,(x) = (j- + 2){x^ + 6) 


The equation Q 2 (-r) = J’* + G = 0 is called the second depressed equation. 
Its roots are ±t\/Gi which arc not real. Hence —2 and 1 are the rational 
roots of J{x) = 0. 

Example 2. Find the rational roots of 

fix) =2x* -Sx^ + 2x^ ~x~^=0. 

Solution. Any rational root must have its numerator a factor of —3 
and its denominator a factor of 2. The numbers 


± 5 . ± 1 . 


== 2 . 


±3 


give all possible values for rational roots. Testing §, we find /(§) = 0. 

2-3+2-1-3 
3 + 0 + 3 + 3 

2 + 0 + 2 + 2+0 

We next examine the depressed equation, 

2x^ + 2x + 2 = 0, or x* + i + I = 0, 

for rational roots. A rational root of this equation must be a factor of 1 

But neither 1 nor -1 satisfies the equation. Hence § is the only rational 
root of the given equation. 
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Exercise 79 

Find all the rational roots, and solve completely if the last depressed equation 
is quadratic. 


1. + 4j - 4 = 0. 

3. r* - "j- + 6 = 0. 

6. 7j: + 4 = 0. 

7. + 8j - 6 = 0. 

9. 2j 3 - + ar - 4 = 0. 

11. -x- + 27x-9 = 0. 

13. + 4j: 2 - 2r - i = 0. 

16. - 7i® 4- 16 j - 15 = 0. 

17. X* -2x^-\-x^-x-2 = 0. 

19. + 5j^ + 7x- + 5j- + 6 = 0. 

21. 2x* - 13x» + 30 j= - 28j + 8 = 0. 
23. 3x* + z* + 3jr= + r = 0. 

26. 6z* + i’ + 5x^ + X - 1 = 0. 
Factor the follow-ing pobmomiak: 

27. Gj* - 5j^ - 7j + 4. 

29. 2j^-7j*+18j+11. 

31. + 4z* + 3 j* - 4x - 4. 

33. z‘ + - 5 j* - X- + 8j - 4. 


2. z» 4- x2 + 3x + 3 = 0. 

4. X* 4- js - 8x - 12 = 0. 

6 . x* - 2x - 4 = 0. 

8 . x* - 6x= 4 - 21 z - 2 G = 0 . 

10. 3x* - x= 4- 3x - ] = 0. 

12. 4x> 4- X- 4- 16x 4- 4 = 0. 

14. 8x^ - 41= - 2x 4- I = 0. 

16. 3x=4-8x=4-19x4-10 = 0. 

18. x^ 4- 2r= 4- x= 4- 3x 4- 2 = 0. 

20. X* - 8 x= - 5x 4- 6 = 0. 

22 . x' - 5 x= 4- 2j= 4- 8x = 0. 

24. Sx« - 24x® 4- 22x= - 12x 4- 9 = 0. 
26. 6x« 4- 5x* 4- 5x - 6 * 0. 


28. 4x= - 4x= - 3x - 10. 

30. 5x' - 2x* - 2x. 

32. x^ - 4x= 4- x= 4- 16x - 20. 

34. x» 4- x« - 5x= - 5 x= 4- 4x + 4. 


119. A Method of Approximating Irrational Roots. There are several 
processes bv which the irrational roots of a poKmomial equation may he 
found to any desired degree of accuracy. We shall consider a method 
which is called the solution by successive enlargements. This method 
employs the principle that if/(a) and/(6) have opposite signs, then/(x) = 0 
has a root between a and b. Graphically, this means that the cun’ey = /(x) 
crosses the x-axis between any two of its points which are on opposite sides 
of the x-axis. The process consists in finding pairs of numbers closer and 
closer together for which/(x) has opposite signs. We shall illustrate with 
some examples. 

Example 1. Find to two decimal places the real root of the equation 

/(x) = x^ - 2x2 4- X - I = 0, 

Solution. The graph (Fig. 22) of y = /(x) shows that the given equation 
has a root between x = 1 and x = 2. The next step is to find consecutive 
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tenths of units between which the curve crosses the x-axis. Computing, 
we find/(1.6) = -0.42-1. Next tr>' 1.7 and 1.8: 

1 - 2.0 + 1.00 - 1.000 1.7 

1.7 - 0.51 + 0.833 - 

1 - 0.3 + 0.49 - 0.107 

1 - 2 . 0 + 1.00 - 1.000 1.8 

1.8 - 0.30 + 1.152 - 

1 - 0.2 + 0.04 + 0.152 

Fjg. 22 

We see that /(1.7) = -0.167 and /(I.8) = 0.152. Hence, the points 
(1.7, —0.107) and (1.8, 0.152) are on the graph of j/ — /(x), one below the 
x-axis and the other above the x-axis. Consequently (he desired root is 
between 1.7 and 1.8. 

We next locate the root between consecutive hundredths of units. For 
this purpose we plot the points of the graph for which x = 1.7 and x = 1.8 

.15 
-10 
05 

-.05 
-.10 
-.15 



Fio. 23 



on an enlarged scale (Fig. 23). 
i-axis at about x = 1.75, and the 


The line joining these points crosses the 
graph must cross the axis at a point quite 
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near. By sjTithetic division we find /(1.75) = -0.01526 and f(l 761 
0.010576. 


I - 2.00 + 1.0000 - 1.000000 
1.75 - 0.4375 + 0.984375 



1 - 0.25 + 0.5625 - 0.015025 


1 - 2.000 + 1.0000 - 1.000000 1.76 

1.76 - 0.4224 + 1.01C576 - 


1 - 0.24 + 0.577C + 0.016576 

Thus we see that the root is between 1.75 and 1.70. Hence the root to 
three digits is 1.75. This process could be continued to obtain additional 
digits. The computations, of course, would become increasingly tedious. 

It is easy, however, to estimate one additional digit graphically. Figure 
24 shows the points on the graph for which x = 1.75 and x - 1.70. The 
line connecting these points crosses the r-axis at x about 1.755. Hence 
tliis value is approximately equal to a root of the given equation. 



Example 2. Find to two decimal places each of the real roots of 

f(x) = X* + 3x^ — X — 4 = 0. 

Sohdion. A rough graph of f{x) may be made by using a few integral 
values of x. The graph crosses the x-axis between -3 and -2; -2 and 
- 1 ; and again between 1 and 2. The desired accuracy in the approxima- 
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X 

/U) 

-3 


-2 

2 

-1 


0 

-4 

1 

-1 

2 

14 



tions to these roots may be obtained by considerinK eacli separately. We 
show the necessarj* computations for the smallest of the three roots. 


1 + 3.0 - 1.00 - 4.000 
- 2.1) - 0.21) + 3.741 



1 + 0.1 - 1.29 - 0.201) 


1 + 3.0 - 1.00 - 4.000 
- 2.8 - 0.50 + 4.308 



1 + 0.2 - 1.50 + 0.308 

The root lies between -2.9 and -2.8. From Figure 20 we estimate the 
third digit, and have x = -2.80. The other roots to two decimal places, 
as the reader should verify, are x = —1.25 and x = 1.12. 



In the two e.vamples we have found appro.Mmations to the real roots of 
cubic equations. The process, of course, is applicable to equations of 
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higher degrees Further, a root ean be obtained to as many decimal places 

as desned. It is evident, however, that the computations increase in 

tediousness with the degree of the equation and with the accuracy required 
m the result. j h 


Exercise 80 

Find to two decimal places the real root of each of the following equations: 


1. j:-* + 3/ - 8 = 0. 

3. _ J.2 _ 2 = 0. 

6. + 3x - 27 = 0. 

7. + 3j2 ^ 5j _ 2 = 0. 

9. x* + 3x* + 3 j - 8 = 0. 

11. 3x^ + 4j:- — j: — 14 = 0. 

Find three roots to two decimal places: 
13. — I -f 4 = 0. 

16. - 6x2 + 8 j + 1 ^ Q 

17. X* - 4x2 + 3x + 1 ^ Q 

19. 4x2 _ 12^2 + + 5 » 0. 


2. i2 + x- 14 = 0. 

4. I* - 3x2 + _ 3 = Q 

6. x2 + 2x - 5 = 0. 

8. x* - 2x2 - 8 = 0. 

10. 2x* + 6x2 + 6x - 3 = 0. 
12. 2x2 - 3x2 - 3x - 6 = 


14. x* - 3x2 - 2x + 1 ^ Q 
16. x» - 5x2 + 3x + 8 = Q 

18. x’ - 9x2 4 . 24x - 17 = 0. 
20. 3x* - 5x2 - 4x + 3 = 0. 


Find the indicated root to two decimal places: 

21. x^ — X — 3 = 0; the root between I and 2. 

22. X* + 2x2 _ 2 = 0; tlie root between 0 and 1. 

23. x^ + x2 — 6x — 15 = 0; the root between 2 and 3. 

24. X* — x2 -f x2 — 3x — 4 = 0; the root between 1 and 2. 


120. Transformations of Equations. If the equation f(x) = 0 has the 
unknown x replaced by another e.xpression, a new equation is obtained. 
That is, the given equation is transformed into another equation. Wc 
shall consider two particular wa 3 's of transforming equations. These trans¬ 
formations will be applied to polynomial equations, or rational integral 
equations, and will be used in approximating irrational roots bj' the method 
discussed in the following section. 

A. Transformation to ch/^nge the sign of each root. If we substitute 
X = —y in the equation 

flox" + oix"”* H-1- o„_ix + a„ = 0, 

we obtain 

ao(-y)" + H-+ a»i-i(-|/) + £i« = 0. 

It may be readily noticed that if r is a root of the first equation, then —r 
is a root of the transformed equation. Also it may be noticed that the 
equation in y may be w’ritten so that it and the given equation have equal 
coefficients for all corresponding even powers of the unknown.^, and that 
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the correspoiKiing odd powers of the unknowns have coefficients numerically 
equal but opposite in sign. Hence we state the following nile. 

Rule. To ohlain an equation each root of u'liich is numerically equal to 
a corresponding root of a given equation, but opposite in sign, change the 
signs of the coefficients of the odd powers of the unknown. 

Example 1. Form an equation whose roots are numerically equal but 
opposite in sign to the roots of 

- 2x^ - I3x- + 38.r - 24 = 0. 

Solution. Following the rule, we obtain at once 

x^ + 2x^ - 13x- - 38x - 24 = 0. 


It may be verified that 1, 2, 3, —4 are the roots of tlie given equation, and 
that tho.se of the transformed equation are — 1, —2, —3, 4. 


B. Transformation to decrease each root of a given equation by a constant. 
By substituting x = y + h m the equation 

floi" + aix””* H-h a„_2X" + a„_ix + a„ = 0, (1) 

we get 

ao(!/ + /i)" + ady + ft)"-' + -.. + + hf _{. a„_dy + ft) + a„ 

= 0 . ( 2 ) 

By e.xamining these equations it may be observed that if r is a root of 

the given equation, then the transformed equation i.s satisfied by ^ = r - ft. 

Consequently, each root of the given e<iuation decreased by ft is a root of 
the new equation. 

If the binomials of equation (2) are expanded and like powers of y are 
collected, the resulting equation is of the form 

Oof/" + diy"-' H- + A„_2!r + + .4„ = 0. (3) 

To find the unkno«-n coefficients .4 1 , A^, • • we use the device of sub¬ 
stituting y — X — h. That is, we write 

<. 0(1 - hr + . 1.(1 - hr~' + • ■ ■+- nr + + . 4 „ 


= 0. 4) 


Now this second substitution gives an equation whose left member is iden- 

wri, r f ‘ (1). “-J 1''= 

wntten m the same form. Then if we divide each of these equations by 

X - h, the remainder in each case is the same. From equation (4) it may 
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be seen that the remainder is A„. The quotient is 

00(2: — /i)” ‘ + Aiix — h)”~^ H- 1 - A„- 2 {x — A) + A„^i. 

Dividing this quotient by x - h, we obtain the second remainder An^u 
and by dividing the second quotient by x - h, we have the remainder 
This process may be continued until .4, is obtained as a remainder. 
Then if we use the given equation and carrj* through the divisions here 
described, the coefficients Ai, A 2 , ■ ■ .4n may be had from the set of re- 

maindere. Hence we state the follo^nng rule. 

Rule. To transform a given equation /(x) = 0 info an equation each root 
of which is a constant h less than the corresponding root of the given equation, 
take the following steps: 

1. Divide /(x) by x — h. 

2. Selling the remainder aside, divide the quotient of step 1 by x — h. 

S. Divide the quotient of step 2 by x — h, and continue the process until a 
constant quotient (oo) fs obtained. 

4 . Start with the final quotient and then fake the remainders in the reverse 
order from which they were obtained and write these numbers as the coefficients 
of the powers of the unknown in descending order. 

Tile roots of an equation may be increased by decreasing them by a 
negative number. That is, to increa.se the roots by h the divisions would 
be made by using x A- h as the divisor. 

Example 2. Obtain an equation each root of which is 3 less than the 
corresponding root of the equation 

f(x) = 2x^ — 4x^ + 7x — 6 = 0. 

Solution. We divide /(x) and the successive (piotients by x — 3 to 
compute the coefficients of the transformed etjuation. 



2 - 

4 

+ 7 

- G 1 3 




+ 

0 

+ 6 

+ 39 I— 



First quotient: 

2 + 

2 

+ 13 

+33 

•^3 

= 33. 


+ 

f) 

+ 24| 




Esecond quotient: 

2 + 

8 

+ 37 


A 2 

= 37. 


+ 

6 





Constant quotient: 

2+ : 

14 



Ai 

= 14. 


The required equation is 2x-^ + Ux‘ + 37x + 33 = 0. The roots of this 
equation are equal to the roots of the given equation decreased by 3. 
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Exercise 81 

Write equations whose roots are numerically e<iual but opposite in sign to the 
roots of the following c<iuations: 

1 . - 3j: + 5 = 0. 2. 3x-+ Gx - \ = 0. 

3 . + -I/- + X + 3 = 0. 4. 2x» - 3x -f 4 = 0. 

6. x’ + 6x’ - 4x- - 2x - 1 = 0. 6. x^ - 3x^ - 2x- - X - 3 = 0. 

Form equations wlmse roots are equal to the roots of the following equations 
less the number indicated; 

7 . j! _ + 20 = 0; 3. 8. x- - Ox + 20 = 2; 2. 

9. x» + 3x* + 4x - 12 = 0; 1. 10. x^ - Sx* + 7x - S = 0; 2. 

11. 3x* - 5x- - 12 = 0; 1. 12. x* - 4x' - 6x - 2 = 0; 4. 

13. 4x’ + 8x* + 5x 4- 3 = 0; -1. 14. 2x* + 7x- - 9 = 0; -3. 

16. 2x> - 3x= - 10 = 0: 3. 16. x» - 5x- + 3x - 2 «= 0; 0.2. 

17. x» - lOx- - 1 * 0; 0.5. 18. 3x» - 5x- - 4x + 3 = 0; 0.6. 

121. Homer’s Method of Approximating Irrational Roots. In Section 
119 irrational roots of polynomial equations were approximated by the 
method of successive enlargements. We shall now show another way of 
computing irrational roots to any desired degree of accuracy. This method, 
which we shall explain in an example, is called Homer’s method. 

Example. Find to three decimal places the positive root and the numeri¬ 
cally larger negative root of the equation 

fix) = + 3x== - X - 4 = 0. 

Solution. The graph of the function = x^ -|- 3x- - x - 4 is sho^rn in 
Figure 25, Section 119. From the graph we notice that the positive root 
is between 1 and 2, and that the desired negative root is between —2 and 
-3. We shall solve first for the positive root, using the following proce¬ 
dure: 

First, transform the given equation into an equation whose roots are 
diminished by 1. 

14-3-1-4 1 

+ 14-4 4-3 — 

1+4 4-3 - 1 
+ 1+5 

1 + 5 4-8 
+ 1 


1 + 6 
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The transformed equation is 

fiM = + &r, - 1 = 0. 

The roots of this equation are equal to the roots off(x) = 0 diminished by 
1. Hence the new equation has a root between 0 and I which corresponds 
to the root between 1 and 2 of the given equation. We next find the suc¬ 
cessive tenths between which the root of= 0 lies. To get a sugges¬ 
tion as to the approximate location of the root we neglect for the moment 
the first two terms of/ifj:!) = 0. These two terms are likely small in com¬ 
parison ^ith the other terms since they contain higher powers of a number 
between 0 and 1. Then, omitting the first two terms, we write 

8^1 —1=0 and Xi = O.!"*". 

This rough approximation is called the trial divisor. Then trj-ing the trial 
divisor and values near it, we find 

/i(O.l) = -0.139 and /i{0.2) = 0.848. 

Since /i(Ji) = 0 has a root between 0.1 and 0.2, the next step is to 
transform the equation so that the roots are decreased by 0 . 1 . 

I + C.O + 8.00 - 1.000 0.1 

-hO.l -l-O.Cl +0.8G1 - 

l-f-6.1 + 8 .CI -0.139 
+ 0.1 +0.G2 

1 + G.2 + 9.23 
+ 0.1 

1 + 6.3 

The second transformed equation is 

f2(x2) = + 6.3X2=" + 9.23X2 - 0.139 = 0. 

This equation has a root between 0 and 0.1 which corresponds to the root 
of fi(xi) = 0 between 0.1 and 0.2. We now find a trial divisor from the 
equation 9.23x2 - 0.139 = 0 and get xj = 0.01+. Computing, we get 
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{ 2 ( 0 . 01 ) = -O.CMGOOO and / 2 ( 0 . 02 ) = 0.04812S. The root being between 
0.01 and 0 . 02 , we transform / 2 (j' 2 ) = 0 to decrease the roots by 0 . 01 . 

1 + 6.30 + 9.2300 - 0.130000 0.01 

0.01 + 0.0631 + 0.092931 - 

1 + 6,31 + 9.2931 - 0.046069 
+ 0.01 + 0.0632 

1 + 6.32 + 9.3563 
0.01 

1 + 6.33 


Thus we obtain the third transformed equation 

/sl-Ts) = X 3 ^ + 6.33V + 9.3563J-3 - 0.046069 = 0. 

This equation ha.s a root between 0 and 0.01 corresponding to the root of 
/ 2 {x 2 ) = 0 between 0 and 0.1. Using the lirst two terms of = 0, 

we find X 3 = 0.0049+, or, rounding off. = 0.005. 

From these successive transformations we know tiiat the root between 
1 and 2 of the given equation is approximately 

I = 1 + 0.1 + 0.01 + 0.005 = 1.115. 

The firet three digits are correct, and the 5 appears to be the best digit for 

the third decimal place. If greater accuracy is desired, the process can be 
continued. 

To compute the negative root between -2 and -3, we transform/(x) = 0 

into an equation whose roots are of the same absolute value but of opposite 
signs. That is, we solve the equation 


/(_x) = -x^ + 3x2 + X - 4 = 0 


- 3x2 - X + 4 = 0, 


for .ts rool bctrvoon 2 and 3 and take the negative of the value so obtained 
Proceeding m just the same way as before, but omitting the discus,sion' 
we put the computations in the compact form sliown below. It mav be 

M Th , k r ; ' T'. ^ ‘■•““^fonned equation is not help¬ 

ful. This IS due to the fact that the root of the equation is not near enough 
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to zero to make the higher degree terms small 
two terms. 


in comparison with the last 


I -3 - 1 +4 2 

+ 2 -2 -6 — 


1-1 -3 -2 
+ 2 +2 

I + I - 1 
+ 2 

1+3 

1 +3.0 - 1.00 - 2.000 0.8 

+ 0.8 + 3.04 + l.r>32 - 

1+3.8 + 2.04 - 0.3G8 
+ 0.8 + 3.68 

1 + 4.6 + 5.72 5.72x2 - 0.368 = 0. 

+ 0-8 X2 = 0.0(i+. 

1 +5.4 

I + 5.40 + 5.7200 - 0.368000 I 0.06 
0.06 + 0.3276 + 0.302856 > - 

1 + 5.46 + 6.0476 - 0.005144 
+ 0.06 + 0.3312 

1 + 5.52 + 6.3788 
+ 0.06 

1 + 5.58 

+ 5.58x3= + 6.3788^3 - 0.005144 = 0. 

6.3788x3 - 0.005144 = 0, and xg = 0.0008+, or 0.001. 

Hence x = — {2 + 0.8 + 0.06 + 0.001) = —2.861, approximately. 

Having found the approximations 1.115 and —2.861, we can quickly 
obtain an approximation to tlie third root. The sum of the three roots of 
the given equation is —3 (Section 115). Hence, if r stands for the third 
root, we have r + 1.115 — 2.861 = —3, and r = —1.254. 
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Exercise 82 

Use Horner’s method to find a root to three decimal places; 

1. j* + 3x- + 6x - 4 = 0. 2. + 3z- + 4 j - 12 = 0. 

3. X* + 2 - - 1 = 0. 4. j* - ox* + 7x - S * 0. 

6. X* - 3x- + ox - S = 0. 6. x^ - ox- + 7x - 11 = 0. 

7. 3x’ - 5x= - 12 = 0. 8. 2x^ + 3x- - 3x - 10 = 0. 

9. 4x’ -f 12x* + 12x - 5 = 0. 10. 2x* - 3x- - 10 = 0. 

Use Horner’s metho<l to fincl all the roots to three tiecima! places; check by add¬ 
ing the roots. 

11. x^ - 4x + 1 = 0. 12. x^ - 5x - 3 = 0. 

13. X* - 2x* - 4x -I- 7 = 0. 14. x’ - X- - 2x -I- 1 = 0. 

16. x^ - X- - 4x + 2 = 0. 16. 3x^ -|- 4x- - 5x - 3 = 0. 

17. 4x* - 8x + 1 = 0. 18. 2x* + 5x- -j- X - 1 = 0. 

Eacli of the following equations has two real roots and two imaginary roots. 
Use Horner’s method and compute the real roots to two decimal pLices. 

19. x’ - lOx - 10 = 0. 20. x‘ - 6x- - 12x -f- .5 = 0. 

21. X* -f 3x’ -I- 7x2 + 9x + 1 = 0. 22. x< + x^ -|- 3x - 4 * 0. 

23. X* + 2x2 - 3x - 5 = 0. 24. x‘ - x - 10 *= 0. 
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COMPLEX NUMBERS 


122. The Fundamental Operations with Complex Numbers. We have 
already introduced complex numbers with imaginar>’ parts and have per¬ 
formed the four fundamental operations on quantities of this kind. In 
this chapter we shall consider complex numbers in more detail. Before 
proceeding with this material, however, tlie student is urged to read care¬ 
fully Section 04 again. 

As we have seen, a quantity of the form a -1- bi, where a and b are real 
numbers and i = V^, is a complex number. The operations of addition, 
subtraction, multiplication, and division of complex numbers are governed 
by the following definitions: 


Sum: (a -f- h0 + (<^ + ^0 = (a + c) -|- (6 -1- d)t. 
Difference: (a + 60 — (c -|- di) = (a — c) + (6 — d)i. 
Product: (a + 6i)(c + di) = (ac ~ bd) {be -f- ad)i. 


a -|- bi 

Quotient: - 

c -{■ di 


(ac + bd) + (6c — ad)i 
+ d^ 


These definitions will be better appreciated if we actually perform the 
operations indicated in the left members of the equations. The operations 
should be carried out just as if all quantities were real, uith the understand¬ 
ing tliat is to be replaced by —1. The right members of the equations 
will then be obtained. This fact is immediately evident for the operations 
of addition and subtraction. For obtaining the product we have 

(a + 6i)(c -j- di) = ac -f adi + 6a + bdi^ 


= (ac — 6d) 4* (6c + ad)t. 

The quotient is obtained by multiplying the dividend and the divisor by 
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the conjugate of the divisor. Thus, 

a + bi {a + 6/)(c - di) {ac + bd) + {be — (id)i 

c + di (c + di){c — di) c' + d' 

123. Graphical Representation of Complex Numbers. The complex 
numhci-s are usually represented by the points on the plane of a rectangu¬ 
lar coordinate system. A number of the form a + bi is represented by the 
point wliose coordinates are (a, b). Thus any complex number determines 
a point in the plane. Conversely, any point of the plane determines a 
complex number. The points on the axes represent special complex num¬ 
bers. Points on the x-axis repre.sent real numbers because the ordinates 
of these points are zero. Similarly, the points on the j/-axis have abscissas 
equal to zero and therefore correspond to pure imaginary numbers. When 
a rectangular coordinate plane is used to represent complex numbei-s the 
j-axis is called the real axis, the {/-axis the pure imaginary axis, and the 
plane is called the complex plane. 

In Figure 27, the correspondence between some complex numbers and 
points is indicated. 



The sum of two complex numbers may be found graphically by construct¬ 
ing a parallelogram. The two points representing the numbere are opposile 
vertices and the origin is the third vertex. The fourth vertex of the paral¬ 
lelogram thus determined represents the sum. This method of adding can 
be verified readily by an examination of Figure 28. 
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The difference of two complex numbers is obtained graphically by chang¬ 
ing the sign of the subtrahend and then adding. 

124. The Polar Form of a Complex Number.* A complex number ex¬ 
pressed asa -\-bi is said to be in rectangular form. This name comes from 

the plan of representing the number 
in a rectangular coordinate plane. 
We next show how to express a com¬ 
plex number in another useful form. 

The point P (Fig. 29) correspond¬ 
ing to the number a -f- bi has the co¬ 
ordinates (a, 6). The distance from 
the origin to P is denoted by r, and 
the angle from the positive real axis 
to the distance segment is denoted 
by d. The distance r (chosen posi¬ 
tive where P is any point other than 
the origin) is called the absolute 
value, or modulus, or the complex number. The angle 0 is called the 
amplitude, or argument. 

Referring to the diagram, we have the relations 

/- b 

r = V 4- and 0 = arc tan -• (1) 

a 

Further, we may write 



a = r cos 0 and 6 = r sin 0. 



Hence it follows that 

a bi = r (cos 0 + i sin 0). 


• An understanding of trigonometry is needed in the remainder of tliis chapter. 


(3) 
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The expression rfcos 0 +/sin 0) is called the polar, or trigonometric, 
form of a complex number. The angle $ in this form may be changed by 
any integral multiple of 31)0° without altering the sine or cosine of the 
angle. Hence a complex number can be expressed in the more general 
polar form 

r(cos {d + /t-360°) + i sin (6 + t-3r)0°)). 

where k is any integer. We shall soon see an Important use of this form of 
a complex number. 

We note that etjuations (1) and (2) may be employed to change a num¬ 
ber from rectangular to polar form, and vice versa. In applying ecjuations 
(1), however, the value of 0 must be chosen to correspond to the quadrant 
of a given complex number. This is illustrated in the following example. 

Example 1. Plot the number 2\/3 — 2/ and change to polar form. 
Solulion. The point (2\/3, -2) represents the number. The absolute 
value and the amplitude (Fig. 30) are given by 

r = Vl2 + 4 = 4 and 6 = arc tan-= = 330®. 

2V3 

The tangent of loO® is also equal to -2/2-\/3. We reject this angle be¬ 
cause its terminal side is in the second quadrant. The terminal side of 
330° passes through the point which represents the given number. Hence 

2V3 - 2i = 4 (cos 330° + i sin 330°). 



Solution The point corresponding to this number is easily located by 
dra™g the angle GO" in standard position and measuring 5 unils along 
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the terminal side. From equations (2), and also from Figure 31, we have 

a = 5 cos 60“ = 5{J) = | 
and 

/V3\ 5V^ 

6 = 5sin 60“-51 - ) =- 

\2 ) 2 

Hence 

5 5 V 3 

5(cos 60“ + i sin 60“) = - +- i. 

2 2 

Example 3. Express the complex number 4 + Zi in polar form. 
Solution. Since a = 4 and 6 = 3, we have 

r = \/l6 -f* 9 = 5 and arc tan 0 — 0.75. 

In this case we need a table to find 6. Referring to Table IV, page 305, 
we find that d, to the nearest degree, is 37“. Hence, 

4 + 3f = 5 (cos 37“ i sin 37“). 


Exercise 83 


Write the conjugate of each complex number, 
jugate: 


1. 3 + 2i. 

4. 5 + 4t. 

7. -4 - 3t. 
10. 4. 


2. 2 + 3i. 

6. -2 + i. 

8 . 5i. 

11. -3. 


Plot the number and its con- 


3. 4 - 3i. 
6 . 6 - 5i. 
9. -i. 

12. -4i. 


Perform the indicated operations graphically. Check each result by finding the 
sum or difference algebraically: 


13. (4+t) + (l+30. 

16. (3-t) + (-2-i). 

17. (1 + i) - (3 - 5i). 

19. (8 + 6 i)-(-l +40. 
21. (5 - 70 - (30- 


14. (-2 + 20 + (3 + 0. 
16. (7 - 30 + (5 + 40. 

18. (6 + 30 - (-2 + 30. 
20. 2 + (3 + 50. 


Plot each number and write the corresponding pobr form: 


22. 1 + t. 

26. 1 + i\/3. 

28. 2 i. 

31. 

34. ^ - iV^. 
37. 5 - 2i. 


23. 4 - 4i. 

26. 2 - 2i\/3. 
29. -3. 

32. 8V3 - 8 j. 
36. 3 + 4t. 

38. -7 - 24i. 


24. 4. 

27. — \/3 + i. 

30. -i. 

33. - VTS + i\/5. 
36. -2 + i. 

39. 8 + 61 . 
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Change each number to rectangular form: 

40. 2(cos 30® + i sin 30®). 41. 8(cos (>0® + t sin 60®). 

42. \/2 (cos 45® + i sin 45*). 43. cos 135® + i sin 135®. 

44. 5(cos 150® + i sin 150®). 46. 7(cos ISO® + i sin 180®). 

46. 6(cos 270® + i sin 270®). 47. 20(cos 90® + i sin 90®). 

48. cos 12S® + i sin 128®. 49. 2(cos 51® + i sin 51®) 

126. Multiplication and Division of Numbers in Polar Form. The prod¬ 
uct and quotient of two complex numbers may be written immediately if 
the numbers are in polar form. We let 

ri(cos + 1 sin 0 i) and r 2 (cos 0y ■+■ i sin ^ 2 ) 

stand for two complex numbers. Multiplying these numbers in the usual 
way and applying the trigonometric formulas for the sine and the cosine 
of the sum of two angles, we obtain 

[r,(cos di + i sin 0 i)](r 2 (cos B* + i sin 02 )) 

= r,r 2 [cos cos sin Bx sin B 2 + i cos sin B 2 + i sin cas 

= rir2((cos 01 cos 02 “ sin 0i sin 02) + t(sin 0, cos 02 + cos 0i sin 02)1 

= rirslcos (0) + Bo) + i sin (0j + 02)). 

This formula for the product of two complex numbers can be easily re¬ 
membered in worded form. 

Theorem 1. The absolute value of the product of two complex numbers is 
equal to the product of their absolute values. The amplitude is equal to the sum 
of the amplitudes. 

This law of multiplication may be applied repeatedly to give the product 
of three or more complex numbers. Thus for three numbers we have 

r,(cos 0 , -h jsin 0 i)-r 2 (cos 02 + i sin 02 )-r 3 (cos 03 + isin 03 ) 


- rir2r3(cos (0i + 02 + 03) + i sin (0, + 02 + 03)]. 

To find the quotient of (cos 0i + i sin 0,) divided by ro(cos 62 + i sin 0,) 
we multiply the dividend and divisor by (cos 02 - j sin 02). Thus we have 


r, (cos 01 -I- I sin 0,) ^ ri(cos0i + t sin 0,)(cos 02 - i sin 02) 
r2(cos 02 -h i sin 02) i7(cos 02 + i sin 02) (cos 02 - i sin 03) 

^ >-d(t-os 01 cos 02 + sin 0, sin 02) + t(sin 0, cos 0, - 

rafeos^ 02 -h sin^ 02 ) 

ri 

= — (cos (01 — 02) -f- i sin (01 — 02)1. 

^2 


cos 0] sin 02)] 
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We state this formula for the quotient of two complex numbers in the fol- 
ioA\-ing verbal form. 

Theorem 2 . The absolute value of the quotient of two complex numbers is 
the quotient of their absolute values. The amplitude is the amplitude of the 
dividend minus the amplitude of the divisor. 

The product and quotient of two complex numbers can be obtained 
graphically. To find the product of the numbers ri(cos Bi + i sin 0i) and 
r 2 (cos 62 + f sin 02 ). draw the angle { 61 + 62 ) in standard position and 
measure off a distance along the terminal side equal to rir 2 . To find the 
quotient of ri(cos 0 i + i sin 0 i) divided by r 2 (cos 02 + fsin 02 ). draw the 
angle { 6 x — 62 ) in standard position and measure off a distance of ri -r r 2 
along the terminal side. 

Example 1. Express the numbers — 1 + t\/3 and 3 — 3i in polar form 
and find their product. 

Solution. We have for the polar form 

-1 + iVS = 2 {cos 120 ^* + f sin 120 ®) 
and 

3 - 3i = 3V2(cos3I5® + j sin 315®). 

Hence, 

(-1 + iVZ )(3 - 30 = Gv^fcos 435® + t sin 435®) 

= GV^feos 75® + i sin 75®). 

Example 2. Find the quotient of I2(cos 30° + i sin 30®) divided by 

3(cos70® + isin70®). 

Solution. Applying the formula for division, we obtain 


1 2(cos30° + tsin 30°) 
3{cos 70® + i sin 70®) 


= 4lcos(-40®) + isin(-40®)] 
= 4(cos320® + isin 320®). 


Exercise 84 

Perform the indicated operations and express each result in rectangular form: 

1. 2(cos 30® + i sin 30®) • 6(cos 60® + i sin 60®). 

2. 4(cos 60® + i sin 60°) -Ofeos 120® + i sin 120®). 

3. 3(cos 40° + i sin 40®) cos 50® + i sin 50°). 

4 7(cos no® + i sin 110°) (cos 10® + t sin 10®). 

6. 6(cos 175® + i sin 175®) -J- 2(cos 25® + t sin 25®). 

6 10(cos 90® + i sin 90°) ^ 5(cos 0® + i sin 0°). 

Y 8(cos 125® + i sin 125°) 4(cos 35® + i sin 35°). 
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8. 9(cos 2:u® + i sin 231®) ^ (cos 51® + « sin 51®). 

9. (cos 314® + i sin 314®) (cos 2<59® + i sin 209®). 

10. 20(cos 10® + t sin 10®) ^ 4(cos 70® + i sin <0®). 

11. 4(cos 20® + i sin 20®) -3(003 340® + t sin 340®). 

12. 13(oos 185® + i sin 18o®)-2(cos 145® + « sin 145®). 

13. :l(cos 20® + i sin 20®) ^(cos 30® + « sin 30®). 

14. (cos 90® + i sin 90®) (cos 50® + i sin 50®). 

Expre.ss tlie numbers in polar form and tlien perform tlie in(licate<l operations: 

15. (1 - i)(l + iv^). 16. (-\/3 + 0(1 + 0 . 17. (V^ + 0(3 - 30 . 


18. (3 - 30(4 - 40. 

20. 4((5 + 50. 

22. (2 + 20(\/3 - 0(1 - »V3). 


19. (2v^ + 20(l +1-S/3). 
21. 3((1 -tV3)(\/3 + 0. 


23. 


26. 


1 +i 


1 +i-v/3 
4 

3v^ - 3i 


24. 


27. 


2-s/3 - 2i 
I - i V5 
3 + 3( 

5( 


25. 


28. 


2 - 2 i 


4 + 4i'n/3 


2 i 


126. De Moivre’s Theorem. By direct application of the law of multi 
plication of complex numbers we obtain 


and 


(r(cos $ + i sin 0))^ = r^(cos 20 + i sin 20) 
lr(c‘os 0 + I sin 0)f = r^(cos 30 + i sin 30). 


These rcsull.s suggest that the multiplication may be continued and that, 
for any positive integer n, we will have the formula 


(r (cos 0 + I sin 0)]" = r" (cos n0 + i sin n0). (1) 

This formula, known as De Moivre’s theorem, ha.s been proved to hold 
not only for positive integral values of n but for all real values of n. Omit¬ 
ting the proof, we shall apply the formula where n is a positive integer or 
the reciprocal of a positive integer. That is, we shall find positive integral 
powers and roots of complex numbers. 

To find the nth roots of r(co5 0 + i sin 0), we replace n by I n in formula 
(1) and have 

[r(cos0 + ism0)l''’' = v'r (cos- + i sin-V 

V n n/ 

If n is taken as a pasitive integer and is restricted to the positive (prin¬ 
cipal) root, it appears that there is only one nth root. For integral valiie.s 
of k, however, we may write 

r(cos0 -h ism0) = r(cos (0 + k-ZGO^) + tsin (0 + k-ZG0')l 
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and hence 

fli •• flMi/n 6+ *•360® 0 + ft-36O® 

lr(cos 0 + I sm 0)1*'" = V r (cos --f- i sin- 

\ n n 

The right member of this equation may take n distinct values by assigning 
to k the values 0, 1, 2, • • n — 1. Any other integral value of k yields 
a repetition and not a new root. Thus there are n different nth roots of 
any nonzero number. Also, it may be observed that the amplitudes of 
the roots are such that graphically the roots are equally spaced about the 
circumference of a circle of radius 

Example 1. Find the eighth power of the number (1 + is/Z). 

SoUdion. Changing to polar form and then using formula (I), we obtain 

(1 + iVZ f = [2(cos 60® + i sin 60®)]® 

= 2®(cos480® + isin 480®) 

= 256(cos 120® + tsin 120®) 

= -128 + 128tv^. 



Example 2. Find the cube roots of —8. 

Solution. We express —8 in polar form and use formula (2). Thus 


and 


-8 = 8(cos (180® + A--360®) + i sin (180® + A-360®)) 


- 8 )*^ = 2 ^^ 


180® + A-360® 180® + A-360® 

cos-f- i sin- 


) 


Giving k the values 0, I, and 2 in succession, we get 



[2(cos 60® + i sin 60®) = 1 + iVz, 
'2(cos 180“ + isin 180®) = -2. 
.2(cos300®+ isinSOO®) = 1 - iV^. 


The numbers 1 + iy/Z, -2, and 1 - i\/3 are the rectangular forms of 
the cube roots of -8. These are all the cube roots of -8; any other in¬ 
tegral value for k gives a repetition of one of these roots. In particular, 
if the values 3, 4, and 5 arc assigned to k, the roots are repeated in the 
order just mentioned. 

Example 3. Find the five fifth roots of —16 + lOiV^. 

Solution. Changing the number to polar form, we have 


-16 + lOiVi = 32(cos (120® + A-360®) + fsin (120® + A-360®)). 
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Then 

(-16 + 16i\/3)^^ = 2^ 


120* + t-3(30* 120* + i-360* 

cos-^-h I sin-::- 


) 


We assign 
fifth roots. 


k the values 0, 1, 2, 3, and 4, in succession and obtain the desired 
Thus, 

‘2(cos24*+ jsin 24*), 

2(cos9(>° + I sin 90*), 

2(cos 108* + i'sin 108*), 

2(cos240* + fsin 240°), 
l2(cos312*+ i sin 312°). 


(-16 + lOiV^)^ = 


Each of these fifth roots —16 + 10i-\/3 could be changed to rectangular 
form by finding the values of the trigonometric functions involved. We 
show the roots plotted in Figure 32. 



Exercise 86 


Find the indicated powers in problems 1-14 by use of De 
Leave the results in polar form. 


•Moivre’s 


tiieorem. 


1. l3(cos 20* + i sin 20*)]*. 

3. [2(co3 118* + I sin 118*))*. 

6. l4(cos 50* + i sin 50*)]*. 

7. (cos 70* +I sin 70*)‘“. 


2. |2(cos 35* + i sin 35*)]*. 

4. l5(cos 220* + I sin 220*))*. 
6. (cos 10* + i sin 10*)». 

8. (2(cos 300“ + i sin 300''))*. 
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9. (l+i)\ 

12. (1 +V3)«. 
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10. (1 - t)6. 

13. (--v/S + iV®. 


11. (-v/3 - 0*- 
14. (2 - 2i)^ 


Find tlie indicated roots in each problem 16-26. Leave the results in polar 
form. Plot the roots of each number. 


16. (16(cos80’ + isin80*))'<. 

17. [27(cos loO" + isin 150“)p. 
19. (cos 100° + tsin 100°)^. 


21 . ( 1 + 0 ^ 

24. (-625)« 


22 . 

26. (81)«. 


16. (2o(cos 134° + isin 134°))^ 

18. [81(cos 160° + isinI60°)]’‘. 
20. (lC(cos 280° + I sin 280°)J>^. 

23. (-O'i. 

26. (-27)'‘. 


Find the indicated powers and roots, giving each result in rectangular form; 


27. l2(cos 50° + i sin 50°)J®. 
29. (cos210°+isin2l0°F. 


28. I3(cos 36° + I sin 36°))^ 
30. (cos 120° + isin 120°)^ 


34. (5 + i)^ 




36. (3 - 2i)'^. 


36. (H-i-s/3)« 


Solve the following equations: 


37. + 1 = 0. 


38. - 1 = 0. 


39. x*-i^ 0. 


40. I* + (1 - i)x - i = 0. 


41. z* - 2z + (1 + i) = 0. 
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1>\RTI.\L FRACTIONS 


127. Introduction. Wo Imve combine<l fractions into a sinsle fraction 
by tiic process of addition. In certain matbeniatical situations, particu¬ 
larly in calculus, it is necessary to perform the inverse operation; that is, 
to express a fraction as the sum of simpler fractions. The resulting frac¬ 
tions are called partial fractions. 

We .shall consuler fractions in which the numerator and denominator of 
each arc polynomials in one variable. A fraction of this kind is called a 
proper fraction if the degree of the numerator is less than the degree of the 
denominator. Otherwise, the fraction is an improper fraction. An im¬ 
proper fraction can be expressed as the sum of a rational integral part and 
a proper fraction by dividing the numerator by the denominator. Hence, 
in finding partial fractions, we need to consider proper fractions only. Ac¬ 
cordingly our problem in this chapter is that of separating, or resolving, 
proper fractions into partial fractions. 


Illustrations: 

-1- 2.3j - 18 
(2 j- l)(x-|-2)Cr- 1) 
2x^ - 5x^ - 3x -b 10 


is a proper fraction. 


an improper fraction. 


The first of these fractions is the sum of three fractions. The second is 
the sum of a rational integral part and two proper fractions. These state¬ 
ments may be verified by adding the quantities in the right membej-s ol 
the following equations. 

+ 23x — 18 5 4 2 

(2x - l)(x-b 2)(x - 1) 2x - 1 X -b 2 '*' 7- r 

2x^ — 5x^ — 3x -b 10 2 1 

- -5 -^-= 2x - 5 -b- 

^ 1 - 1 X -b 1 

253 ^ 
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In adding fractions a common denominator is used which has each of 
the separate denominators as a factor. Conversely, one might conclude 
that the denominators of the partial fractions are factors of the denominator 
of the given fraction. Although this conclusion is correct, it does not fully 
suggest a procedure for our problem. The process of finding partial frac¬ 
tions is based on a theorem whose proof is beyond our present stage. Hence 
we shall assume the following statements concerning a proper fraction in 
its lowest terms: 

1. Corresponding to each linear factor ax + b of the denominator there will 
be a partial fraction 

A 

ax -j- b’ 

v'here A is a constant. 

2. Corresponding to each repeated linear factor (ax -f- of the denomi¬ 
nator there mil be k partial fractions 


+ 


ax + b (ax + by 


+ ••• + 


Ak 


(ax + b)*- 


where A\, A 2 , Ak arc constants and Ak ^ 0. 

S. If ax^ bi + c is a factor of the denominator, and not the product of 
two real linear factors, then corresponding to this quadratic factor there u'ill 
be a partial fraction 

Ax + B 
ax^ A- bx -i- c' 


where A and B are constants. 

^ If ax^ + bx + c is not the product of two real linear factors, then corre¬ 
sponding to the repeated factor (ox^ + bx + c)*' of the denominator there will 
be k partial fractions 


A\X + B] 


+ 


A2X + B2 


ax^ + bx -i- c (ax^ + bx + c)' 


+ ••• + 


AkX + Bi 


(ax- -h bx + c) 


k* 


u’hereA,, Bi, A 2 , B 2 , Ak, Bk are constants with Akond Bk not both zero. 

We shall show illustrative examples for each of the four types of factors 
mentioned in the assumplion.s. 

128. Case 1. We first illustrate the case in which the factors of the de¬ 
nominator are linear with no factor repeated. 

+ 23x - 18 

(x~ I)(x + 2)(2r- 1) 


Example. Separate 


into partial fractions. 
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Solution by Siibstiliilion. In aceordnnio with item 1 the partial fractions 
l,ave the denominato.^ x - 1. x + 2. 2.r - 1. and their numerator, are 

constants. Hence we write 


j' + 23x - 18 


+ 




+ 


( 1 ) 


(x - l)(x + 2)(2 j - 1) x-1 x + 2 2x - 1 

the constants .1, fi. and C are to be determined so that this equation is 
an identity. To facilitate their determination we clear eciuation (1) of 
fractions and have 


+ 23x - 18 

= A{x + 2){2x - 1) + B{x - 1)(2x - 1) + C(x - l)(x + 2). (2) 

This equation, also an identity, must he true for any value which is assigned 
to X (Sec. 113, Theorem 4). The most convenient values are 1,-2, and L 
The constants are readily found by substituting each of these values in 
turn in e(|uation (2). 


For X = 1; 
For X = —2: 
For X = i: 


1 4- 23 - 18 = /1(3){1) and A = 2. 

4 _ 40 - 18 = /i(-3)(-5) and K = -4. 
i + 5^2^-- 18 = C(-i)(5) and C = 5. 


Therefore, 

x2 4- 23x - 18 _ 2 _ 4 5 

(X - l)(x + 2)(2x -T) ~x-l x + 2 2x-l 

Solution by Equating Coefficients. We may evaluate the constants A, B, 
and C in equation (2) by u.sing the fact that the coefficients of like powers 
of X in the two members of the equation are c<iual. To follow this plan we 
perform the indicated multiplications and collect like terms. Thus we ob¬ 
tain 


x^ + 23x - 18 

= (2.4 + 2B + C)x2 4- (3.1 -ZB + C)x + (-2.4 + B - 2C). 
F.quating the coefficients, we obtain 

2.4 + 2B + C = 1, from coefficients of x*, 

3.4 — 3B + C = 23, from coefficients of x, 

—2.4 + B — 2^ = —18, from the constant terms. 

Solving this system for .4, B, and C, we find, as before, .4 = 2 B = -4, 
C = 5. 
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Either the method of substitution or the method of equating coefficients 
of the like powers of the variable may be used to determine the unknown 
constants. The substitution method works particularly well when the 
factors of the denominator are linear. Frequently, however, it is advan¬ 
tageous to combine the two methods. 


Exercise 86 


Resolve into partial fractions and check by addition: 


1 . 


4. 


7. 


X ~ 5 


ix -h l)(j- - 1) 
7x -8 

(2.r - \)(x - 2) 
llx -h I 
lix- -2x - 


10 . 


13. 


16. 


4j-^ - 9/ 

4J-- - 27j + 20 
(/-3)(j-4)(jr-|-2)‘ 

_15_ 

(2/ -h 1)(3 j - l)(4x - 1) 


2 . 


6 . 


8 . 


11 . 


x(x + 3) 

3j - 7 

(3x -i- 1){3x - 1) 
3x + 1 
2/2 - X - o' 

8 / - 8 

J.3 _ 2x3 - 8/' 

14. 

16. 


3. 

6 . 

9. 

12 . 


7x - 16 


(x - 2)(x - 3) 
5 

(/ + l)(2x - 3) 
22 - 4x 
3/2 -f- 2/ - 8* 
5/ - 2 

6/2 — .5x* -j- / 


2/-f-8 


(/ + 2)(/ - 2)(/ -h 1) 
3/2 - 15/ -f- 10 
(1 -/)(2 - x)(3 -/) 


129. Case 2. ^^^len the denominator is the product of linear factors 
with one or more repeated, we assign denominators to the partial fractions 
in accordance with item 2, Section 127. 


Example. Resolve 


4/2 - 13/ 
(/ -h 3)(/ - 2) 


into partial fractions. 


Solution by Substitution. This fraction is the .sum of partial fractions with 
X Z, X — 2, and (/ — 2)^ as denominators and with constant numerators. 
Hence, 

4/2 — 13/ A 


B 


+ 


+ 


(/ + 3)(/ - 2)2 / 4- 3 / - 2 (/ - 2) 


( 1 ) 


Clearing of fractions, we obtain 

4/2 - 13/ = /!(/- 2)2 + B(x + 3)(/ - 2) -h C(x -h 3). (2) 

We substitute successively the values —3, 2, and 0 for / in this equation. 
For / = -3: 30 + 39 = 25/1 and A = 3. 

For / = 2: 16 - 20 = 5C and C = -2. 
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Forx = 0: 0 = 4.1 - OB + 3C. 

OB = 4.1 + 3C = 12 - 6 = 6, 

B = 1. 

Hence, 

4r* - 13x 3 _ 1 2 

(I + 3)(x - 2)- "x+"3’^x-2" (X - 2)-' 

Solution by Equating Coejficicnts. To tietermine tlie constants .4, B, and 
C by equating the coefficients of like powers of x, we perform the multipli¬ 
cations indicated in equation (2) ami collect to get 

4x- - 13x = (.4 + B)x- + (-4.1 + B + C)x + (4.1 - OB + 3C). 

Hence, from the coefficients of x", x, and the constant terms, we obtain 

.4 + B = 4 

-4.4 + B -1- C = -13 
4.4 - OB + 3C = 0. 

The solution of this system of equations is .4 = 3, B = 1, C = —2, which 
agrees with the previous determination. 


Exercise 87 


Uesolve into partial fractions: 


1 . 


7. 


10 . 


13. 


16. 


X — 0 
(X - 4)*' 

X* — X — 3 

(X - D’ 

2x- - 2x - I 
(X - 2)(x - 1)*' 

5x2 ^ 3(jj. _ 27 


2 . 


6 . 


8 . 


11 . 


X* - Cx» + 9x2 ■ 

7x2 ^ 2x2 _ 27 j + 14 

(3x 4- 2)(2x - 3)(x - 2)*' 
2x2 + 2x2 -I- 2x 4- 4 


7 - Sj- 
(2x - !)»■ 

18j-‘ 4- 3x 4- 4 
(3x 4- 1)2 

6x2 - iij _ 32 

(X 4-6)(x-b l)2‘ 
x» - 3 x2 4- X - 3 


3. 


6 . 


9. 


12 . 


2x4-7 
(X 4- 3)2' 
x2 - 2x 4- 3 

(2 - x)> 
6x 4- 3 


2x2 


(X 4- l)(x - 1)2 ■ 

7x2 ^ 32_,2 _ 


(X - l)2(x - 4) 
x2 4- 5x - 3 


14. 


16. 


3x» 

32 


(2x - l)(3x 4- l)(x 4- 3)» 
Cx* - 15x2 4 - 9j 3 
~(2x - l)»(x - 2)»‘ 


x(x 4- l)(x -h 2)2 

i. '‘““"''"“'O'' contains a quadratic factor which 

.s not the product of wo real hnoar factors the quadratic factor is the de- 
aommator of one of tl.e part.al fractions. A linear expression i., provided 
tor the numerator of a quadratic denominator (Sec. 127. item 3). 
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- 2oa^ + 21 t - 45 


Example 1. 


Resolve 

{z - 3)(x + 2)(2x^ - a- -f 3) 


into partial fractions. 


Solution. The quadratic factor 2 j^ - j + 3 is not the product of two 
real linear factors. Hence, the partial fractions will have ar — 3, .r -f 2 , 
and 2x^ — x + 3 as denominators. The numerators of the linear denom¬ 
inators are constants, but the numerator of the quadratic denominator 
may be a linear expression. Thus Ave have 


z^ - 25z- + 2Ij - 45 
(x-3)(x + 2)(2j2-3: + 3) 


+ 


B 


+ 


Cz + D 


X - Z X+ 2 2x‘‘ - z + Z 



Clearing of fractions, we obtain 

- 25x2 21 J. _ 45 = A{t -f- 2){2x2 - x + 3) 

+ B(x - 3)(2x2 - jT + 3) + (Cx + i))(x - 3)(x + 2). (2) 

To determine the constants ..1. B, C, D, we shall combine the method of 
substitution and the method of equating coefficients. We first sub.stitiite 
the values 3, —2, and 0 for x in equation (2). 

Forx = 3: -180 = .1(5)(1S) and .4 = -2. 

Forx=-2: -195 = R{-5)(13) and B = Z. 

For X = 0: —45 = (>.4 — OR — GD, 

-45 = -12 - 27 - CD and D = 1. 


Equating coefficients of x^ gives 

1 = 2.4 + 2R + C, 

I = —44"C"}"C and C = — 1. 


Hence, 


x2 - 25x2 4 . 2 ii - 45 


-2 


+ 


+ 


I — X 


(X - 3 )(x + 2 ){ 2 x 2 _ 3 ._|. 3 ) X -3 X + 2 2 x-'-x + 3 

4x2 _ iqj. 2 _ 2/ - 9 • , f 

Example 2 . Resolve (3,. _ ^ ^ 3)(3^2 ^ 

Solution. 

4 x 2 _ , 0 j -2 _ 2 x - 9 ^x + fi Cx+ D 


(2x2 _ I + 3)(3 x2 + j 4 - 1 ) 2x2 - X -b 3 3 ^. 4 . a- 4 . i 


Clearing of fractions gives 
4 x 2 _ 10 x 2 _ 2 x - 9 

= ( 4 ^ 4 . B)(Zz- + X -b 1 ) + (Cx + D)(2x- - X -b 3). (2) 
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To obtain four equations from (2), involving the unknowns A, B, C, an<l 
D, let us e(iuate the coefficients of .r^ and then substitute in turn the values 
0 , 1 , and — I for x. 

Equate coefficients of x^; 4 = 3.1 + 2C. 

Forx = 0: -9 = /i + 3D. 


rorx=l: -17 = 5.1 + 5« + 4r + 4D. 

Forx=-l: -21 = -3.1 + - (iC + GD. 


From the firet two equations of this system, we have 

4 - 3-4 

C = - and B = -9 - 3D. 

2 

Then substituting these results in the other two eijuations, and solving 
for A and D, we get 


.1 = 2 . 

D = -2, 

and finally 


B = 3, 

C = - 1 . 

Therefore, 


4x^ - lOx- - 2x - 9 

2x - 3 X + 2 

( 2 x 2 _ ^ 3J(3j.2 + 1 + 1 ) 

2x2 - X + 3 3J.2 + j _l_ j 


Exercise 88 


Resolve into partial fractions: 

1 - 1 
• (X - 2)(j* + 5)' 

3 - 5x - 3 

' (x + 3)(x»-3x + 3)‘ 

X- -f fix - 1 2 
(I -4)(x 2 - j - 5)' 

3 x^ + 8X- -h Cx - 2 
(X + 2KX+ l)(x* + 2)' 

9 

■ (x+ l)*(x= - x + !)■ 

+ 2)(x5 + 1 ) 

I* + j* - 2x + 1 
' (^* + x + 2)(3x* - x + 1)' 


2 * I 

■ (x+ l)(x* + 3)' 

^ 1 - l.3x - lOx- 

‘ (X - 2)(2x2 + 2x + 1)' 

^ _ X- + Cx - 12 

■ (x + 2)(x* + x + 2)' 

$ 4x» + X- + 14x - 4 

x(x - l)(jJ+"4y~’ 

10 . 

(X - mx'- + X + I) 

2x* + 3x- + 3x + 2 

■ Tax^ + 2)(2xS + 3) ■ 

14. 3x» - 4x- 4- lOx + 4 

(x* + 2x + 2)(x* - 2x + 2t’ 
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131. Case 4. ^ATien the denominator of the given fraction has a repeated 
quadratic factor we form the denominators of the corresponding partial 
fractions as in the case of a repeated linear factor. The numerators, of 
course, are to be linear expressions. 

+ Ax- + Sa* -f 3 

Example. Resolve-r-r into partial fractions. 

(a:+ l)(x'+x+ 1)2 

Solution. We use x + 1 , + a: + 1, and (x^ + x + l)^ as the denomi¬ 

nators of the partial fractions. The numerator of x -j- 1 is a constant; the 
other numerators may be linear expressions. Hence, 

x2 + 4x2 + 5x + 3 _ A Bx + C Z)x + E 

(x + l)(x2 -I- X + 1)2 X + 1 x2 + X + 1 (x2 + X + 1)2 

Clearing (1) of fractions gives 

x3 + 4x2 ^ + 3 = A(x^ + X + 1)2 -I- (Bx + C)(x -1- l)(x2 + X + 1) 

-h(Dx + E){x+l). ( 2 ) 

Substituting —1 for x in (2), we obtain at once A = 1. To get equations 
for finding the remaining constants, we next perform the multiplications 
in the right member of (2). We have, after putting A = 1, 

4^2 + 5 j, + 3 = -h 2x3 + 3x2 -H 2x + 1+ ^(^^4 ^ 2x^ -f 2x2 4 . 

+ C(x3 + 2x2 _|. 2 x + 1 ) + i)(x2 +x) + E{x + 1). 

Collecting gives 

x3 + 4x2 + 5x + 3 = (1 + B)x^ + (2 + 25 -f O-t* 

+ (3 + 25 + 2C + D)x^ + (2 + 5 -I- 2C + 5 + 5)x -h (1 4- C + 5). 

Equating coefficients, we obtain 

1 4 . ^ = 0 , from coefficients of x^, 

2 + 25 4 - C = 1 , from coefficients of x3, 

3 + 25 4- 2C 4 - 5 = 4, from coefficients of x2, 

1 ^ (7 4 _ £■ = 3 ^ from the constant terms. 

The first two of these equations give readily 5 = — 1 and C = 1. Then the 
last two yield 5 = 1 and 5 = 1. Plence, 

3 ^ + Ax^ + 5x-\-S _ 1 _ _ 2 : 4 - 1 _ 

(X 4 - i)(x2 4 - X 4 - 1)^ X 4 - 1 x2 + X 4 - 1 (x2 + x4-1) 
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Exercise 89 


Resolve into partial fractions: 

3/* + 4j- - 5 

1- (x2 + 2)2 

^ 3x2 + .5x + 3 
(x! + r+ 1)2' 
x’ - 2/2 + 9x2 _ iix + 21 

(x2 - X + 4)2 

„ x^ + 4x2 - X + 3 

(x2 + D* 

9 

X(x2 + 3)2 

x2 + 11x2 + yo/i + 25x + 50 
x2(x2 + 5)2 

X* - 0x2 ^ 9j.- _ ,0j + 5 

• ■ (X - 3)(x2 - 2x + 2)2 


x2 + x2 — X + 4 

2- 1)5 

x2 + j 2 + 4x + 1 
‘(x2 + 2)2 

, 2x2 - x2 + Ox - 1 1 
®- (x2 + X + 3)2 

3x* - 13x2 ^ 30J.5 _ 36 j + 27 
®- x(x2 - 2x + 3)2 

10 

x2(2x2 + 1)2 

12 •r- + 4x2-x + 2 
* • (X + 2)(x2 + 2)2 

4x* + 7x2+ 18x2 _ 3x+ 11 
' (2x - l)(x2 + X + 2)2 
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PERMUTATIONS AND COMBINATIONS 


132. Introduction. Permutations and combinations, which we shall de¬ 
fine and study in this chapter, have a strong recreational appeal to many 
people. But aside from this happy interest, they have important practical 
and theoretical applications. As a fii-st step, we shall examine a principle 
whicli is fundamental in the study of these topics. 

An illustration will be helpful in understanding the principle. Suppose 
a governor is to be chosen from three candidates and a lieutenant governor 
from four other candidates. Let us determine the number of dilTercnl 
ways the two positions can be filled. There are three ways of filling the 
office of governor and with each of these po.s.sil)le ways there are four choices 
for a lieutenant governor. Hence, in all, there are 3-4 = 12 different ways 
of making the two choices. In order to check this result we designate the 
candidates for governor by A. B, and C and the candidates for lieutenant 
governor by x, y, z, and w. Then the positions can be filled in any of the 
following 12 ways: 


A 

w 

s\ X 

A y 

A z 

B 

w 

B X 

B y 

B z 

C 

w 

C X 

C y 

C z 


By generalizing the reasoning in this illustration we may make the fol¬ 
lowing statement: 

Fundamental Principle. // a thing can be done in any of m different 
ways and then a second thing can be done in any of n different ways, it follows 
that the total number of different ways in which the first and then the second 
thing can be done is m times n. 

The truth of this principle is easily seen since for each of the m ways 
of doing the first thing there are n ways of doing the second. It is also 
equally evident that the principle may be extended to three or more things. 

^ 262 
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Example 1. How many two-di^it numbers can be made from the digits 
1, 2, 3, 4, 5 if (a) no digit is repeatetl in a number; (b) repetitions are al¬ 
lowed? 

Solution, (a) There are five choices for the tens’ digit, and after a choice 
is made there remain four choices for tlic units’ digit. Hence the total 
passihilities are ;)-4 = 20. The same result, of coui-se, would be obtained 
by tii-st .selecting the units’ digit and then the tens' digit. 

(b) If repetitions are allowed there are five choices for the tens’ digit 
and five choices for tlie units’ digit, making o-5, or 25 possible two-digit 
numbers. 


Example 2. In how many ways can five people sit in a ear, two in tlie 
front seat and tliree in the back seat, if a particular two of the five are to 
avoid the driver’s position? 

Solution. Let us designate the five positions by the lettei's .1, B, C, 
D, E with .4 indicating the driver’s scat. Taking these places in tlie order 
named, let us write above each letter the number which tells how many 
ways it can be filled. 

3 4 3 2 1 

ABODE 


We have three choices for a <lriver, four choices for place B, three choices 
for place C, two choices for place D, and one choice for place E. Hence 
the total number of seating arrangements is 3-4-3-2-1 = 72. 


Exercise 90 

1. How many two-digit numbers can be made with the digit.s 2, 4, 6,8 if (a) repe¬ 
titions are allowed; (b) no digit is to be repeated in a numlier? 

2. How many three-iligit numl>ers can be formeil with the digits 1, 2, 3, 4, 5 if 
(a) repetitions are allowed; (h) no repetitions are allowe<l? 

3. How many three-iligit numbers (zero not the first digit) can be formed witli 
digits 0, I, 2. 3, 4 if (a) repetitions are nllowotl; (b) no repetitions are allowed? 

4. How many four-iligit numbers, each less than oOOO, can he formed with the 
digits 1, 2, 4. C, 8 if (a) repetitions are allowetl; (b) no repetitions are allowcti? 

6. How many committees consisting of 1 freshman. 1 sophomore, and 1 junior 
can be selcctetl from 40 freshmen, 30 sophomores, and 25 juniore? 

6. Five trails lead to a hilltop. In how many ways can one ascend and dcscotxl 
by (a) a different trail; (b) any trail? 

7. Five boys are in a room which has 4 doors. In how many different ways can 
they leave the room? 

8. A building has 6 outside doors. In how many ways cun one entor niid leave 
(a) by a different door; (b) by any door? 



264 College Algebra 

9. How many signals can be made with 5 different kinds of flags placed on a 
flagpole one under another from the highest? How many signals can be made if 
only 4 of the flags are used at a time? 

10. License plates are to be distinguished by using 2 letters followed by four 
digits. How many different plates are possible (a) if letters and digits may be re¬ 
peated; (b) if no repetitions are allowed? 

11. In how many ways can 3 people be seated in a room where there are 7 seats? 

12. In how many ways can o books be arranged on a shelf? How many ways if 
a certain 2 are not to be separated? 

13. Four couples are to eat at a rouml table with the men and women alternat¬ 
ing. If she reserves a place for herself, in how many ways can the hostess assign 
seats to the others? 

14. How many seating arrangements are possii)le in problem 13 if the host is 
not to sit by the hoste.ss? 

16. A club has 21 members. In how many ways can a president and a vice- 
pre-jident be elected from the group if no member is eligible for both positions? 

16. In how many ways can 5 men and 4 women be seated in a row of 9 seats 
(a) with the men and women alternating; (b) if the women are not to be separated; 
(c) if the women are to be together and the men together? 

17. Towns A and B are connected by 3 roads and towns B and C by 4 roads. 
In how rnatiy ways can one drive from A to B to C and return to via B if (a) the 
same road is not to be traveled twice; (b) the same road may be traveled twice? 

18. In how many ways can a club of 21 members choose a president, a secretary, 
and a treasurer if no member may hold more than one of the positions? 

19. In how many ways can 9 books, 0 with green covers and 3 with red covers, 
he arranged on a shelf if (a) the red books are not to be separated; (b) the green 
books are not to be separated; (c) books of the same color are kept together? 

20. How manv odd. three-digit numbers {zero not the first digit) can be formed 
with the digits 6, 1, 2. 3, 4, 5, 6 if (a) no digit is repeated in a number; (b) repeti¬ 
tions arc allowed? 

133. Permutations. An arrangement of a group of things in a definite 
order is called a permutation. The letters a, b, and c, for example, have 
the following possible arrangements, or permutations: 

a b c a c b hoc b c a cab c b a 

As a further illustration, we write the permutations of the digits 1, 2, 
and 3, wliere only two are u.sed at a time. 

12 13 21 23 31 32 

In each of these illustrations we have written the six permutations. It 
is easy to determine the number of permutations, however, without actu¬ 
ally writing them. To find the number of permutations which can be made 
with a b and c, we notice that tliere are three positions to be filled. Hence 
there Ire three choices for the first position, two for the second position, 
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anti one for the third po^dtion. Aecordins to tlie fiindamentai principle, 
tliere are 3-2 -1 dilTerent ways of writing the three lettei-s. In tlie case of 
the digits only two were used at a time. Hence there are three choices for 
the fii^t position and two for the .second, making a total of six possil)le 
permutations. 

Let us now apply this reasoning to the case of n dilTerent things where 
r of the things (r a part or all) are used at a time. We may regard this 
problem as one in which selections arc to be made from « things to fill r 
positions. There are n choices for filling the first position, and tlien n — 1 
choices for the second position, n - 2 choices for filling the third position, 
and so on. We continue this process until the rth position is tilled, ami 
notice that there are « — r + 1 choices for this position. Hecalling the 
fundamental principle, we sec that the number of permutations of n things 
taken r at a time is given by the product of the r ii»tegei-s from a to /i — 
r + 1, inclusive. Denoting this product by /'(«, r), 'vrite the formula 

Pfn, r) = n(n — l)(n — 2) ■ ■ ■ (n — r + 1). (I) 

Tlu.s formttla may be expressed in a more compact form l)y rniilfiplying and 
diviiling by (« — r)!. Thus we get 


P(n, r) 


and therefore 


H{n — l)(n — 2)- ••(/! — r + l)(;i — r)! 

(n - r)! 


Pin, r) = 


n! 

(n - r)! 



By putting r = n in formula (1), we obtain the number of permutations 
of n things taken all at a time. This gives the product of the integers from 
1 to n, inclusive; and lienee 

P(n, n) = nl. 


Example. How many permutations can be made from the letters in the 
word MOND.w if (a) 4 letters are used at a time; (b) all letters arc used; 
(c) all letters are used but the first is a vowel? 


Solution, (a) We want to find the number of permutations of t> things 
taken 4 at a time. Using either formula (I) or the fundamental principle, 
we have 

P(6, 4) = (i-5-4-3 = 360. 

(b) From formula (3), or returning to the funilamental principle, wo 
have 


P(6, 6) = 6-5-4-3-21 = 720. 
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(c) The first letter in each permutation is to be either “o” or “a.” There¬ 
fore we have two choices for the first letter. But after selecting the first 
letter, we can select the remaining 5 without restriction, and consequently 
in 5! ways. The total number of ways of selecting the first letter and then 
the others is 2-5! = 240. 

134. Permutations of Things Not All Different The formulas of Section 
133 were derived on the assumption that the set of n things, or objects, 
includes objects that are all different. The formulas do not apply if some 
of the objects are alike. The word Alaska, for example, has six letters. 
But we cannot make 6! permutations using the six letters at a time because 
three letters are alike. To aid in finding the number of different permuta¬ 
tions, let us assign subscripts to the three a’s. Thus vTiting 

A| L A2 S K A3, 

we hav'e six distinct objects. Having distinguislied the a’s, we now have 
6! possible permutations. Letting l, .s, and k remain in fixed positions, we 
permute the a’s in their positions. This can be done in 3! ways as shown. 

A| L A2 S K A3 A; L A3 S K A2 A2 L Ai S K A3 

A2 L A3 S K Aj A3 L Aj S K A2 A3 L A2 S K Ai 

These six arrangements would be indistinguishable if the subscripts were 
removed. Thus we can see that any permutation of the six letters can be 
replaced by 3! permutations by making the a’s distinct. Hence the num¬ 
ber of permutations P of 6 objects with 3 alike when multiplied by 3! gives 
the number of permutations of G different objects. That is, 

G! 

3!P = G! and P = - = 120. 

3! 

This reasoning can be applied to the general case of n objects of which 
Hi are identical. In this case any arrangement of the n objects could be 
replaced by ni! permutations by making the nj objects distinct. Hence 
we write the following theorem. 

Theorem. The number of permutations P of n things taken all at a time, 
where ni of the objects are alike and the others distinct, is 


n! 



This formula may be extended to the cases where there are two, three, 
or more groups of like objects among the n objects. Thus we AMife 

n! 

P = 


Injlns! • • • 
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Example 1. How many permutations can be made with the 9 letters in 
the word tennesske? 

Solution. There are 2 s’s, 2 x's, ainl 4 e’s. and therefore 

O' 

P = —^ = 3780. 

2!2!4! 

Example 2. A man tosses 1 half dollar, 2 (]uarters, 3 dimes, and 4 nickels 
among 10 boys. In how many ditTerent ways can the boys profit if eacii 
is to get a coin? 

Solution. If the coins were all different there would be 10! ways in which 
each boy could get a coin. But since there arc groups of one, two, three, 
and four like coins, we have 

10 ! 

P =-= 12,000. 

2!3!4! 

136. Circular Permutations. In our discussion thus far we have sup¬ 
posed that a permutation is formed by placing one object after another in 
a line. Thus there is a first and la.st object. If the objects are arranged in 
a circle, however, there is no first or last object, and the formulas of Section 
133 are not directly applicable. \ circular arrangement presents a new 
aspect because a mere rotation would not change the position of any object 
relative to the others. Hence a rotation does not constitute a different 
permutation. 

To fintl the number of ways of arranging n different objects in a circle, 
we first .select a position for one of the objects. Then the others can be 
placed in their positions in (n — 1)! different way.s. Six people, for example, 
can form a circle in 5! ways. They could, of course, form a line in 0! ways. 

Example. In how many ways can four couples be seated at a round table 
with the men and women alternating? 

Solution. We first think of assigning one, say a woman, to a chair. This 
fixes 3 particular places for the other women and 4 particular places for 
the men. The women, therefore, can be assigned to their places in 3! ways 
and the men in 41 ways. Applying the fundamental principle, we get the 
result 314! = 144. 

Exercise 91 

1 . Evaluate (a) P(7. 1); (b) P(~, 3); (c) r(7. 4); (d) P{7, 7). 

2. Evaluate P(4, 1) 4- P{4. 2) + P(4. 3) 4- P(4. 4). 

3. Show that (a) F(o, 4) = P(5, 5); (b) P(G. 5) = P(6, 6); (c) P(n « - 1) = 
r(n, n). 

4. How many waj-s can the lettere of the word TEX.^s be arranRcd if (a) all 
letters are used; (b) 2 are use<l at a time; (c) 3 are used at a time? 
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6. Find the number of permutations, each wth 7 lettere, which can be made 
with the letters in (a) t\'tomixg; (b) kentdcky; (c) Washington. 

6. How many three-digit numbers can be made with the digits 1, 2, 3, 4, 5, 6 if 
no digit is repeated in a number? How many four-digit numbers? 

7. Find how many even numbers of three-digits each can be made with the 
digits 1, 2, 3, 4, 6. 7 if no digit is repeated. 

8. How many five-digit numbers, each less than 70,000, can be made with the 
digits 1, 2, 5, 7, 9 if no digit is repeated? 

9. Seven songs are to be given in a program. In how many different orders 
could thev be rendered? 

10. In how many ways can 6 people be seated in a row of 9 chairs? 

11. In liow manj' ways can 8 books be arranged on a shelf if a certain 3 are 

(a) not to be separated; (b) not to be separated and left in a particular order? 

12. Find the number of possible batting orders for a baseball team of 9 players 
if the pitcher is to bat last. 

13. Five different mathematics books, 4 different physics books, and 2 different 
history books are to be placed on a shelf with the books of each subject together. 
Find the number of ways in which the books can be placed. 

14. How many permutatioirs can be made by using all the letters in (a) ohio; 

(b) INDIANA; (c) ASA.MATAMA? 

16. Find the number of permutations which can be formed b)’ using all the 
letters in (a) Alabama; (b) Arkansas; (c) Mississippi. 

16. How many signals can be made by arranging 9 flags in a line if 4 are red, 

3 are white, and 2 are blue? 

17. Five copies of a mathematics book, 4 copies of a physics book, and 4 copies 
of a history book are to be placed on a shelf. If the covers are of different colors 
for e.ich kind of book, how many noticeably different ways can the books be placed 
on the shelf? 

18. In how many ways is it possible for 10 customers to buj’ 5 cans of peaches, 

3 cans of pineapple, and 2 cans of tomatoes If each customer gets 1 can? 

19. Find the number of ways 2 half dollars, 4 quarters, and 6 dimes can be dis¬ 
tributed among 12 boys if each gets a coin? 

20. Seven children join hands and form a circle. In how many ways could the 
circle be formed? In how many ways could they make a line? 

21. Five boys and five girls form a line with the boj'S and girls alternating. Find 
tlie number of ways of making the line. How many different waj'S could they form 
a circle in which the boys and girls alternate? 

22. Ten people are to sit at a round table. Find the number of seating arrange¬ 
ments if tlie ho-'^t ainl hostess are to sit opposite each other. 

23. In how many ways can 8 persons be seated at a round table if a certain 2 are 
(a) to sit next to each other; (b) not to sit ne.xt to each other? 

24. Four couples are to be seated at a round table. Find the number of seatmg 
arrangements if each couple is not to be separaterl. 

136. Combinations. A part or the entirety of a group of objects is called 
a combination of the group. A combination, in dislindion from a permu¬ 
tation, has no reference to order. For e.xample, in a committee selected from 
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a group of people, our interest is in the in.iividuals rather tlian the order 
of'selection or other arrangment of tlie committeemen. If all of a group 
of objects are taken at a time there is. of com-se. only one combination. 
By taking a part of the objects at a time, however, there are more possible 
combinations than one. We shall be interested in learning how to deter¬ 
mine the number of combinations for tins situation. 

The letters a, b, c, <l taken 3 at a time have the following combinations: 

a b c a b d a c d bed 


Changing the order of one of tho.se combinations rlws not make a new com¬ 
bination. Thus, a b c and h c o arc two permutations of tlie .same things, 
or of the same combination. 

Let C(«, r) stand for the number of combinations of » things taken r 
at a time, \Yhere r is a positive integer less than n. Now each combination 
of the r things can be permuted in r! ways. Hut if each of the coml)inations 
is thus permuted, then all possible permutations of n things taken r at a 
time are obtained. Hence, returning to formula (1), Section 133, we have 

r!C(«, r) = «(« - l)(n - 2) ■ • ■ (a - r -b 1), 
and 

P(n, r) n(n - l)(n - 2) • • • (n - r + 1) 

C(n,r) =-;--;-(1) 

rl r! 


Using formula (2), Section 133, we have the form 


C(n, r) = 


nl 

r!(n — r)! 



It may be obser\’ed that these formulas hold not only for r < n but also 
for r = n. Substituting n for r in formulas (1) and (2), we get 


n! n! 

C(n, n) = — = 1 and C{n, n) =-= 1. 

a! n!0! 


We use here the customar>’ definition of factorial zero (0! = 1). 

When r things are taken from a group of n things, n — r things are left. 
Thus we see that for each combination of r things there is a corresponding 
combination of n - r things. We conclude, therefore, that the numbei 
of combinations of n things taken r at a time is equal to the number of 
combinations of n things taken n - r at a time. This conclusion can be 
reached also by replacing r by n - r in formula (2) above. This gives 


C(n, n — r) = 


ni 


n! 


Hence, 


(n - (n - r))!{n - r)! r!(n - r)!' 
C(n, r) = C(n, n — r). 
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Let us now examine the coefficients in the expansion of (a + x)" when 
n is a positive integer (Sec. 103). 


(a + X)” = a" + na”-. + a-V + a-V 


2 ! 


3! 


n(n - l)(n - 2) • • • (n - r + 1) 

H-1-;-a" T**" H- 

r! 

The coefficients of this ex-pansion, starting with the coefficient n of the 
second term, are the combinations of n things taken 1 at a time, 2 at a time, 
3 at a time, and so on, to n at a time. That is, referring to formula (I), 
we see that the coefficients are 


C(n. 1), C(n, 2), C(n, 3). • • •, C(n, r), • • C(n. n). 

Writing the coefficients in this way, we have 

(a + x)” = a" + C{n, I)a"“‘x + C(n, 2)a’-V + C(n, 3)0"-^ + ■ ■ ■ 

+ - ■ ■ C(n, r)a’'~^x’- + ■ • • + C(n, 

We replace a by 1 and x by 1 in this identity and obtain 

(1 + D" = 1 + C(n, 1) + C(n, 2) + C(n, 3) + ■ ■ - + C(n. n), 
and, consequently, 

C(n, 1) + C(n, 2) + C(n, 3) + • ■ • + C(n, n) = 2" - 1. 

We state this result as a theorem. 

Theorem. The total number of combinations of n things taken successively 
\ at a time, 2 at a time, Z at a time, and so on, to n at a time is 2" — 1. 

Example 1. In how many waj’s can a committee be selected from 18 
persons if the committee is to have (a) 3 members; (b) 14 members? 

Solution, (a) We wish to find the number of combinations of 18 things 
taken 3 at a time. Hence, by formula (1), 


1817-16 

C(18, 3) --= 816. 

3! 

(b) We may substitute in formula (1) and evaluate C(18, 14), but it is 
easier to recall that C(18, 14) = C(18, 4) and write 


1817-I6-15 


= 3060. 


C(18. 4) = 


I-2-3-4 
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Example 2. In how many ways can 7 mathematics teachers be employed 
from 10 men applicants and 7 lady applicants if (a) 3 are to be men; (b) 
3 or 4 are to be men? 

Solution, (a) The 3 men can be had in CdO. 3) different ways. The 
remaininK 4 can be hud from the lady applicants in r(7, 4) ways. Hence 
tlip total number of ways is 


10-9-8 

C(I0. 3) -0(7,4) 

I ■ Z-6 


7-0-5-4 

-= 4200. 

1-2-3-4 


(b) To find the number of ways of fillins!; the vacancies with either 3 or 
4 men among tliase employed, we aild the number of ways of filling the 
vacancies with 3 men and 4 ladies to the number of ways of employing 4 
men and 3 ladies. That is. we have 

C(10, 3) -0(7. 4) + C{10, 4) -0(7, 3) = 4200 + 7350 = 11,550. 

Example 3. Find how many different committees consisting of 1, 2, 3, 
4, or 5 members can be formed from 5 people. 

Solution. We need to find tlie number of combinations of 5 things taken 
one or more at a time. Substituting 5 for n in the formula 2" — I, we 
have 2® — 1 = 31 as the number of difTerent committees. 


Exercise 92 

1. Evaluate (a) 031,2); (h) 02(i. 3); (c) (’(24. 4); (d) C(I3, 5). 

2. Taking full advantage of possible onncellations, evnluiite Cflfi, 4) and 
C(16, 12) by formula (1). Evaluate both by use of formula (2). 

3. How many diffoi-ent ways can a tennis team of 4 be clio.sen from 17 players? 

4. Twelve people meet in a room and cjicli sliakes liands with all the others. 
Find the number of handshakes. 

6. Nine points, no three of which are on a .straight line, are marked on a black- 
boar<i. How many line-s. each through 2 of the points, can be drawn? How many 
triangles are determined by the points? 

6. Find the number of choices which a student has for doing 6 problems from 
a set of 11 problems. 

7. Seven difTerent coins are to,ssed simultaneously. In how many ways can 3 
heads and 4 tails come up? 

8. In how many ways can a committee of 5 be chosen from a club of 12 mcni- 
l)ers if (a) the president must be on the committee; (b) the president Ls not eligible: 
(c) a certain two members refuse to serve together on the committee? 

9. In how many ways cun a court of 9 judges make (a) a 5 to 4 decision' (b) a 
majority decision? 

10. A presiding officer is authorizo<l to appoint a committee of 5 from 4 el.lers 
an«l 8 deacons. How many <liffcrent committees are possible if 3 eldei^ arc to be 
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11. A committee of 7 is to be composed of 4 Republicans and 3 Democrats. 
Find the number of choices if 7 Republicans and 8 Democrats are available for 
appointment. 

12. grocery store manager wishes to employ 6 checkers from 4 men applicants 
and 5 lady applicants. Find the number of ways of employing the 6 if (a) 3 are to 
be men; (b) 2 or 3 are to be men. 

13. How many different groups of 9 baseball players can be chosen from 3 who 
play only as pitchers, 2 who play only as catchers, and 14 who play in any position 
otlier than pitcher or catcher? 

14. Find the number of ways of selecting 8 books from 10 different mathematics 
books and 7 different physics hooks if (a) 5 are to be mathematics books; (b) 3 or 4 
are to be physics books. 

16. Find the number of ways of selecting 9 balls from 6 red balls, 5 white balls, 
and 4 blue balls if each selection consists of 3 balls of each color. 

16. committee of 9 is to be chosen from 10 seniors. 8 juniors, and 7 sopho¬ 
mores. Find the number of choices if the committee is to have 4 seniors, 3 juniors, 

and 2 sophomores. 

17. In how many ways can 7 pennies lie horizontally on a table so that one or 
more heads are up? 

18. How many sums of money can be formerl with a penny, a nickel, a dime, a 
quarter, and a half dollar? 

19. In how many ways can a person invite one or more of 10 friends to dinner. 

20. Find how many sums of money, each comsisting of 3 or more coins, can be 

forme<l from 6 different kinds of coins? 

21. In how many ways can a group of 3 or more he chosen from 8 people? 

22. Find the number of ways in which a librarian can check out 8 different kinds 
of hooks to two students so that each gets 4 books. Suggestion: Find the number 

of wavs of giving 4 books to the fimt student. 

23. In how many ways can G different kinds of books be distributed among three 

chiklren if each child is to have 2 hooks? 

24 In how manv ways can 12 people be scparate<l into two groups of 5 and 7f 

25. Find the number of waj-s in which 11 people can be separated mto two groups 

of 5 and G if a certain one of the 12 is to be in the smaller gi oup. 
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137. Introduction. Probability is a fascinating subject, an<J it has held 
the interest of mathematicians to tlie extent that its theory has been higlily 
dcvelopetl during the past two or three centuries. Heceiving its first im¬ 
petus from games of chance, today probability has wide and important 
applications in insurance, annuities, and the social and physical sciences. 
Many people who have made no formal mathematical or pliilosophical 
study of probability have some understanding of its concepts and applica¬ 
tions. 

We shall consider some elementary aspects of probability, and make 
applications to familiar situations. The principles which we .shall take up, 
however, are fundamental to the more advanced theory. 

138. Probability in Single Events. If an event can happen in m ways 
and can fail to happen in n ways, and if each of these m -f- n ways is equally 
likely, then in a single trial producing one of the results the probability 
that the event will happen is defined by 



m 


m -f- n 


and the probability of failure is 



n 

m -{■ n 


For example, if a ball is dra^vn at random from a bag containing 3 white 
balls and 4 red balls, there are 3 ways in which a white ball can be drawn 
and 4 ways m which a white ball will not be drau-n. Then the probubilitv 
of gettmg a white ball is ^ and the probability of getting a red ball is i. 

If the m ways .n which m event can happen is greater than the a waj's 
n ^hich It can fail, then the odds are said to be m to n in favor of success 
U.e. of Its happening); but for m <n. the odds are a to m against tJ.e event. 
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It should be noticed that p + 9 = 1, and this means that the event will 
either happen or fail to happen in a trial. For a situation in which either 
p or 9 is 0, the other is equal to 1. If all the balls in a bag are white, the 
probability of drawing a white ball is 1 and the probability of drawing a 
ball not white is 0 . 

There are many events which may be analyzed to determine the number 
of ways for success and the number of ways for failure. Probabilities thus 
determined are called mathematical probabilities. 

Example 1. Six pennies are tossed simultaneously. What is the prob¬ 
ability that (a) all are heads; (b) 3 are heads and 3 are tails? 

Solidion. (a) There are tw’O ways for a penny to fall, heads up or tails 
up. By the fundamental principle (Sec. 132), the six pennies can fall in 
2® = 64 ways. All heads can occur in only 1 way. Therefore the probabil¬ 
ity of obtaining all heads is -g^. 

(b) A given set of 3 pennies can fall heads up in 1 way. But there are 
C( 6 , 3) = 20 w’ays of getting sets of 3 pennies from 6 pennies. Thus we 
find It = as the probability for 3 heads and 3 tails. 

Example 2. The names of 5 boys and 4 girls are written on cards. If 6 
of the cards are drawn at random, what is the probability of getting the 
names of 3 boys and the names of 3 girls? 

Solution. There are 0(5, 3) ways of drawing the names of 3 boys, and 
C(4, 3) ways of getting the names of 3 girls. Hence, C(5, 3) '0(4, 3) is the 
number of ways for success. But the total number of ways of drawing 

6 names is C(9, 6 ). Thus, 

_ C(5, 3) -C(4, 3) ^ ^ 10 

^ “ C(9, 6 ) 84 21 


Exercise 93 

1. is the probability that in a single throw (a) a coin will fall heads; 

(b) a die w’ill fall a six? . * . , 

2. Find the probability that a domino drawn from a double six set is (a) the 

double sLx* (b) a six: (c) a tlomino whose spots add to six? 

3. Eight white balls and 2 black balls are in a box. What is the probabihty 

that in drawing 1 ball it is (a) black; (b) white? ..... * /k\ « 

4. If a single die is cast, find the probability that it falls (a) a one or t«o, (b) 

'°“6. Tl°peT„L are tossed simultaneously. Find the probabihty that (a) both 

foil heads- (b) one falls heads and the other tails. 

elCa throw of 2 dice, find the probability that (a) both are aees; (b) the sum 

of the spots is 7; (c) just one is an ace. 
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7. Two dominoes are drawn from a double six set. Find the probability that 
(a) botli are doubles; (b) just one is a double; (c) both are sixes. 

8. Five pennies are tosse<l simultaneously. Find the probability that (a) all are 
heads; (b) 4 are heads and I is tails; (e) 2 are heails and 3 are tails. 

9. \ store has 7 doors at an cntranee. What is the probability that a customer 
usini; tlie entrance will enter and leave by (a) a particular door; (b) the same door; 
(c) different dooi-s? 

10. In an e.xamination, the (luestions and an.<wers are given but are not paire<l. 

student succeeds in pairing all but 5 (jnesfiotis and 5 answei-s. These he does 

wholly by guessing. Wliat is the probability that he pairs (a) all of thenr cor¬ 
rectly; (b) only 3 correctly? 

11. Eight children, 4 boys and 4 girls, draw for places to form a line. Find the 
probability that (a) the boys will be together in the line; (b) a particular couple 
will bo together. 

12. Three balls are drawn from a bag containing (i re<l balls and o black balls. 
Find the probability that (a) all are retl; (b) all are black; (c) 2 are red and 1 is 
black. 

13. If two cards are drawn from a deck of 52 cartls, what is the pmbability that 
both are (a) ipieens; (b) hearts; (c) of the same suit? 

14. \ bal)y in playing with the wooden digits 1, 2, 3, 4. 5 places them in a row. 
What is the probability that the number thus formed is (a) less than 20,000; (b) more 
than 40,000? 

16. At a party, 8 men draw for partners from 8 cards which have the names of 
their wives. What is the probability that each man will draw the name of his wife? 

16. Three balls are drawn from a bag containing 0 green balls, 7 black balls, and 
8 yellow balls. Find the probability that (a) they are of difTcrent colors; (b) all of 
the same color. 

17. Ten people, 5 boys and 5 girls, are grouped into pairs a.s partners. If the 
pairs are formed by drawing, find the probability that each boy has a girl for his 
partner. 

18. A party of 5 men and 5 women are to eat at a round table. If the hostess 
reserves a place for herself and the others take places at random, find the prol)- 
ability that the men and women alternate. 

19. Three cards are drawn from a deck of 52 cards. Find the probability that 
they are (a) hearts: (b) of the same suit; (c) of different suits. 

20. A single card is drawn from each of three decks of 52 cards. Find the prob¬ 
ability that the cards thus drawn are (a) hearts; (b) of the same suit; (c) of different 
suits. 

21. Eight books. 5 red and 3 green, are taken from a table one after the other 
at random. Find the probability that (a) all the red books are taken firet; (b) all 
the books of one color are taken first. 

139. ProbabUity in Multiple Events. If in two or more events the hap¬ 
pening of one does not affect the probability of the happening of any of 
the others, the events are said to be independent For e.xamplo, tlic event 
of casting a die a first time and the event of casting the die a .scooml time 
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are independent. The result of the first throw has no bearing on the face 
which comes up on the second throw. We have the following theorem re¬ 
lating to independent events. 

Theorem 1 . The probability that two or more independent events will hap' 
pen is given by the product of their separate probabilities. 

Proof: Suppose that the first event can happen in mi ways out of a total 
of Ml ways of happening or failing to happen. Then the probability of 
the event is pi — JUi/Mi. Similarly, suppose that p 2 = m^lM^ is the prob¬ 
ability of the second event. By the fundamental principle of Section 132, 
both events can happen in mim^ ways out of a total of *l/i;l /2 ways of hap¬ 
pening or failing to happen. Then the probability that both events will 
happen is 

mim2 ^2 

—^ = PlP2* 

M1M2 Ml M2 

The proof can be extended easily to more than two independent events. 


Example 1. A man casts a die twice. Find the probability of (a) an 
ace on both throws; (b) an ace only on the first throw. 

Solution, (a) Since a die has six faces, the probability of an ace on the 
first throw is g, and the probability of an ace on the second throw is like¬ 
wise |. The two throws are independent events, and therefore the proba¬ 
bility of two aces is 5 • i = uV- 

(b) The probability of an ace on the first throw is and the probability 
of a number other than the ace on the second throw is |. Hence the proba¬ 
bility that both events will happen is g • f = 

Two events are said to be dependent if the happening of one affects the 
probability that the other will happen. For example, if one ball is dra^^'n 
and then another is drawn from a bag of red and blue balls, the proba¬ 
bility that the second ball will be blue, say, depends on the color of the 
ball which was first removed. We state a theorem relating to dependent 

events. 

Theorem 2 If pi is the probability that an event will happen and, after il 
has happened, p 2 is the probability for a second event, then the probability that 
the first event and then the second event will happen is p\P 2 - 


The proof for this case and its extension to more dependent events may 
be made in just the same manner as for independent events. 

Example 2. A ball is drawn from a box containing 6 red balls and 7 blue 
bans and is not returned. Then a second ball is drawn Fmd the probab.l- 
itv that (a) both balls are red; (b) the first is blue and the second red. 
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Solution, (a) The probability of scttins a red ball on the first draw is 
If a red bull is drawn, 12 balls retnain. 5 of whieh are red. This 
makes the probability of a red ball on the second draw lienee the 

probability that both balls are red is 
(b) The probability of a blue ball on the fii-st draw is atul the prob- 
aliility of a red bull on the secoiul tlraw is The product 
is the probability of getlinji first a blue ball and then a red ball. 


Two or more events are said to be mutally exclusive if it is impossible 
for more than one of them to happen in a single trial. Tor example, in 
drawing one ball from a bag of red and white balls, the event of getting a 
rod ball and the event of getting a white ball are mutually exclusiv e. Only 
one of the events is possible in a single trial. We state and prove a theorem 
relating to mutually exclusive events. 


Theokem 3 . The probability that some one of tiro or more mutually exclu¬ 
sive events U'ill happen is the sum of the probabilities of the separate events. 

Proof: Let n stand for the number of possible results in a single trial, and 
HI) denote the number of ways one event can happen in the trial and m> 
the number of ways another event can happen. Since the two events are 
mjitually exclusive, the m, and m^ ways are all dilTerent. This means that 
out of a total of a possibilities there are m, + m^ ways in which one or the 
other event can happen. Hence the probability p that one of the events 
will happen is 

/a I + /«2 

P = ---1-- Pi + P2- 

n ft n 


The proof may be readily extended to more than two mutually exclusive 
events. 


Example 3. If 2 balls are drawn from a box containing 5 red balls and 
7 blue balls, what is the probability that both arc of the same color? 

Solution. The event of getting 2 red balls and the event of getting 2 
blue balls are mutually exclusive. The probability of getting 2 red balls 
(using the method of Section 138) is 

^ C(5. 2) _ _5 

C(12,2)“33' 

The probability of getting 2 blue balls is 

0(7,2) 7 

P2 = - -- 

C(12.2) 22 

Hence the probability of getting 2 balls of the same color + = iR- 
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Instead of using the method of Section 138, the dra\Ying of 2 balls could 
be regarded as 2 dependent events. Accordingly, the probability of getting 
a red ball on the first draw is and after a red ball is drawn the proba- 
bilit)'^ for a second red ball is -jy. Hence, the probability for 2 red balls is 
IT ■ TT = Similarly, it is evident that the probability of drawing 2 
blue balls is = -gV- 

If the probability of success in a single trial is p, then in n trials the 
expected number of successes is np. In 200 throws of a coin the expected 
number of heads is ^(200) *= 100. In 300 throws of a die the expected 
number of aces is ^(300) = 50. 

If the probability that a person will receive a sum of A dollars is p, then 
the value of his mathematical expectation is pA dollars. 

Example 4. A man holds 8 tickets in a drawing for a prize of $150. 
If there are a total of 1000 tickets, what is the value of his expectation? 

Solution. The man’s probability of winning is -n^. Tlien the value 
of his expectation by multiplication is $1.20. 


Exercise 94 

1. A ball is drawn from a box containing 4 red balls and 5 green balls. It is 
then returned to the box and a second ball is drawn. Find the probability that 
(a) both balls are red; (b) both are green; (c) the first is red and tlte second green. 

2. Repeat problem 1 if the first ball is not returned. 

3 If a coin is tossed three times in succession, find tlie probability that it falls 
(a) lieads each time; (b) heads first and taiU on the other tluows 

4 One card is drawn from each of three decks of 52 cards. hat is the prob¬ 
ability that (a) all are aces; (b) all are face cards; (c) all are spades? 

6 Three cards are drawn from a deck one at a time and are not replaced. 
Wlmt is the probability that (a) all are aces; (b) all are face cards; (c) all are 

the probability that a brush salesman will make a sale at one house is ? 
an<l the probability that he will make a sale at a second house is I find the prol>- 
ability timt he will make (a) both sales; (b) neither sale; (c) a sale at the first house 

hr4 dooi.. What is the Pr^«biiity that the next three 

customers coming singly, will enter by (a) the same door; (b) different doors 

\ committL of 3 is to be formed by lot from a group of 24 stm ents. If 
the group is made up of 9 freshmen, 8 sophomores, and / juniore find the prob¬ 
ability that the committee will have as members (a) 3 freshmen; (b) one from eac 

'■“I' 3 test.. If the separate probabilities of hU patios .be 

testeare i i, and 5. find the probability that he will pass (a) all tests; (b) none 
the tests; (c) exactly two of the tests. 



Probability 279 

10. To be initiated into an organization a candidate must pass at least two of 
tliree tests. If the separate probabilities of his passinn tlie tests are J, }, and 
find the probability that he may win the rifilit to be initiate<l. 

11. Three balls are drawn from a box one at a time and are not replaced. If 
the box had 5 white balls and 7 green balls, find the probability that the 3 balls 
are drawn in the order (a) white, green, green; (b) white, white, green; (c) green, 
green, green. 

12. Three balls arc drawn from a box one at a time ami are not rcplace<l. If the 
box had 5 red balls, (5 white balls, and 7 blue balls, find the probability that the 
three dniwn balls are of the sjnne color. 

13. The names of 6 girls ami 5 boys are dniwn from a box. Find the probability 
that (a) the girls names are drawn first; (b) the names of the girls and boys alternate 
in the drawing. 

14. .\ man Inis three entries in a horse race. He figures that the separate prob¬ 
abilities for his horses to be first are 3 , }, and g. On this basis, find the probability 
that one of his horses wins. If there is a prize of $500 for tlie winner, what is the 
value of the man’s expectation? 

16. To determine which will do a task, three men match coins on the basis that 
the odd man is to do the tiusk. Find the probability that the decision will be made 
on (a) the first trial; (b) the second trial. 

16. Repeat problem 16 if the odd man is relieved of the task and the others 
then match to determine the issue. 

17. The separate probabilities that marksmen .\, B, and C will hit a target arc 

J, and 5. SluKiting in the order .A, B. and C. the first to hit the target get.s a 

prize of $100, but not more than a total of 3 shots are allowed. Find the value of 
each man’s mathematical exiiectatioii. 

18. B, and C are to ilecide on one of them to do a task. and B first thaw 
lots, and the loser then ilraws with C. Find each man's probability of having to 
do the task. 

19. .\ person draws 3 balls in succes.'sion from a box containing 5 red balls, 6 
yellow balls, and 7 green balls. He is to receive a prize of $100 if the balls arc 
drawn in the onler red, yellow, and green. Find the value of his mathematical 
e.xpectation if (a) each ball is re|)laccd licfore the next is drawn; (b) if tlie balls are 
not replaced. 

20. Find the value of the man's expectation in problem 19 if a second chance is 
granted in case of failure in the first attempt. 

140. Probabilities in Repeated Trials. Suppose n trials are made of an 
event in which the probability of a succes.s in a single trial is p and of failure 
9- Let us find the probabilities of oxaclly 0, 1, 2, 3, and so on, succo.sscs 
in the n trials. The .separate trials are, of course, independent e\’en(.';. 
The probability of no success, or of n failures is q”. The probability of a 
success on a specified trial and failure on all (he others is Hut the 

one success could happen on any of the n trials, or in C(u, I) wavs. llc?u-e, 
for exactly one success, the probability is C(n, I) 9 "“‘p. Now the probabil- 
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ity of successes on two specified trials and failures on all the others is 
^n- 2 p 2 successes, however, could occur in C(n, 2) different ways 

among the n trials. Therefore, the probability of exactly two successes 
is C(n, Similarly, for exactly three successes the probability is 

C(n, 3 ) 9 ”Hence, for the general case of r successes and n — r failures, 
the probability is C(n, r)q''~^p^. But these probabilities are terms of the 
binomial expansion 

{q + p)” = g" + C{n, Dg^-'p + C{n, 2)g'‘-2p2 +. • • 

+ C(n,r)g'‘-p^+-•■+?". 

The first term of this expansion gives the probability of no success in n 
trials; the second term is the probability of exactly one success; the third 
term is the probability of exactly two successes, and so on. We may now 
state the following theorem 

Theore.m. If p is the probability of success and q the probability of failure 
in a single trial, then the probability of exactly r successes in n trials is 

C(n, 

Example. In 4 throws of a die, what is the probability of (a) exactly 

2 aces; (b) 2 or more aces? ^ 

Solution, (a) The probability of an ace on a single throw is and of 
failure |. Hence the required probability is 

C{n, r)pV"' = 2){|)2(|)2 = 

(b) The probability of 2,3, or 4 aces is given by the sum of these mutually 
exclusive events. Hence we have 

C(4, 2)(|)*(|)= + C(4, 3)(i)={|) + (I)* = 150(i)* + 20(i)‘ + (i)' 

171 171 
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141 ProbabUity from Experiment We have discussed probabilities 
arrived at by analyzing the situations involved. The events have been 
of such nature that the number of ways of success and the 
of failure (and all eciually likely) could be determined 
There are numerous situations in which probabilities cannot e la 
JuXcal deductions. For example, it would be 
alone to determine the probability that an untested rifleman 
tZt in a single trial. But suppose that he is 

number of times, sav 100 , and that he makes 80 hits, \\iththism 

is 80^ . Obviou.sly, however, we could not reliably 
■ikill from a quite small number of trials. 
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If in n trijils (« a large number) an event happens m times, then the 
prol)ability tliat it will happen in a single trial is ilefmed by the ratio vi/n. 
Probabilit'ies tluis arrived at are called experimental or statistical prob¬ 
abilities. ... 1 1 • 

Insurance conipanie.s make extensive use of statistical probabilities. 

Tliey are intere.<ted especially in the mortality rates of people. Tlie 
American Kxperience Mortality Table (lable III at back of book) was 
made from data gathercil by life insurance companies. Starting with 
100,000 children at age 10, this table predicts the number of deaths during 
the year and the number still living at the end of each year. Later studies, 
however, have revealed that the mortality rate of this table is somewhat too 
high. 


Example 1. Using the American Experience Mortality Table, find the 
jirobability that a child 10 years old will live to be 40. 

Sohdion. Referring to the table, we find that out of 100,000 children at 
age 10 there will be 78,l0(i living at the age of 40. Hence the probability 
that a child of 10 will be living at age 40 is 


78,100 

—!-= 0.781. 

100,000 


Example 2. A man is 40 and his wife is 38. What is the probability 
that (a) both will be living 10 yeai-s later; (b) only one will be living? 

Solidion. (a) Out of 78,l0ti living at age 40, theix' are 00,804 living at 
age .50; and out of 70,011 living at age 38, there are 71,027 living at age 48. 
Hence, the respective probabilities are 


09,804 

78,100 


0.894, 


71,027 

79,011 


0.900. 


Then pipo = (0.894)(0.000) = 0.805, (he probability that both will be 
living 10 years later. 

(b) There are two ways in which only one will be living—the wife siir- 
viving the husband or the husband surviving the wife. The probability 
that the husband will not be living is I — 0.891 = 0.100. Hence, the 
probability that only the wife will be living is 

(0.100)(0.900) = 0.095. 

The probability that the wife will not be living is I — 0.900 = 0.100. Then 
the probability that only the husband will be living is 

(0.100)(0.894) = 0.089. 

Adding these probabilities of two mutually exclusive events, we have 0.184 
ns the probability that only one will be living at the end of 10 yoai-s. 
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Exercise 95 


1. A coin is to be tossed 4 times. Find the probability that there will be (a) ex¬ 
actly 2 heads; (b) exactly 3 heads; (c) fewer than 2 heads. 

2. Find the probability that in 5 throws of a die there will be (a) no six; (b) 2 
sixes; (c) 4 or 5 sixes. 

3. A bo.x contains 4 re<l balls and 3 white balls. If 5 halls are drawn in succes¬ 
sion and each is replaced before the next is taken, fiml the probability that (a) all 
are white; (b) exactly 2 are white; (c) 3 or more are red. 

4. In 6 tosses of a coin, find the respective probabilities of exactly 0, 1,2, 3, 
4, 5, and 6 heads. What number of heads is most likely? 

6. A ball player has a batting average of .300. Find the probability that in 4 
times at bat he will (a) go hitless; (b) make exactly 1 hit; (c) make more than I hit. 

6. A rifleman has hit a target 90 times in 100 trials. Find the probabilit}’ that 
in 5 trials he will make (a) no hit; (b) exactly 3 hits; (c) 5 hits. 

7. Tlie probability that team A will win a basketball game from team B is 0.4. 
In a series of 5 games, what number of games is A most likely to win? Is A more 
likely to win exactly 1 or exactly 3 games? 

8. Find the probability that in three times at bat a player will get exactly 2 
hits if in the last 100 times at bat he has made (a) 20 hits; (b) 30 hits; (c) 40 hits. 

9. Five dominoes are drawn from a double six set. If each domino is replaced 
before the next drawing, find the prolmlnlity that (a) no double is drawn; (b) ex¬ 
actly 2 doubles are drawn; (c) exactly 4 doubles are drawn. 

10. bag contains 3 white balls and 1 black ball. One ball is drawn from the 
bag and replaced, and then another is drawn. If this is rontin»ie<l until 5 balls 
have been drawn, find the respective probabilities of drawing the black ball exactly 
0, 1, 2, 3, 4, and 5 times. 

11. What is the probability that a person 15 yeare old will live to be (a) 30; 
{b)45;(c)60? 

12. Find the probability that a man 20 years old will (a) live to be 30; (b) die 
between 30 and 40. 

13. A boy 10 years old is to receive $5000 at the age of 18. Find the value of 
his expectation. 

14. A man is to receive $1000 when he is 40 years old. Find the value of his 
expectation if he is now (a) 20; (b) 30. 

16. What is the probability that a child 10 years old will die during his COth 


year? 

16. Find the probability that a man 25 years old and his wife 20 years old will 
be living 20 years later. Find the probal)ility that only one will be living. ^ 

17. Find the probability that a man 60 and his wife 55 will be living 15 years 
later. Find the probability that only one will be living. 

18. A fatlier, mother, and child are 40. .38, ami 15 years old respectively. Find 
the probability that 10 years later (a) all will be living; (b) only 2 will he living. 

19. The parents of two chihlrcn, aged 10 and 15. are both 37 years old. 'inc 
the probability that 10 years later (a) all will he living; (b) only 3 will be living. 



Chapter Twenty 


DETEHMINANTvS 


142. Introduction. Determinants of the second and tliird orders were 
defined in Section 50, and applications were made in solving systems of 


linear eeiuations. Determinants, however, have numerous other uses, and 
are frequently employetl even in elementary mathematical situations. 


Hence we shall give a general definition of determinants and study some 
of their properties. 

First, however, let us explain the notion of invereions which is helpful 
in the definition and study of determinants. In a sequence of integei's, an 
inversion occurs whenever a larger number precedes a smaller number. 
Thus, in the arrangement of the numbers 2, 1, 4, 3 there are two inver¬ 
sions—2 precedes 1. and 4 precedes 3. But 5, I, 4, 3 has four inversions; 
5 before 1, 4, and 3 furnishes three inversions, and 4 preceding 3 gives 
another. Inversions of letters, out of their alphabetical order, are similarly 
defined. 

143. Definition of a Determinant. We now give a definition of a deter¬ 
minant which applies to those of order one, two, three or higher. 

A square array of numbers forming n rows and n columns with vertical 
lines on either side constitutes the symbol of an nth order determinant. 


<*1 

&1 

Cl 


02 

62 

C 2 

• • ' ^2 

<*3 


C 3 
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This symbol stands for a number which is the aleebraie 
products obtained: 


sum of ail possible 
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(1) By taking as factors one and only one number from each row and 
each column, and 

(2) By giving to each product a plus or minus sign according as there is 
an even or odd number of inversions of the subscripts when the letters of 
each product are in the order of their appearance in the first row. 

Each of the numbers in the square array is called an element of the 
determinant. The elements along the line from the upper left to the lower 
right corner form the principal diagonal. Each of the signed products de¬ 
scribed in the definition is called a term of the determinant and the sum 
of the terms is the expansion, or value, of the determinant. There are, of 
course, n factors in each term since one and only one factor is taken from 
each row and each column. 

In Section 50 determinants of the second and third orders were defined 
by giving the teims of their e.\pansions. Using the general definition, let 
us verify the expansion pre\iously given for the third order determinant. 

fli 6 i Cl 

02 i >2 C 2 — 0162^^3 ”{" 0361^2 “b “ 03^2^1 ~ OlbiC 2 ~ O261C3. 

as 63 C 3 

The subscripts in the product a^bsCs have no inversion. It is given a plus 
sign since zero is an even number. In 036102 , 3 precedes 2 and 1, making 
two inversions and calling for a plus sign. In 026301 , 2 precedes 1, and 3 
precedes 1, making two inversions. The product 0362^1 is given a minus 
sign since it presents three inversions—two inversions from 3 preceding 2 
and 1, and one inversion from 2 preceding 1. There is one invereion in 
each of the products 016303 and 036103 , and consequently they take minus 

signs. 

144. Properties of Determinants. From the definition of determinants 
a number of interesting and useful properties can be established. 

Property I. An nlh order determinant has n! terms in Us expansion. 

Proof: By writing the n letters in the order of their appearance in the 
first row and then using as subscripts the integers from 1 to n inclusive, 
we obtain the factors of one term. But the n subscripts can, by bection 
133, be assigned in n ! different ways. Since there is a term for each arrange¬ 
ment of the subscripts, we have «! terms. 

Property II. The value of a determinant is not changed if corresponding 
rows and columns are interchanged. 
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Proof: Lot us make the proof for a third order determinant. We are to 
sliow that 


Oi 
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02 

03 
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62 
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bi 

62 

^*3 

03 

63 
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In the first determinant the subscripts reveal the row and the letters tell 
the column of each element. Hut the interchange of rows and columns 
reverses the roles of the subscripts and letters in the second determinant. 
Hv definition, the factors in a term ai-e to be written in the order of their 
appearance in the columns, and the sign for the product is to be determined 
by the number of inversions of the symbols representing the row.s. Follow¬ 
ing the definition then, the factors of each term of the first determinant are 
to be written with the letters in the order a. b, c; ami each term of the sec¬ 
ond determinant is to have the subscripts in the order 1, 2, 3. The prod¬ 
uct for example, has its factors arranged properly for a term of tlie 

second determinant. There are two inversions by virtue of the c preceding 
a and b wliich means +C 1 O 263 is a term of the second determinant. Now 
the factors for the corre.sponding term of the first determinant ai'e to be in 
the order aofeaCi. To obtain this order let us first change to uori/Js 

which introduces one inversion of the subscripts and gets rid of one inver¬ 
sion of the letters. Next change a 2 fi 6 .i to Ooi^aCi, introtlucing another in¬ 
version of the subscripts and eliminating another inversion of the lettei's. 
Hence the number of inversions of the letters in cia-yba is the same as the 
number of inversions of the subscripts in 03 ^ 3 ^ 1 , and this product with a 
plus sign is a term of both detemunants. Similarly, any term of one of the 
determinants is a term of the other. 

This reasoning may be applied to a determinant of order two or greater. 
For interchanging two adjacent factors adds one inversion to one set of 
the symbols (letters or subscripts) and subtracts one from the other. So 
that the number of inversions of the letters where the subscripts have no 
inversions is the same as the number of inversions of the subscripts where 
the factors of the product are written in the order of the lettere. 

Note. Since the interchange of corresponding rows and columns of a 
determinant does not change the value of the determinant, a property of a 
determinant involving its rows is also a property involving its columns and 
vice versa. Hence the proof of a property pertaining to rows or columns 
ot a determinant need be made for only one of the two. 

Property III. // each of the elements of a row (or co/uma) of a iietermi- 
nant is zero, then the value of the determinant is zero. 


286 College Algebra 

Proof: This property follows at once from the fact that each term has a 
factor from every row and ever>' column of the determinant. A product 
in which zero is a factor is, of course, zero. 

Property R'. If two rows (or columns) of a determinant are interchanged, 
(he sign of the determinant is changed. 

Proof: Let us interchange two adjacent rows of a third order determinant 
and show that 
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From the first determinant the factors of OohiCa, for example, are in order 
from rows 2, I, 3, making one inversion. The factors of this product, 
a 2 h|C 3 , in the resulting determinant come in order from rows 1, 2, 3, pro¬ 
ducing no inversion of the row ordering. Hence —a 2 biC 3 is a term of the 
fii-st determinant and its negative, 0261 c.'}, is a term of the determinant 
obtained by interchanging the two rows. Similarly, any term of one deter¬ 
minant is the negative of a term of tlie other. For the interchange of two 
adjacent rows interchanges the row order of two adjacent factors in each 
product of the expansion, and thus changes by one the invei-sions of the 
numbers which locate the factors by row. This statement also holds for 
determinants of any order greater than one. Hence the theorem is true if 

two adjacent rows are interchanged. 

Now if k rows lie between the two rows to be interchanged, the inter¬ 
change can be made by a succession of interchanges of adjacent rows. 
First bring the lower row next under the upper row in question by k inter¬ 
changes; then interchange the two; and finally take the upper row on down 
through the k rows one by one. This process, involving 2k + 1 inter¬ 
changes, leaves all rows except the two in their original places. But 2k + 1 
is an odd number which means that the resulting determinant is the nega¬ 
tive of the original one. Hence the interchange of any two rows of a de¬ 
terminant changes the sign of the determinant. 

Property V. If two rows (or columns) of a determinant are identical, the 
value of the determinant is zero. 

Proof: By Property IV, if two rows are interchanged the sign of the de¬ 
terminant is changed. If D is the value of the first determin^t, the value 
of the second determinant, olitained by interchanging the identical rows, 
is -D But the two determinants are obviously equal since all the cor¬ 
responding elements are equal. Therefore D = -D, whence 2D - 0. and 

Z) = 0. 
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Property VI. If each of the elemcals of a row (or column) of a determi¬ 
nant is multiplied bij a number rn, the value of the determinant is multiplied 
by rn. 

Proof: Since each term of the expansion has one and only one factor 
from every row, m will appear as a factor in each term of the expansion of 
the new detenninant. Then the expansion can be written as m times the 
expansion of the first determinant. 


Property ^TI. If each element of a row (or column) of a determinant is 
expressed as the sum of two terms, the detenninant can be expressed as the 
sum of two determinarUs. 

Proof: We shall prove that 


a, + a'l 
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Any term of the expansion of the first determinant may be written as the 
sum of the correspon<lin« terms in the expansions of the two determinants 
on the right. For example, (oi + a'i)I> 2<*3 = 016203 + a'i 62 f 3 . 

Property VIII. The value of a determinant is not changed if each element 
of any row (or column) is multiplied by a number m and added to the corre¬ 
sponding elements of any other row (or column). 

Proof: Let us show that 
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Hy Property VII, the determinant on the left may be written as the sum 
of two determinants. That is, 
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But the second of these is equal to zero since it 
the elements of the third column, and written 
with the first and third columns identical. 


may have m facloml from 
as m times a ileterminant 
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Exercise 96 

Eaoh of the following products is written with the factors in different orders. 
Determine the number of inversions of both the letters and the subscripts in each 
case: 

1. ajbifj 2. 0362C1 3. OiftsCidi 

biQiCs. riftjflj. 

4. alb^Cid2 6. 6. fl362rid< 

nid 2 C 364 . <fl62Q3C4- fl62'J3d4. 

7. Using the definition of a determinant, write the terms of the expansion of 

ai 6) Cl rfi 
flj fcj C'i di 
flj 6} r3 di 
fl4 bi C4 di 

Show by the use of the properties of determinants that each of the following 
determinants has the value zero: 


8. 5 3 


9. 0 7 



10. 3 3 


0 0 


0 4 



4 4 


11. 3 -1 

3 

12. I 6 -6 



13. 1 2 

3 

2 4 

2 • 

5 2 -2 • 



2 4 

6 ■ 

5 -3 

5 

4-3 3 



0 2 

I 

14. 12' 

-5 

16. 0 1 0 



16. 7 6 

5 

2 4 ■ 

-4 • 

5 -6 -7 • 



6 5 

4 • 

0 0 

-3 

0 2 0 



5 4 

3 

Show that the following equations are true: 





17. 1 -2 

3 

14 1 18. 4 

1 

2 

2 

1 2 

4 -3 

2 = - 

-2-3 2- 2 

3 

5 

= 2 1 

3 5 

1 2 


3 2 1 6 

0 

1 

3 

0 1 

19. 5 -3 

1 9 

0 2 20. 2 

6 

4 

1 

3 2 

4 3 

1 = 4 

3 1- 3 

6 

9 

= 6 1 

2 3 

1 -2 

6 1 

-2 6 1 

1 

1 

1 

1 1 

21. 2 4 

5 3 

4 5 5 4 5 





-3 7 

1 + 5 

7 1 =271- 





5 6 

0 4 

0 0 9 6 0 





22. 16 14 

16 1 

14 14 7 _ 12 

0 


84. 


18 21 

2 

7 “ 2 7 2 

mm 

t 





146. Expansion by Minors. The definition of a determinant describes 
its expansion and hence provides a way of evaluating the eterminan . 
But we shall now develop a more convenient method of evaluation. 
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The determinant which remains after the row and column of a given 
element are removed is called the minor of the element. 


Illustration: In the determinant 



Cl 

do C‘2 ' 

i'a <"3 


the minor of Oj is 



6'> Co 

1 

1 

and the minor of 62 is 

a, Cl 

is 



bs C 3 


«3 <’3 


For brevity, the minor of an element i.s customarily designated by the 
corresponding capital letter with the .same subscript. For example, the 
minor of ni is di, the minor of bz is B>, and the minor of c-> is C 2 . 

We shall prove the following theorem: 


Theouem. The expansion of a delcrminant may be oblaincd by lakiny (he 
algebraic sum of (he prorlucts of (he elements of any row (or column) and thdr 
minors, when each product is given a plus or minus sign according os (he sum 
of the numbers giving (he row and column of the clement is even or odd. 


Proof: We shall show first that the terms of a determinant D having oj 
as a factor are given by 0 |.li. Since each term of the expansion of D lia.s 
one and only one factor from each row ami each column, the terms of 1 ) 
involving aj have no other factor from the first row or the first column. 
Then the other factors come from the minor of d|. Xow if each term of 
the expansion of . 11 is multiplied by oi, no change is made in the number of 
invemions of the sub.scripts of any product. Hence the terms of .1 j become 
terms of D when each is multiplied by oi. Thus we see that the product of 
the element in the leading position (first row an<l first column) and its 
minor give the terms of D involving that element. 

Next wo wish to consider the product of an element and its minor if the 
element is in the fth row and jih column. This element can be transferred 
to the leading position in the following way: First, bring the ith row to row 
one by i - I interchanges of adjacent rows. Second, bring the jth column 
to column one by j - 1 interchanges of adjacent columns. It should be 
noticed that thc.se interchanges in each case involve adjacent rows or ad¬ 
jacent columns, and hence do not disturb the minor of any element. Fur¬ 
ther, the interchanges of two rows or of two columns reverses the si-ui 
of the determinant. Then the (1 - 1) -j- (> - l) interchanges produce 
i+j -2 changes of the sign. This makes tlie original rleterminant 1) 
equal to the resulting determinant D’ U i + j - 2 us even, and cpial to its 
negative if t -|- j - 2 is odd. But i + j — 2 is even or odd acconling as 
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i + j is even or odd. The element in the tth row and jth row column of D 
occupies the leading position in D'. Hence the product of the given ele¬ 
ment and its minor belongs to the expansion of D', according to the first 
part of the proof. But this product belongs also to D if f -|- j is even, and 
its negative is a part of Z) if i j is odd. This is in agreement with the 
statement of the theorem. 

Finally, we oljsen’e that the algebraic sum of the products of the ele¬ 
ments of a row (or column) and their minors, with the sign in each case given 
according to the theorem, yields all the terms of the expansion involving 
the elements of the row (or column). From the definition of a determinant, 
these terms constitute the expansion, and hence the theorem is proved. 

Expanding a determinant by minors expresses the determinant in terms 
of determinants of one less order. In turn, each of these could then be 
expressed as determinants of order one less, and so on. Thus a determinant 
of higher order may be reduced to second order determinants whose expan¬ 
sions could be easily written. The evaluation of determinants, however, 
is greatly facilitated by employing certain properties of determinants. A 
particularly helpful device is to obtain a determinant which has all of the 
elements, except one, of some row or column equal to zero. We shall illus¬ 
trate with some examples. 


Example 1. Find the value of the determinant 



Soludon. We first expand the determinant just as it is given, 
ing to the elements of the first row the expansion is 



Accord- 


D = 4(-6 - 15) + 6(-3 - 35) -|- 5(-9 + 42), 

/) = 4(-21)-br)(-38) + 5(33). 

D = -84 - 228 + Ui5 = -147. 

Next let us obtain an equal determinant from the given determinant by 
subtracting the second row from the first row. Thus, 



4-6 5 


7 0 0 

D = 

-3 -6 5 

— 

-3 -6 5 


7 3 1 


7 3 1 
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Xow we expand the new determinant according to the elements of the first 
row, noticing that a zero element times its minor is zero. 

-() 5 

D = 7 +0 + 0 = 7(-0 - 15) = 7(-21) = -147. 

3 1 

Example 2. Evaluate the determinant 

2-3 4 

D = 8 5 1 

-7 2 -3 

Sohilion. Let us obtain an etjuivalent determinant which has all the ele¬ 
ments, except one, of some row or column ecjual to zero. The elt'ment I 
in the second row, third column, makes this end easily achieved. We 
multiply the elements of the second row by 4 and subtract from the fii-st 
row. Next we multiply the elements of the second row by 3 an<l add to 
the third row. This leaves the second row elements unchanged but gives 
new first and third rows. That is, 


2 

-3 

4 


-30 

-23 

0 

CO 

II 

Cj 

5 

1 


8 

5 

1 

1 -7 

2 

-3 


17 

17 

0 


Taking advantage of the zero elements, we expand the new determinant 
according to the elements of the third column. 

30 — 23 

^ = +0 = -(-510 + 391) = 119. 

E xam ple 3. Evaluate the determinant 

2 -12 7 5 

-4 G 4 -3 

10 0 1 2 

6 9 5 0 

Solution. First factor 2 from the firet column elements and 3 from the 
second column. 

1-4 7 5 

-2 24-3 

5 0 1 2 

3 3 5 0 




D = G 
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Three zeros can be obtained readily in the rows or columns which have the 
element 1. Let us get the zeros in the third row which already has one 
zero, ^^e multiply the third column by 5 and subtract from the first col¬ 
umn. Then we multiply the third column bj' 2 and subtract from the fourth 
column. This gives a determinant with new first and fourth columns. 



-34 

-4 

7 

-9 

-22 

2 

4 

-11 

0 

0 

1 

0 

-22 

3 

5 

-10 


We expand according to the elements of the third row. 


-34 

-4 

-9 

i) = 6 -22 

2 

-11 ■ 

-22 

3 

-10 

Next subtract the second row from the third 

row. 

-34 

-4 

-9 

Z) = C -22 

2 

-11 • 

• 0 

1 

1 


Now subtract the third column from the second column. 

-34 5 -9 

D = 6 -22 13 -11 • 

0 0 1 

_g 

D = Q = C(-442 -H 110) = -1992. 

-22 13 


Exercise 97 


Evaluate the following determinants: 


1. 1 2 3 

6 4-5- 
4 0 1 

4 . 0 5 4 1 

3 2 3 -2 

0 12 3 

3 0 1 4 


2. 6 -3 7 

7 5 -9 ■ 

6 3 7 

6. 6 8 7 2 

3 2 4 1 
2 3 8 2' 

5 4 2 1 


3. 5 0 1 

3 4 2- 

6 1 3 

6. 3 2 2 3 

3 111. 
6 2 2 1 ' 

9 0 11 
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7. 

2 

. 

-1 

2 

0 


8. 4 

8 

S 4 



9. 3 

9 

3 

0 


0 

• 

_2 

1 

6 


1 

2 

0 2 



2 

3 

0 

2 


{) 


0 

0 

1 

4 

0 

1 

2 3 



1 

0 

1 

1 


4 


3 

4 

2 


2 

4 

1 4 



0 

i 

2 

3 

10. 


3 

— 

9 

0 

12 1 


11. 

(> 

t) 

-1 

i 





2 


1 

3 


0 



3 

-1 

1 

1 

4 




3 

— 

2 

1 

— 

■3 



3 

1 

0 

i 





0 


2 

-3 


1 



t) 

-1 

1 - 

-6 



12. 

I 


-2 


1 

-1 

3 


13. 

1 

2 2 

1 3 





1 


2 


2 

I 

1 



2 

1 I 

I 1 





2 


1 


1 

-3 

2 . 



3 

2 1 

2 1 

• 




1 


1 


3 

2 

1 



1 

3 2 

I 1 





2 


-1 


1 

1 

1 



1 

1 3 

3 1 





146. Solution of Systems of Linear Equations by Detenninants. In 
Section ol systems of linear equations of two ami three unknowns were 
solved by the use of determinants. The same method may be ai)|)lie(l to 
systems of more unknowns. We shall show how determinants cun be used 
to solve four linear equations of four unknowns, but it may be observetl 
that the method of proof would also apply to the general case of n linear 
equations of a unknowns. Consider the system 

flix + biij + r,2 + (ixw = Cl 

QgJ + b2y + C^Z -f doU’ = €2 

03^ -f hyt/ + C3Z + rfaU’ = C3 

+ btij + c^2 + (l^w = C 4 . 

We .shall use D to stand for the determinant of the coefficients of the 
unknowns x. y, 2 . and w. And .V^, A%, and .V„. will stand for the four 

determinants obtained from D by replacing the coefficients of .r, ;/, 2 , and 
w, in turn, l)y the corresponding constant terms. Then the solution of the 
given system of ecjuations, as we shall show, may be written as 


X = 


Ny AT, 

y - —• 2 = —. 
D D 


if 0. If we multiply both members of 


Z) ’ 



Ol bj cj dx 
02 bo C2 ^2 
03 63 ea (ii 
o* b^ ({4 
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by T, we get 



a,x 

bi 

Cl 

rfl 

biX 

62 

C2 

d2 

CiX 

63 

C3 

dz 

dix 


C4 

d 4 


Now we multiply the second column of the determinant by y, the third 
column by z, and the fourth column by w and add each of the products 
to the first column to obtain 



OiJ* + biy + Ciz + diW 

bi 

Cl 

di 

azx + bzy + cjz + d2W 

62 

C2 


033* + hy + C3Z + diW 

63 

C3 

rfs 

04! -f- 641/ + C4Z + d4W 

64 

C4 

rf4 


The elements of the first column of this determinant are the left members 
of the given system of equations, and hence may be replaced by their equals 
as found in the right members. We have then 


and X = Ni/D. 



€i bi Cl di 

C 2 ^2 ^2 ^2 

<■3 ^3 C 3 ds 

e 4 64 C4 d 4 



Similarly, we may find 




«’ 


D ’ 


Then we have a solution of the given system of ecpiations if these values 
for the unknowns x, y, z, and w .satisfy each of the equations. Suppose 
that we check the first equation. The remaining equations could be checked 
in the same way. Substituting, we have 


D 




CliVx 

D 



diN^ 

D 



Now transposing the constant term to the left side and multipljing by D 
gives 

oiNi bjNp + CiNg -f* diXw ~ ciD = 0. 


If this expression on the left i.s equal to zero, the first equation of the given 
.«v.sl<‘m is satisfied. The expres.sion i.s the e.vpansion of a determinant. 
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That is. 

a, ei bi Cl (/i 

a, Cl bi c, di 

UiNi 4* biNy + CiA^, + rfijVu' “ <*1^ — ^*2 <’2 ^2 ^2 <^2 ’ 

«3 C3 63 C3 f/3 

fU C^ b^ Ci f/j 

US may l>e verified by expanding tlic determinant aetording to the elements 
of the first row. Hut the determinant is ecjual to zero since the fii-st and 
second rows are identical. 

Example. Solve the system 

22- + 2 _ «. = I 

X + 2y -2z 3ic = 9 
3 j - 2y + 32 - 2w = 2 
4x — Ay — 2z ~ 3m’ = 3. 

Solution. The solution may be had from the five determinants I), A'^. 
A\, A^, and .V„. We show how I) may be evaluated. 


2 

0 

1 

-1 

1 

2 

-2 

3 

3 

-2 

3 

-2 

4 

-4 

-2 

-3 


We add twice the fourth column to the first column, and add the fourth 
column to the third column, and then expand by the elements of the first 
row; whence, 

10 0 0 -11 



Referring to the determinant on the right, we add the third column to the 
first and also to the second column and obtain 
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By evaluating it may be verified that 


lienee, 


ar = VT- = 2, j/ = 


-84 

~jr 



1 

0 

1 

— 

1 



2 

1 

1 

-1 


9 

2 

-2 


3 



1 

9 

-2 

3 

1 

2 

-2 

3 

— 

2 

= 1G8; 


3 

2 

3 

-2 


3 

-4 

-2 


3 



4 

3 

-2 

-3 


2 

0 

1 - 

■1 




2 

0 

1 

1 


1 

2 

9 

3 



= 

1 

2 

-2 

9 


3 

-2 

2 - 

■2 


= 0; 

3 

-2 

3 

2 



4 

-4 

3 - 

3 




4 

-4 

-2 

3 


“ -84; 


= 252. 


= -1, z 


= ^ = 0 , = -54 




Exercise 98 


Solve by determinants and check your results: 


1 . 3j - oy = 7 

X + y = 2. 

3. 2j- + 3y + 2 = 9 
4j + y = " 

X - 3y - "2 = 6. 


2, 4x - 3y = 1 
3 j - 2y = 7. 

4. 3j + y + 2 = 2 

X + y + 2 = 0 

5x - 2y + 32 = -8. 


6 . 3x - 52 = -1 
2x + 7y = 0 

X + y + 2 = 5. 


6 . X + 5y — 2 =* 9 
3x - 3y -f 22 = 7 
2x-4y + 32= 1. 


7. -X -f 2y + 32 - 2a- = 2 
3x+ y+ 2- «' = ■! 
2 x - y - 2 + 2u’ = 0 
x+ y+ 2+ u’ = 0. 


8 . 2x + 2y - 2 - u> = I 
2x - 4y + 32 + 2u’ = 8 
3x + 2y - 22 - 3w = 7 
x+ y— 2 + ic = 0. 


9. 2x - 32 + jc = I 
X — y + 2a’ * 1 
- 3y + 2 + le = 1 
X + y + ^ = 1- 

11. X + y + 22 4- 2w' = 3 

2x - y - 2 + 2u’ = 1 

2 x + 2y - 32 + a- = 2 

4 x _ 2y + 2 + 3u- = 6. 


10. X- y + 2- u> = 
x+ y + 2 + u> = 
x-3y-2-u> = 
1 + y-z+w= 

12. x+ y + 22 + 3K’ 
2x+ y-3r-2u> 
3x4-2y- 2 - t/- 
2x + 3y - 2 - 2 w 


3 

-5 

9 

1 . 

= -2 
= -1 
= -5 
= 1 . 
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13. j- + !/ + 3 + »• = 2 

j - '21/ + 22 + 2ir = -Ji 

2x + II- 22 + 2ic = -o 

3/ — y + 32 — 3ir = ~3. 


14. 2j + 3// + 2 + u- = 2 

2j- — 2y + 2 - u' = 7 

j- — // — 32 — «’ * 2 

3j- + 2»/ + 22 + 2«' = 5. 


147. Linear Systems with More Equations Than Unknowns. The sy.s- 
tems of linoiir oiiiuitiotj.s whirli \vc have ronsiilorcd far liavc haci the 
sjime number of e(iuati(»ns as unknowtjs. Systems of eciuations sometimes 
arise, liowever, wliieh do not have this balanee lielween tlie ociuations and 
unknowns. .\ detailed diseussion of this problem is beyond our present 
staj?c. Aceordin^ly wo sliall restriet ourselves to the special ease in which 
tlie number of equations is one more than the number of unknowns. 

To illustrate this ease we ehoase the .system 


oi-r + = ft 

(1) 

a 2 X + b>y = C 2 

(2) 

Qa-r + b^y = C;,. 

(3) 


Here we have three eciuations and two uttknowns. Usually systems of 
this kind are inconsistent (that is, do not have a solution'). However, if 
any two of the eijuations are consistent and their .solution satisfies the other 
e(|uation, then the system of tliree equations is consistent. 

Let us assume that e<juations (1) and (2) are neither dependent nor in¬ 
consistent. This means that 



0 . 


The solution of the two etjuations is 


X = 


Cl 6, 


Oi Cl 

^2 ^2 

■ and y = 

02 O 2 

D 

D 


We now substitute these values for / and y in equation (3). 



c, bi 

Cj h 

D 





Co 

- = <13- 


This gives 


By clearing of fraction.s, changing signs, and interchanging columns in one 
of the determinants, we reduce the equation to 


03 



fi 

C3 



fll Cl 
Qo C2 


+ t‘3 


Ol by 

62 
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The left side of this equation is the expansion of 

fli 6i Cl 
^2 ^2 • 

03 &3 C 3 

Hence this determinant must be eciual to zero if the given system of equa¬ 
tions is consistent. Conversely, if this determinant is equal to zero and any 
two of the given equations are consistent, then the three equations form a 
consistent S 5 \stem. 

Systems with one extra equation in more than two unknowns could be 
treated in an analogous way. In this connection we state a general theorem. 

Tiieohem. .-1 system of (n -|- 1) linear equations in n unknowns has a 
single solution if and only if the following conditions hold: 

1. The determinant whose (n + 1) columns are formed from the coefficients 
of the n unknowns and the constant terms is equal to zero. 

2. The determinant of the coefficients of some n of the equations is different 
from zero. 

Example. Determine if the following system of equations is consistent. 

x-\- y + 2 = 0 
X + + 32 = 2 

2x — 3y — 52 = 8 
3x — 2y — 8z = 4. 

Solution. We first evaluate the determinant formed by the coefficients 
of the unknowns and the constant terms. Thus we find 

I 110 

1 13 2 

= 0 . 

2- 3-5 8 

3- 2-8 4 

This shoe’s tiiat one part of the theorem is satisfied. We next determine 
if the second part of the theorem is satisfied. Trj'ing the first three of the 
given equations, we find 

1 1 1 

1 1 3 = 10. 

2 -3 -5 

Since this determinant is difTeront from zero, the three equations have a 
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solution. Thesolution. asmaybeverifiCHl, IsJ - 2, y - 3,z-l. Ihese 

values also sati.'^fy the fourth equation. 

148. Systems of Homogeneous Linear Equations. A linear equation is 
said to be homogeneous if the constant term is zero. The etiuations 

OiJ" + + ri3 = 0 

aoJ" + f'ilf + fa- “ ^ 
fla-r + hy + f 32 = 0 


constitute a system of homogeneous linear eciuations. Obviou.sly tiie eejua- 
tions are satislied by substituting zero for each unknown. This solution 
may also bo obtained by using determinants if the determinant of the co¬ 
efficients of the unknown D is not equal to zero. We may write the solu¬ 


tion as 




iV, 

D 


•Vj, and A'., stand for determinants as defineil in Section l ifi. F.ach 
of these numerator determinants, having a column of zeros, is e<iual to zero. 
Hence, with D 0, this is the only possible solution. 

We see at once that any system of homogeneovis linear equation.s is 
sati.sfied by the value zero for each unknown. This is called a trivial solu¬ 
tion. We raise the question us to the existence of solutions other than the 
trivial solution. Relative to this question, we state a theorem. 


Theohkm. sysfem of n homogeneous linear cqualions in n unknou'ns has 
nontrivial solutions if and only if the determinant of the cocJTicients is equal to 
zero. 


This theorem is proved in textbooks on theorj' of eciuations. .\lthough 
we do not include a proof, we shall illu.strate a method for finding nontrivial 
solutions. 


Example. Find nontrivial solutions of the system 


X — y — 32 = 0 
2x — 2y — Gz = 0 
2 j: -1- 3y — 2 = 0. 

Solution. We first evaluate D. Thus we find 


Since D = 


1 -1 -3 

D = 2-2 -0 

2 3-1 

0, there are nontrivial solutions. 


= 0 . 


We next find the sulutions. 
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Transposing the 2 terms 

in the second and third equations gives 


2z - 2y = C 2 

2x +3y = z. 


The solution of these equations for x and y in tenns oi z\sx = 2z,y = ~z. 
These values for x and y satisfy all three of the given equations. Hence 
an indefinite number of solutions can be found simply by assigning 2 any 
value and using the values 2z and —2 for x and y. Giving 2 the literal 
number h, we write the solution as 

X 

= 21c, y = ~k, z = k 

i 

where k can be any number. 



Exercise 99 


Test each system of equations for consistency or inconsistency. Find the solution 
of cacli system whose equations are consistent. 

1. 4j - 3i/ = 3 

2x-Zy = 2 

2i-(Sy = 3. 

2. 4z - 2y = 3 

2z - 3y = 2 

6z — oy - 4. 

3 . 3z - 3y = 4 

2z + 2y = 3 

7z + y = 10. 

4. I + 7i/ = 10 

2x+ 5i/ * 2 
z + I6y =« 28. 

6, 2z + 3y = -1 

3z - 4y = 24 

X + lOy = -26. 

6. 6z - 5y = 14 

4z+ 3y = -13 

2j + y = 0. 

7. 2z - y + 22 = 6 

3x + y\- 2 = 8 
z - 2 y + 2 = 0 

x+ y =1- 

8. 2z + y — 2 = 8 

3z — 4y — 52 = 8 

5z + y + 2 = 10 
z + y + 2 = 2. 

9. z - y =1 

z -}- 2 = -6 

y- 2 = 1 
z + y - 22 = 3. 

10. 2z + 3y + 2 = 9 
z - 2y - 32 = 1 

5z + 4y + 02 = 5 

X + y - 2 = 6 . 

11. z - 2y - 2 = 3 
z + 3y + 2 = 4 
z — y - 2z = 5 

X + y + 22 = 6. 

12. 2z - y + 2 = 0 

2z + y -2 = 2 

2z - y - 2 = 3 

2z + y + 2 = 4. 

Test each svstein of equations for the e.\i.stonce of nontrivial solutions. Solve 
the systems which have nontrivial solutions. 

13. z + 2y = 0 

2z — y - 0. 

14. 3z - 2y = 0. 

6z — 4y = 0. 

16. 3x + 3y = 0 

2z + 2y = 0. 

16. z + y+ 2 = 0 
z — y — 52 = 0 

I + 2y + 42 = 0. 

17. 2z - 3y - 2 = 0 

X + 3y — 2z ~ 0 
z — 3y =0. 

18 . z + 2y - 52 = 0 

X- y + 42 = 0 
z + 4y - 92 = 0. 

19. z + y+ 2 + «’ = 0 

z - 7y + 2 - tc = 0 

X + y — 7z — w = 0 

^ — 2/ 4“ 32 + u* = 0. 

20. 4z - y - 22 + tc = 0 

y- z+ w = 0 

5z + y - 2 - “’ = 0 

2 z + 2y + 22 - 3u' = 0. 



TaBLK I.—l*OWElt.S AND RoOT3 


No. 

Sq. 

Sq. 

Root 

Cube 


No. 

Sq, 

Sq. 

Root 

Cube 

1 

1 

■ 

1 

1.000 

m 

2,601 

7.141 

132,651 

a 

4 

Bui 

8 

1.260 


2.704 

7.211 

140,608 

9 

9 

Hm 

27 

1.442 

■a 

2.809 


148,877 

4 

10 

2,000 

64 

1.587 

64 

2.916 

7.348 

157,464 

6 

25 

2.236 

125 

1.710 

T1 

3,025 

7.416 

166,375 

$ 

36 

2.449 

216 

1.817 

66 

3,136 

7.483 

175,616 

7 

49 

2.046 

343 

1.913 

67 

3,249 

7.550 

185,193 

6 

04 

2.828 

512 

2.000 

68 

3,364 

7.616 

195,112 

9 

81 

3.000 

729 

2.080 

69 

3,481 

7.681 

205,379 

10 

100 

3.162 

1.000 

2.154 

60 

3,600 

7.746 

216,000 

11 

121 

3.317 

1.331 

2.224 

61 

3,721 

7.810 

226.981 

la 

144 

3.464 

1.728 

2.289 

62 

3,844 

7.874 

238.328 

13 

169 

3.606 

2,197 

2.351 

68 

3,969 

7.937 

250.047 

14 

190 

3.742 

2.744 

2.410 

64 

4,096 

8.000 

262.144 

10 

225 

3.873 

3,375 

2.466 

66 

4.225 : 

8.062 

274,625 

1$ 

250 

4.000 

4.096 

2.520 

1 

66 

4.356 

8.124 

287.496 

17 

289 

4.123 

4.913 

2.571 

67 

4.489 

8.185 

300.763 

18 

324 

4.243 

5.832 

2.621 

68 

4.624 , 

8.246 

314,432 

19 

361 

4.359 

6.859 

2.666 

69 

4 761 

8.307 

328.509 

ao 

400 

4.472 

8.000 

2.714 

70 


8.367 

343.000 

ai 

441 

4.583 

9,261 

2.759 

71 

5,041 

8.426 

357,911 

fm 

484 

4.6&0 

10.048 

2.802 

72 

5,184 

8.485 

373,248 


529 

4.796 

12.167 

2.844 

73 

6,329 

8.544 

389,017 


576 

4.899 

13.824 

2.834 

74 

6.470 

8.602 

405,224 


625 


15.625 

2.924 

76 

6,625 

8.660 

421.875 

wm 

676 

6.099 1 

17.576 

2.962 

76 

5,776 

8.718 

438,976 

a? 

729 

5.196 

19.683 

3.000 i 

77 

5,929 

8.775 

456,633 

as 

784 

5,292 

21.952 

3.037 

78 

6.084 

8.832 

474,652 

aa 

841 

5.385 

24,389 

3.072 

79 

6,241 

8.888 

493,039 

30 

900 

5.477 

27,000 

3.107 

80 

6.400 

8.944 

512,000 

31 

961 

5.568 

29.791 

3.141 

81 

6,661 


531,441 

3a 

1.024 

5.657 

32.708 

3.175 

sa 

6,724 

9.055 

551,368 

33 

1.089 

5.745 

35.937 

3.208 ' 

83 

6,889 

9.110 

571,787 

34 

M56 

5.831 

39.304 

3.240 

84 

7,036 

9.165 

592.704 

83 

1.225 

5.916 

42.875 

3.271 


7,225 

9.220 

614,125 

33 

2.296 

6.000 

46.650 

3.302 

86 

7,396 

9.274 

636.056 

37 

1.369 

6.083 

50.653 

3.332 

87 

7,669 

9.327 

658.603 

38 

r.444 

6.164 

54.872 

3.362 

88 

7,744 

9.381 

681,472 

mm 

1.521 

6.245 

69.319 

3.391 

89 

7,921 

9.434 

704,969 

40 

1.600 

6.325 

64.000 

3.420 

90 

8,100 

9.487 

729.000 

41 

1.681 

6.403 

68.921 

3.448 

91 

8,281 

9.539 

753.571 

4a 

1.704 

6.481 

74.088 

3.476 

92 

8,464 

9.592 

778,688 

43 

1.849 

6.557 

79.507 

3.503 

93 

8,649 

9.644 

804,357 

44 

1.936 

0.633 

85.184 

3.630 

94 

8,836 

9.695 

830.584 

iW 

2.025 

6.708 

91.125 

3.557 

95 

9,025 

9.747 

857.375 

El 

2.116 

6.782 

97.330 

3.683 

96 

9.216 

9.798 

884 736 

«T 

2.209 

6.856 

103.823 

3.609 

97 

9.409 

9.849 

912 673 

48 

48 

80 

2.304 

2.401 

2,500 

6.928 

7.000 

7.071 

110.592 

117.649 

125.000 

3.634 

3.659 

3.684 

• 

96 

99 

100 

9.604 

9,801 

10,000 

9.899 

9.950 

10.000 

94M92 

970.299 

1,000,000 


Cube 

Root 


3.708 

3.733 

3.756 

3.780 

3.803 

3.826 

3.849 

3.871 

3.893 

3.915 

3.936 

3.958 

3.979 

4.000 

4.021 

4.041 

4.062 

4.082 

4.102 

4.121 

4.141 

4.160 

4.179 

4.198 

4.217 

4.236 

4.254 

4.273 

4.291 

4.309 

4.327 

4.344 

4.362 

4.380 

4.397 

4.414 

4.431 

4.448 

4.465 

4.481 

4.498 

4.614 

4.531 

4.547 

4.563 

4.579 

4.595 

4.610 

4.626 

4.642 
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Table II.—Common Logarithms 



0000 

0414 

0792 

1139 

1401 

1761 

2041 

2304 

2653 

2788 

3010 

3222 

3424 

3617 

3802 

3979 

4150 

4314 

4472 

4624 

4771 

4914 

6051 

5185 

6315 

5441 

5563 

5682 

5798 

6911 

6021 

6128 

6232 

6335 

6435 

6532 

6628 

6721 

6812 

6902 

6990 

7076 

7160 

7243 

7324 


0043 

0453 

0828 

1173 

1492 


0086 

0492 

0864 

1206 

1523 


1790 

2068 

2330 

2577 

2810 

3032 

3243 

1144 

W I « ■ 

3636 

3820 


1818 

2095 

2355 

2601 

2833 

3054 

3263 

3464 

3655 

3838 


0128 

0531 

0899 

1239 

1553 

1847 

2122 

2380 

2625 

2856 

3075 

3284 

3483 

3674 

3856 


0170 

0569 

0934 

1271 

1584 

1875 

2148 

2405 

2648 

2878 

3096 

3304 

3502 

3692 

3874 


3997 4014 4031 4048 
4166 4183 4200 4216 
4330 4346 4362 4378 
4487 4502 4518 4533 
4639 4654 4669 4683 

4786 4800 4814 4829 
4928 4942 4955 4969 
5065 5079 5092 5105 
6198 5211 5224 5237 
5328 5340 6353 5366 


5453 

5575 

5694 

5809 

5922 

6031 

6138 

6243 

6345 

6444 


5465 

5587 

5705 

5821 

5933 

6042 

6149 

6253 

6355 

6454 


5478 

5599 

6717 

5832 

5944 

6053 

6160 

6263 

6365 

6464 


5490 

5611 

5729 

5843 

5955 

6064 

6170 

6274 

6375 

6474 


6542 6551 6561 6571 
6637 6646 6656 6665 
6730 6739 6749 6758 
6821 6830 6839 6848 
6911 6920 6928 6937 

6998 7007 7016 7024 
7084 7093 7101 7110 
7168 7177 7185 7193 
7251 7259 7267 7275 
7332 7340 7348 7356 


0212 

0607 

0969 

1303 

1614 

1903 

2175 

2430 

2672 

2900 

3118 

3324 

3522 

3711 

3892 

4065 

4232 

4393 

4548 

4698 

4843 

4983 

5119 

5250 

5378 

5502 

5623 

5740 

5855 

5966 

6075 

6180 

6284 

6385 

6484 

6580 

6675 

6767 

6857 

6946 

7033 
7118 
7202 
7284 
7364 


0253 

0645 

1004 

1335 

1644 


0294 

0682 

1038 

1367 

1673 


0334 

0719 

1072 

1399 

1703 


0374 

0755 

1106 

1430 

1732 


1931 

2201 

2455 

2695 

2923 

3139 

3345 

3541 

3729 

3909 

4082 

4249 

4409 

4564 

4713 


1959 

2227 

2480 

2718 

2945 

3160 

3365 

3560 

3747 

3927 

4099 

4265 

4425 

4579 

4728 


1987 

2253 

2504 

2742 

2967 

3181 

3385 

3579 

3766 

3945 

4116 

4281 

4440 

4594 

4742 


2014 

2279 

2529 

2765 

2989 

3201 

3404 

3598 

3784 

3962 

4133 

4298 

4456 

4609 

4757 


4857 4871 4886 4900 
4997 5011 5024 5038 
5132 5145 5159 5172 
6263 6276 5289 5302 
5391 5403 5416 5428 


5514 

6635 

5752 

5866 

5977 

6085 

6191 

6294 

6395 

6493 

6590 

6684 

6776 

6866 

6955 

7042 

7126 

7210 

7292 

7372 


5527 

5647 

5763 

5877 

5988 

6096 

6201 

6304 

6405 

6503 

6599 

6693 

6785 

6875 

6964 

7050 

7135 

7218 

7300 

7380 


5539 

5658 

5775 

5888 

5999 

6107 

6212 

6314 

6415 

6513 


5551 

6670 

5786 

5899 

6010 

6117 

6222 

6325 

6425 

6522 


6609 6618 
6702 6712 
6794 6803 
6884 6893 
6972 6981 


7059 

7143 

7226 

7308 

7388 


7067 

7152 

7235 

7316 

7396 
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7404 

7482 

7559 

7634 

7709 

7782 

7853 

7924 

7993 

S062 

8129 

8195 

8261 

8325 

8388 

8451 

8513 

8573 

8633 

8692 

8751 

8808 

8865 

8921 

8976 

9031 

9085 

9138 

9191 

9243 

9294 

9345 

9395 

9445 

9494 

9542 

9590 

9638 

9685 

9731 

9777 

9823 

9868 

9912 

9956 


7412 

7490 

7566 

7642 

7716 

7789 

7860 

7931 

8000 

8069 


7419 

7497 

7574 

7649 

7723 

7796 

7868 

7938 

8007 

8075 


7427 

7505 

7582 

7657 

7731 

7803 

7875 

7945 

8014 

8082 


7435 

7513 

7589 

7664 

7738 

7810 

7882 

7952 

8021 

8089 


8136 8142 8149 8156 
8202 8209 8215 8222 
8267 8274 8280 8287 
8331 8338 8344 8351 
8395 8401 8407 8414 

8457 8463 8470 8476 
8519 8525 8531 8537 
8579 8585 8591 8597 
8639 8645 8651 8657 
8698 8704 8710 8716 

8756 8762 8768 8774 
8814 8820 8825 8831 
8871 8876 8882 8887 
8927 8932 8938 8943 
8982 8987 8993 8998 

9036 9042 9047 9053 
9090 9096 9101 9106 
9143 9149 9154 9159 
9196 9201 9206 9212 
9248 9253 9258 9263 


9299 

9350 

9400 

9450 

9499 

9547 

9595 

9643 

9689 

9736 


9304 

9355 

9405 

9455 

9504 

9552 

9600 

9647 

9694 

9741 


9309 

9360 

9410 

9460 

9509 

9557 

9605 

9652 

9699 

9745 


9315 

9365 

9415 

9465 

9513 

9562 

9609 

9657 

9703 

9750 


9782 9786 9791 9795 
9827 9832 9836 9841 
9872 9877 9881 9886 
9917 9921 9926 9930 
9961 9965 9969 9974 


7443 

7520 

7597 

7672 

7745 

7818 

7889 

7959 

8028 

8096 

8162 

8228 

8293 

8357 

8420 

8482 

8543 

8603 

8663 

8722 

8779 

8837 

8893 

8949 

9004 

9058 

9112 

9165 

9217 

9269 

9320 

9370 

9420 

9469 

9518 

9566 

9614 

9661 

9708 

9754 

9800 

9845 

9890 

9934 

9978 


7451 

7528 

7604 

7679 

7752 

7825 

7896 

7966 

8035 

8102 


7459 

7536 

7612 

7686 

7760 

7832 

7903 

7973 

8041 

8109 


7466 

7543 

7619 

7694 

7767 

7839 

7910 

7980 

8048 

8116 


7474 

7551 

7627 

7701 

7774 

7846 

7917 

7987 

8055 

8122 


8169 8176 8182 8189 
8235 8241 8248 8254 
8299 8306 8312 8319 
8363 8370 8376 8382 
8426 8432 8439 8445 

8488 8494 8500 8506 
8549 8555 8561 8567 
8609 8615 8621 8627 
8669 8675 8681 8686 
8727 8733 8739 8745 

8785 8791 8797 8802 
8842 8848 8854 8859 
8899 8904 8910 8915 
8954 8960 8965 8971 
9009 9015 9020 9025 

9063 9069 9074 9079 
9117 9122 9128 9133 
9170 9175 9180 9186 
9222 9227 9232 9238 
9274 9279 9284 9289 


9325 

9375 

9425 

9474 

9523 

9571 

9619 

9666 

9713 

9759 


9330 

9380 

9430 

9479 

9528 

9576 

9624 

9671 

9717 

9763 


9335 

9385 

9435 

9484 

9533 

9581 

9628 

9675 

9722 

9768 


9340 

9390 

9440 

9489 

9538 

9586 

9633 

9680 

9727 

9773 


9805 9809 9814 9818 
9850 9854 9859 9863 
9894 9899 9903 9908 
9939 9943 9948 9952 
9983 9987 9991 9996 
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Table III.—America:! Experience Mortautt Table 


Ago 


10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

60 

51 

52 


Num¬ 

ber 

living 

Nam 

htr 

dy¬ 

ing 

- Yearly 
proba¬ 
bility 
dying 

Yearly 
proba¬ 
bility of 
living 

1 

100 OOC 

) 74i 

)0.0C7 49( 


>! 53 

99 251 

74( 

j 0.007 51( 

,0.902 484R 54 

98 50i 

; 74c 

{ 0.007 54: 

(0.992 457 I 65 

97 762 


) 0.007 5o: 

> 0.992 431 

fl 66 

97 022 

73/ 

’0.007 69( 


1 67 

96 28S 

735 


10.992 366 

j 58 

95 650 

732 


0.992 339 

59 

94 818 

729 


0.992 312 

60 

94 089 

727 


0.992 273 

61 

93 362 

725 


0.992 235 

62 

Q5> 637 

723 


0.992 195 

5? 


722 


0.992 145 

64 

102 

721 


0.992 0941 

65 

90 471 



0.992 042 

66 

89 751 

719 

O.OOS Oil 

0.991 989 

67 

89 032 

718 

0.008 065 

0.991 935 

68 

AS 314 

718 

0.008 130 

0.991 870 

69 

A7 506 

718 

0.008 197 

0.991 803 

70 

O# V V w 

A6 876 

718 

0.008 264 

0.991 736 

71 

66 160 

719 

0.008 345 

0.991 655 

72 

85 441 


0.008 427 

0.991 673 

73 

84 721 

721 

0.008 610 


74 

fti 000 

723 

0.008 607 


75 

83 277 

726 

0.008 718 


76 

go * $ t 

82 551 


0.008 831 


77 

81 822 

732 

0.008 946 


78 

81 000 

737 

0.009 089 


79 

O X V'^ V 

80 353 

742 

0.009 234 


80 

70 011 

740 



81 

§ V V4 * 

78 8G2 

75C 



82 

78 106 

705 



83 

4 O A w 

77 341 

774 

0.010 008 


84 

7fi 567 

785 

0.010 252 


85 

76 782 


0.010 517 


86 

74 985 

812 < 

0.010 829 


87 

74 173 

828' 



88 

73 345 

848' 



89 

72 497 




90 

71 627 

896 



91 

70 731 

927 



92 

69 804 

962 



93 

68 842 

1 001 


‘imi'lwmia!; 

94 

67 841 

1 044 

0,015 389 

0.934 6n| 

95 


Num¬ 

ber 

liTing 


66 797 
65.70G 
64 5G3 
63 3G4 
62 104 

60.779 
59 385 
57 917 
56 371 
54 743 

53 030 
51 230 
49 341 
47 361 
45 291 


43 


133 

890 

569 

178 

730 


Num¬ 
ber 
dy¬ 
ing 


Yearly 
proba¬ 
bility of 
dying 


Yearly 
proba¬ 
bility of 
living 


1 091 0.016 333 0.983 667 
1 143 0.017 396 0.082 604 
1 199 0.018 571 0.981 429 
1 2C0 0.019 885 0.980 115 
1 325 0.021 336 0.978 665 

1 394 0.022 936 0.977 064 
1 408 0.024 720 0.975 280 
1 646 0.026 693 0.973 307 
1 628 0.028 880 0.071 120 
1 713 0.031 292 0.968 70S 

0.033 943 0.966 057 
0.036 873 0.963 127 
0.040 129 0.959 871 
0.043 707 0.958 293 
0.047 647 0.952 353 


1 


800 

889 

980 

070 

158 


8 603 
0 955 
5 485 
4 103 
3 079 

2 146 
1 402 
847 
462 
216 

79 

21 

3 


243 

321 

391 

448 

487 


2 605 
2 601 
2 47C 
2 431 
2 869 

2 291 
2 196 
2 001 
1 964 
1 816 


648 

470 

292 

114 

933 

744 

555 

385 

246 

137 

68 

18 

3 


0.052 002 0.947 998 
0.056 702 0.943 238 
0.001 993 0.938 007 
9.067 665 0.932 335 
0.073 733 0.926 2G7 

0.080 178 0.919 822 
0.087 028 0.912 972 
0.094 371 0.905 629 
0.102 311 0.897 689 
0.111 0640.888 936 

0.120 827 0.879 173 
9.131 734 0.808 266 
9.144 4G6 0.855 534 
0.158 605 0.841 395 
9.174 297 0.825 703 

0.191 601 0.808 430 
0.211 359 0.788 611 
9.235 652 0.764 448 
0.265 681 0.734 319 
0.303 020 0.696 980 

0.346 692 0.653 308 
0.395 863 0.604 137 
0 454 645 0.645 455 
0.632 468 0.467 532 
0.634 259 0.365 741 

0 734 177 0.265 823 
0 857 143 0.142 857 

i,m 000 0.000 000 
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Table IV.—Tric.osomethk' FrscTioss 








.\NS\VEHS 

^rtsu’m ore uot incluikd lo (hr problems whose numbers arc multipits of three. 


Exercise 1 


1. 

20. 


2. 8. 



4. 

-.30. 

6. 

-1. 


7. -8. 



6. 

a. 

10. 

— (Vi. 


11. 0. 



13. 

4Z(/. 

14. 

- ox. 


16. -9. 



17. 

-10. 

19. 

6. 


20. 0. 



22. 

-8a. 

23. 

3z. 


26. llinn. 



26. 

Gain. 

28. 

8. 


29. 2:4. 



31. 

-ll. 

32. 

-3. 


34. 12. 



36. 

0. 

37. 

z. 


38. 8z. 



40. 

5rrin. 

41. 

— lOwn. 

43. 20. 



44. 

-10. 

46. 

0. 


47. -Gz. 



49. 

2c. 

60. 

-5c. 



62. 

— 8^1. 



63. 

4z — 

2y + 1: - 

2z + Gy - 17. 

66. 

3fi + 26 - 

4c; 

a - 86 + 2c. 

66. 

3ti — 

6 — 4c; 5rt 

- 116 - Iflc. 

68. 

5z + 2?/ - 

*■ * I 
•> . .4 

' “■ 8// — :. 

69. 

lOz - 

- 2y + 0:: 

4x + IGy — Gj. 

61. 

14i« — 15n 

! — \ 

8; 8;.« + n + ;44, 

62. 

23a - 

- 36 + Sc; 

-3n - 316 + 40c. 

64. 

-oo + 26 

+ 32c; -29a + 2.86 

66. 

33z - 

- 22y - 4z 

; -z - 21:. 

67. 

8x + 13x1/ 

- Zy:: 2x - xy + 9 

68. 

3a + 

136 - c - 

15; -7a+6 + 7c + 7. 




70. 

llz - 

- 41/ — 1 : 3j + ()!/ — 15. 

71. 

(Vi + 86 + 

8c; 

Sa — i>c. 

73. 

22z • 

- 12j/ - 11 

: 2i + lOy + 15. 

74. 

-17z - 39; - 

5x - lOt/ + 21. 

76. 

12z - 

- 15{/ + 11 

z; -l&r + 23y - 17 

y 

^ • 




77. 

*1 + 

156 + 34c; 

— Iba — 6 + 8c. 

79. 

7a - 46 + 

l.V 

4 

80. 

I9z + 5j/ + [Gz 

; -Dj - 9i/ - \6z. 

82. 

9z - »/ - 

lOr 

+ 4. 

83. 

8^1 + 

126 - 7c 

— 5. 86. 3x1/ + i\x + 

7y - 4. 

86. 

-5a + 10c - 

88. 

— 5n6 + 9nc — 

25c — 5. 

89. 

7ac + 5a + 36 

- 4. 

91. 

-xy 

- 1. 


92. 

\Oni + 5a 

+ 3c — 6. 


1. 4a - 2e. 

6. 2o - 6 + 6. 

10. -lOo + 66 - 2c. 
14. 15i - 13y, 


Exercise 2 

2. 2x + j, - 4. 

7. lOa - 46. 

11. Gxy + 6x - Zy. 
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4. y. 

8. 3x + 1- 
13. lOz -t- ihj + 2. 
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Answers 


Exercise 3 


1. 

40. 

2. 

-21. 



4. 

60 * 5 . 

6. 

-28<i5. 

7. 

6a*. 



8. 

-12m*n*. 

10. 

-6x-V. 

11. 

24a*5*, 

» 


13. 

-a*6*. 

14. 

lOx-y. 

16. 

4x*- 

12xy. 


17. 

— 6a* + 4a5. 

19. 

-21a* + 28a*. 

20. 

x*y - 

xy*. 


22. 

X* - 9y*. 

23. 

4a* - 6*. 

26. 

« 

X“ — 2 

- 2. 


26. 

2a* + 5a5 - 35*. 

28. 

2m* — limn + 12n*. 

29. 

12m* - 

- 9m 

- 30. 

31. 

12x* - 21x* + 6x* 

32. 

2a*6 - 8a*5* + 6<i*6*. 



34. 

-6x*jr - 

9x*y* + 12xy* - 3xy*. 

36. 

— 12wrj + 20m'n — 24m^n' 

- \2mn^. 




37. 

14xjr - 28x*y* + 7xy* 

+ 2\xy. 

38. 

-x*y* + 2x*y* 

- 3x*y*. 

40. 

a* + 6*. 



41. 

8a* + 27. 



43. 

y* + 3xjr + x*y - 2x*. 



44. 

2c* - 13oc* + 21a*c - 4a». 

46. 

3a* + 23a*c - lOac* - 

16e*. 


47. 

26* - 35* 

+ 95= 

' - 05 + 10. 

49. 

a* + 2o + 1 - 6*. 



60. 

4x* + 12x 

+ 9 

«» 

- y- 

62. 

X* + X* — 5x* + 13x — 

6. 


63. 

a* + 0 * - 

m ** 

- 17a - 12. 

66. 

Ox* - X* - 14x* - llx 

- 28 


66. 

3m* - Urn* - 

17m* + 13m + 12. 

68. 

a* + 4a* + a — 6. 



69. 

2x* +5x* 

- 28x - 15. 

61. 

6 — 17m + 14m* — 3m' 

• 


62. 

W - 32x 

— 

' + 2x*. 


1. 1. 

Exercise 4 

2. -1. 

4 . 5 *. 

6. a*. 

7. -y. 

8. z. 

10. 2a*. 

11. -3d. 

13. 2a5. 

14. — 5xy. 

16. 2x - 1. 

17. 1 - 3x. 

19. 3x* - 2x - 1. 

20. m — n + 1. 

22. - X - 2. 

2 

23. -2a* + a + 2. 

26. X - 4. 

26.x 9 + ^^^ 

28. 3x + 4. 

29. 4x + 3+t-^- 

31. X- - 3x + 3 - 

32. X* + 2x + 8. 

34. + nb + 6*. 

36. a* — o5 + 5*. 

37. X + 9. 

38. 6x + 2 + 

- 15X + 2 

2x* + X + 1 


1 

1 + 3' 


40. 2j^ + - x + g • 

43. 4m- — 2mn + n*. 

46. I* - 3r^ + X-' + 3 j - 2 + 
49. x* - + ^ + 4. 



41. 2x^ + x - 3. 
44. m* — n*. 

47. X* - X + 4 + 


8x - 2 
r* +i +2' 


Exercise 6 


1. — 16. 

6. 4m* — n*. 
10. a*6* - •r<P- 
14. 6375. 

19. 9a^ - 121t>^- 

1 4‘) 


2. 4i* - 9. 

7. 16 - Ox*. 

11. 4x* - y*. 

16. Jx* - ^jr. 
20. lOa^ - 4yc^ 
36x’ 2i)y* 


4. 25 - m*. 

8. x^ - y*- 
13. 2496. 

17. ~ 

22. 9a‘ - 165*. 

4o* 9x« 

26. TTT - -rj' 
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1 . iS + 2x + l. 

6. w* + Omn + ‘.In'. 

10. -lOm' — 70mih + 25»i*. 
14. 2101. 

19. m*H* — 8nrn + Hi. 


Eiercise 6 

2. j- - 4x + -1. 

7. 4x= + I2ry + 

11. i-y- - Oxy: + O.-. 
16. 4<i‘ + 4«V + b*. 


4. 4m’ — 4m + 1. 
8. + 4xy + 4y-. 

13. 3721. 

17. (I® - + t®. 


22. ;r + y- + r - 2xy + 2x.- - 2y;. 
25. a- + 46- + 0 - 4<i6 - iWi + 126. 


20. 81 + 3r>«' + 4».’. 

23. X* + 4y- + z- + 4xy + 2xx + 4y:. 
26. Hi + »«• + Om- - 8m - 24n + OmH. 


28. o‘ + 6* + 4 + 2n-b- + 4o- + 46-. 

29. r* + y- + 2 * -1- u- + 2xy + 2 x 2 - 2xii' + 2 y 2 - 2yw - 2zn\ 

31. 4(1- + 6- + Oc* -I- - 4(i6 + 12nc - 4rt</ - C6<- + 21x1 - Or*/. 

32. 9m' + «■ + ;>* + 4y* — limn — Gmp + 12my + 2np — 4h< 7 — 4py. 

34. a- + 2<j6 + 6- - 1. 36. x’ - 2xy + r - 4-^ 

37. 9m- + 12m« + 4n- - 1. 38. I - Om + 9m' - u’. 

40. ar - 25y- + lOy - 1. 41. x^ + + 1- 


1. x* + 3x + 2. 

6. r* - 3xy + 2y-. 

10. I0<i2 - 17«i6 + 36^ 
14. -5a* - 24fl6 + 56*. 
19. X* + 2x* + 3x + 2. 


Exercise 7 

2. X* - X - 20. 

7. 20 + 31m + 12m*. 
11. I5n* - 17<i6 - 46*. 
16. 2x^ - 9x= + 4. 

20. X* + X* - 5x - 0. 


4. X* - 8x + 1.5. 

8. 9m* — 3mH — 2»i*. 

13. -7a* - 43a6 - (>6*. 

17. 12x^ - 23x* - 24. 

22. (im* + 10m*- 12m -20, 


23. 8m* — 22m* + 15m. 26. x* + 2xy + y- + 4x + 4y + 3. 

26. X* — 2xy + jr — X + y — 6. 28. Ox* + 12xy + Oy* — x — y — 1. 


Exercise 6 


1. i» - 3x* + 3x - 1. 2. x» - 9x* + 27x - 27. 4. 27 + 27x + 9x* + x*. 


6. 8x* + 12x* + Ox + 1. 

8. 1 - 15x + 75x* - 125x*. 

11. -a* - 3a*6 - 3a6* - 6*. 

14. o® - 9a*6 + 127a*6* - 206*. 

17. 27m* + 108m*xy + 144mx*y* + Wx*y*. 


7. 125 - 75x + 1.5x* - x*. 

10. 8n* - 3r>rt*6 + 54a6* - 276*. 
13. 125 + 7i5a6 + 15a*6* + n®6*. 

16. 210m*n* — 108m*M*y + ISmny* 



Supplemeatary Problems 

1. 7o - 6; -a - 76. 2. 12x - lOy; 2x + Oy. 4. 10c + 9<i; -4c - 17(/. 

6. Ox + 2y - 6; —2x + 4y - 8. 7. 3m — 5« + 11; m + 7» - 1. 

8 . 4z - 2y; -2x - 4y - 22. 

10. 5o - 46 + 5c - 3; -3a - 26 - I9c + 15. 

11. -4p + r - 20; - lOp - 8« + 13r + 6. 

13. 14x - lOy + 5; -14y + 5. 14. a + 126 +3c; -9a + 146 + lie. 

16. - o + 06 - 9c; -5o + 106 + 13c. 17. 9p - 5y - Or; p - 13y - 19r. 
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19. On - 26 - 2c - 7: -fl + 86 + 10c + 7. 

20. —3p — 7 — 4r — 8; — 5p + 3g + 2r. 


22. — 2o — 26. 

26. -2r. 

31. 2m + 4n. 

36. 4c + y — 8. 

40. -2p + 2x-y + 2. 

44. 6n'6 — 4«6*. 

49. 4j< - y\ 

63. a= - 3a + 2. 

68. 2 + 31 - 20x‘^. 

62. 2n® - 3a* + 1. 

66. 6m’ - 7w* - Hm + 12. 

68. 12x* + 20jy - 6y*. 

71. 12j* - 3i’ - 23x* + 2r + 10. 
74. 4a* - 06* - 126 - 4. 

77. Qx* - 3? - x‘ + -13^ - 35. 


26. 8p — 5q. 

29. X — 6i/. 

34. 13j + 3y - 132 + 10. 
38. a — 06 + 7c. 

43. 12m’ - 8m*. 

47. 16n* - 25. 

62. z* + 4 j + 3. 

66 . 4m* — mn — 3n*. 

61. n’ +2a* + 2a + 1. 

64. 2x’ - 6z* + 5z - 1. 

67. Uz* - 7xy. 

70. — n*6 + 2o6. 

73. o* + 4o6 + 46* - 1. 

76. 24m< + Cm’ + 23n* + 7m + 6. 

79. 2y* - iV - 27t/* - y + 12. 


23. 4a + 26. 

28. -2 + 26. 

32. 9z - 2y. 

37. 2z + 5y - 2. 

41. 6z + Oy - 2a + 10. 
46. 9z* - y*. 

60. 9m*n* — 16. 

66 . 2m* + 3mn — 2n*. 
69. 4m* — 12mR + 9n*. 


80. 3z’ — 10z*y + 5zy* + 42^ + 2z* - 4zy - 2y. 

82. 2m^ + m’n — 3m*n* + 5mn’ + 7mn — 2n'* — 2m — fm — 4. 


83. 3z + y. 86. 2z - 3y. 86. 6 + 3c. 

88. -z* - 2z + 3. 89. z* - zy + y*. 91. 2m + 3m - 2. 

92. z* - z + 1. 8^- x* - z’ + r* + 3z - 3. 

96 z* + 4zy + 4y*. 97. 4z* - 20zy + 25y*. 98. Iti + 16y + 4y*. 

lOo’ z' - 4?P + 4* lOl- 103. 4z' - 4z*y’ +y. 

104. 27 - 27z + Ox* - z*. 106. 1 - 6z + 12z* - Sz*. 107. z® - 3z’ + 3z- - 1. 

109. mV + 6m*R*a + 12mnn* + 8a’. 110. z* + y* + 2 ’ - 2ry - 2 x 2 + 2 y 2 . 


112 4m* 4- On* + 1 - 12mn + 4m - 6n. 

113. a* + 6* + c* + </* - 2a6 + 2nc - 2aJ - 26c + 26«i - 2cd. 


Exercise 9 

2. 3(z + 3yl. 

7. z(4z - y + 1). 
11 . (m — n)(p + ?)• 

14. (z + 6y)(3a — 26 + 1). 

17. (4z - y)(2z - 2y + 3 + a). 


1 . a(z + y). 

6 . 8m(m — 2). 

10. (z + 4)(3 + a). 


4. 5m(n — 2m). 

8 . 3t(x - y + 2y*). 

13. (z* - X - l)(o - W 


16. 4(2m + 3n)(m - n). 
19. (X + 4)(z - 4). 


(1 + 5z)(l - 5z). 22. 8(a + 26)(a - 26). 


20 . 

23. 2n(z + 3y)(x - 3y). 

26. (2mn +3c)(2m« - 3c). 

29. (a + 6 + 2)(a — 6 — 2). 

32. {2xy + « + l>(2xy - 2 - 1 ). 

36. {2m + n - 2)(2m - n). 

38. (m +n)(m - n)(z + 7). 

41. 400. 


26. m(m + 4)(m — 4). 

28 . (a - 1 + 6)(a - 1 - *»)• 

31. (z - y + 3a)(z - y - 3a). 

34. (m + n + a - 6)(m + n - a + 6) 
37. 4 (p + g){x + 4)(x-4). 

40. 1820. 

43. 1800. 
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Exercise 10 

1. (j + 3Hi^ - 3x + 9). 2. (2 + x)(4 - 2x + x=). 4. (x - 4){x= + 4x + 16). 

6. (I - 2x)(l + 2x + 4x-). 7. 2<2n + /»i(4a- - 2^5 + 6*). 

8. (2<J - 36>(4<i- + tw«6 + 10. fl(6 + - 36a + 9a-). 

11. 3((i6 - 2)(aV + 2a6 + 4). 

13. {X + v - sUx^ + 2xy + r + x: + i/: + ?*). 

14. {X ~2y + l)(x- - 4 jt/ + 4»/- - x + 2y + I). 

16. (2x + 2 + y)i^3r + 8x + 4 - 2x1/ - 2y + i/-). 

17. (3 - X + y)(9 + 3x - 3j/ + X- - 2iy + «/■)• 

19. (hi - 2»i + 3 )(hi* + 2»ih — 3hi + 4h- - 12n + 0). 

20. (m + « — a + 6)(Hr + 2mn + n* + ani + an — bm — 6n + a* — 2a6 + 6*). 


1. (I + 2)’. 

6. (I - 4xy)'. 

10. (a + 2)(a + 4). 

14. (m — 3)(»i — 6). 

19. (a + 36)(fl - 7b). 

23. (3x - 2t(x + 2). 

28. (3 - 4x)(7 + x). 

32. r(x + 6)(i + 7). 

37. (n* + l){n + 2)(a - 2). 

40. (a + 2)*(a - 2)^ 41. (9 + a-)-. 

44. (X + 2)(x - 2)(2x + l)(2x - 1). 

47. (2m — n — 2)*. 

60. (3x - 3v - l)(x - y - z). 


4. {4x - 3)’ 

8. (4a + 6)-. 

13. (m - 1 )(hi - 6). 
17. (m + 5)(m - 3). 
22. (2x + 3)(x - 1). 
26. (2x + 3)(2x - n). 
31. j(3x - 2)(4x - 1). 
36. (3 - a2)5 

38. (3n- + 2)(a + 2)(a - 2). 

43. (3x- +2X2x2 - 3). 

46. (m - n + 1)\ 

49. (m + H — 2)(m + n + 1). 

62. (X + V + 1)' 


63. (X - y + 2)^ 66. (x - y - 3:)^ 66. (x + 2)*. 

68. (a - 6)*. 69. (5n + 2)’. 


1- (I + y)(a + 4). 
5. (x - y)(o + 2c). 


Exercise 12 

2. (X +3)(4 + yi. 

7. (3y - n)(3x + 1). 


10. 2(1 + m)(l - m)(2 - m). 

13. (x - y - j)(n + 6). 

16. (m — 2a)(m — 2n — 3). 

19. (a + 6)(a — 6 + 5). 

22. (2a + l)(a + 26 - 2). 

26. (a — 6)(a' + nb + 6* — a — 6). 

28. (a - 6 + l)(a - 6 - 1). 

31. (m + 3 - 2n)(m - 3 + 2n). 

24. (i — 1 + y 4- z){x - 1 - y — x). 

37. (3x - 1 + y 4. 2x)(3x - I - y - 22). 


4. (4x + 3c)(i + 3y). 
8 . (3x - a)(y + 3a). 

11. (m + l)(m — l)(am - 3). 

14. (2x +3y - 2)(o + 2). 

17. (3/h — l)(3m — I — a). 

20. (rt - 26)(a + 26 - 3). 

23. (X + y)(x- - xy + y2 + 1). 

26. (n- — o5 + 6*)(a + 6 — 1). 

29. (m + 3n + 3)(m + 3n - 3). 

32. (w — 2n + 4c)(m — 2n — \c). 

36. (3y +2x +3)(3y - 2x - 3). 


Exercise 11 

2. (X - 3)-. 

7. (3rt + 2b)-. 

11. (a + IXa + 6). 

16. (m + 3)(h« — 4). 
20. (n + 46Xa - 96). 
26. l.*)x + lH2x - 3). 
29. (3xy — 8Xxy — I). 
34. (a- +3)* 
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38. (J - y + - b)(x - tj - a + b). 40. (8a- + 4a + l)(8a2 - 4a + 1). 

41. (x- + X - \){ir - X - 1). 43. (2x- + 36- -j- 2a6)(2a2 + 36* - 2a6). 

44. {3ry- + xy + IHx^y- - xy + 1). 46. (5y* + y - 2){5y- - y - 2). 

47. (7y^- + y- i){7y- -y-l). 

Exercise 13 

1. (x^ + l)(x + 1){X - 1). 2. (4 + i2)(2 + x)(2 - X). 

4. (25x2 + i )( 53 . ^ _ ,) 5 ^ ^ 4y^Hix + 2y){Zx - 2y). 

7. (m + I)(m2 — m + l)(aj — 1)(»|2 + m + 1). 

8. (2 -f- m)(4 - 2m + m^)(2 - m)(4 + 2wi + m*). 

10. (4m2 + l)(16m^ — 4m2 + 1). 11. + 4n2)(>n* — 4ni2n2 + 16n*). 

13. (x2 + 2x + 2 )(x2 - 2x + 2)(x 2 + 2)(x2 - 2). 

14. (2x2 + Gz + 9)(2x2 - 6x + 9)(2x2 + 9)(2x2 - 9). 

16. (x^f + 4)(x^y^ - 4). 

17. (x + i/)(x2 -xy + r)(x« -x^y^ + y*). 

19. (x® + y2)(j5 _ z2y2 + y*), 20. (x* + y<)(x^ - xh/ + y*). 


1 . 3(3xV- 

6. 4(1 -I- l)(x - 1). 

8. 6(x + 2)(4 i 2 - 1). 
13. wi(m + l)(m — 1). 


Exercise 14 

2. ISOx'ir. 4. 1260xVV. 

7. 2(x + 2)(x - l)(3x -I- 1). 

10. (m + l)(2m - 3)2. H- + «)("» “ ")*• 
14. 6(mn + 2){mn - 2){2Min + 1). 


16. (X - 4)(4x + l)(2x - 1). 

17. (x -I- l)(x - n(x2 + X + l){x2 - X -I- 1). 

19. 4x(x + 4)(x - 4)(x2 + 4x + 16). 20. 4x(x + 3)(x - 3)(x2 + 1). 

22. 4»((2»n - 3n)*(4»|2 + 6»nn -|- On®). 23. (m* + n2)(,„ + n) (m - n) 

26. (x + 2y - 2 )(x - 2y - z)(x + 2y + z). 

26. (4x - 3y)(3x - 4y)2(9x2 + I2xy + ICy®)- 
28. 9(x + 4y)(x - 3y)(2x - y)(4x + y)(x - 2y). 


1. x(x — 3»/ + 1). 

6. (2x -I- 3y)(2x - 3y). 

10. (2 -I- a)(4 - 2a + a®). 


Supplementary Problems 

2. 2a6(6 -2-1-0). 

7. 2(2m -1- n)(2Mi - n). 


4. (3a -t- l)(3o - 1). 

8. 3x(y -t- 2x)(y - 2x). 


13. (2f/i 4- 3rt)(4Mr - iimn + 9n-). 


11. (y - 4)(y2 4y -I- 16). 

14. 3a(p -1- 2?)(p2 -2pq + 4q ) 


18. (1 - I “ -H r -f y + -T' -f- 2xy 4- y®). 

17. (x 4- y 4- l)(z^' 4- 2xy 4- y - z" - y 4- 
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19 . (j _ 4)(z - 5). 20. (r + 4)(x - 6). 22. (2 - a)2. 

23. (mn + 0)(».« + 7). 26. (2j + 3)(x + 2). 26. (3a - 4)(2a + 3). 

29. (X* + 2)(x - l){r + x+l). 


28. (x^ + l)(x + 2)(x - 2). 

31. (3x + y)-. 

34. (a - b)(4 - a). 

37. (X - y)(a - 2b)(a* + 2a6 + 46*). 

40. (x - y)(z + y + 3). 

44. {in — n)(wr + + «' — ”» + »)• 

47. (3x — y + 4o){3x — y — 4a). 

60. (X - D*. 62. (2a + 3)*. 

66. (m + n — 3)®. 

68. (4x2 ^ J^2)(2x + y)(2x - y). 

61. (2»r + n2)(4;n^ — 2nrn‘ + n^). 

64. (jr + x + l)(x2 - X + I). 

67. (2x2 ^ 2xy - 3y2)(2x2 - 3xy - 3y2). 

68. (3x2 ^ _ y2)(3x2 - 5xy - y2). 

71. (2x + y - 3)(2x + y + 2). 


32. (2rt - ,'ib)2. 

36. (y + 2)(x - y). 

38. a(4 + 6)(2 - y). 

43. (X - 2)(x + y + 1). 

46. (5 + a - 3)(5 - a + 3). 

49. (2x — y + i)(x — 1). 

63. (1 - 4x)2. 

66 . (x - 2 y + a + 6 )(x - 2 y - a — 6 ). 
69. (5a2 + 4)(5n2 _ 4 , 

62. (h (2 _ y)(vt* + m 2 y + y’). 

66. (wr + HI + 2)(Hr — m + 2). 


70. (x + y + 4)(x + y — 1). 

73. (3»n - 3n - 2)(3m - 3fi - 1). 


41. (X + 2y)(x + 2y + 1). 


Exercise 16 


1 . X = 4 . 

2. 

X = 1, X * —2. 

4 . 

6 . X “ — 5 . 

16. 

y 

3x* 

17. 

2 

19. -- 

20. 

X 

22. 

1 + 2 


a 


a 

b 

26. 

2. 

26. 

2 


5x 


28. -■ 

29. 


31. 

a 


y 


1+2 


3 - X 


32.-- 

34. 


36. 

4x + 1 


3 - 2x 


X — y 


X - y + 1 


37. - - 

38. 


40. 

X 


X - y 



41. 


46. 


60. 


a-2 
a + 2 

2x-3y 

3x + 2y' 

3x - y + 2 j 

xyz 


4c 2 - 2c + 1 


Exercise 16 


4b 


44. 


49. 


?“ 2 

x + 2‘ 

6 + a 

X - 3 

x'+l' 

1 

a + b 

y - 1 
y + 1 ' 

l)c2 + 3c + 1 

(3c - 1)5 
2a — 36 — 4c 

ac 


1. i 

0 1 0 

A. PJ. 

4. 

4 

6. 6b. 

’■f.- 

8. 

4. 


5a 



10. — 

11 . — 

13. 

a 

6 

2bx 

18b' 
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14. 

4r 

16. 

X 

17. 

1 

X2 

y - 1 





19. 

— a5 + 6" 

20. 

X + 1 

22. 

2+3 

z* - xy + y* 

(z* + z+l)(o+l) 

z + 6 

23. 

x + y 

26. 

1 

26. 

(z + 2)(z + 7) 

7 

a* — 2a + 4 

(z - 2)(z - 3) 



28. 

2z +3 

29. 

z - 2. 

31. 

y(x* + y* - xy) 


5x — 1 

2z + y 

32. 

c - 2d 

34. 

1. 

36. 

(o-2)(3a+5) 

c + 2d 

(a + 2)(o + 5) 


37. 

1. 

38. 

n(2m - 3) 

40. 

x*+zy + y*+2 




m + n + 1 


x + y 


1 . 


6 . 


8 . 


10 . 


11 . 


5z 12 
20z2’ 20x*’ 

4(z + 2) 


Exercise 17 

10 9 

Qxy 6xy 

-5(1 - 2) 


4. 


1 


-2 


(x+2Hx-2)^' (X + 2)(x - 2)®' 
i(3i + 1) 5(3i + 1) 


7. 


2(x + 1) 


z — 1 z — 1 
z^ 3(Z - 1) 


z(z* - 1)’ z(z* - 1)’ z{z* - 1) 


2z 


9z* - 1 ’ 9z’ - 1 ’ 9z* - r 

4(z* - 1) z + 1 


2{z - D* 


(z + l)(z - 1)*’ 
+ 2z - 3 


(z + l){z - 1)*’ (X + 1)(X - D* 
1 


18. z. 
19a 

20 . 

26. 


50 

— 3a + 15 


a(a — 5) 

.. 19tf-6y^-12 

29. —^-r-^- 

3y - 5 

3m^ - 4w + 2 gg 

,a(m - 1) 

6 z^ +23z + 12 
(z + 2)(2z-3)(2z + ^' 


13. 

z — 3 
17. W- 
25<i - 6 

22 . 

26. 

31. 


14 


24 

2y+3 

y2-9‘ 

2a* — 4a* + 3a — 1 
oMH 

m* — 16m — 8 


I0 + 13z + 6z* 
(x - 6)(z + 5) 

19. 

g +39 

(o -9)(a +3)‘ 
4 - 
1 +y' 

m® + 5m + 30 
(m — 3)(m + 6) 
3 - 3m - 4m* 


23. 

26. 

32. 

37. 


41. 


20 - lOz* - z* 

(z + 2)(z- l)(z-2)' 
-2 
44. — 

z + y 

6y + ll 
5z* - 27 

60- (j:ri)(x*-3){z + ^ 


(m +2)(m -2)» ■" m(m* - 1) 

2 * + 8 t* - 12z - 7 
(z + l)(z - l)(x 
z 

43. 

46. 


2z - 3 

^ 3z*-6z-18 

(2z - l)(x + l)(2x + 3)(* “* 2) 

— m* + m — 9 _ 

(m - l)(m - 2)(2m + ^ 

g* _ 

(a* + 6>)(o* + afc + &^ 
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Exercise 18 


1 . ' 


6. 

10 . 

14. 

Id. 

23. 

28. 

32. 


TT- 

20 - X 

25 

z(2x^ + 1) 

6(2i - 1) ' 
x(x - 2) 

(X - l)(x + 2)' 
jr - 2xy + y- + 1 


4 34 

2- TT 


3x- + 1 

3x 

-I 

1 +X 


■Ixy 


7. 


11 . 


16. 


20 . 


1 - X 

rTx' 

X + 2 

X + 4* 
a + 5x 
5a — X 

(3x - 10)(x + 2) 


(2x+3)(x-2) 
26. 2(a- - 2o + 4). 
{m + I)(»r + 1) 


2{2 - X) 


29. 


34. 


(in — l)(m* - 3) 
3x - I 

2 x - r 


4. 

8. 

13. 

17. 

22 . 

26. 

31. 

36. 


Exercise 19 


7. 3. 

8. -1. 

10 . 

11. 5. 

13. 1. 

14. 

16. -2. 

17. 5. 

19. 

20. -1. 

22. 0. 

23. 

26. 0. 

26. 1^. 

28. 

29. -2. 

31. 1?. 

32. 

34. 3. 

36. -f 

37. 

38. 

40. V- 

41. 

43. 

44. -1 

46. 

47. i 

a - 2y + 46 

2 

60. 

62. 5a - 1. 

s, 10 - 4a - 6 

66. 


4 

66. ■‘+“. 

10 - 3a 

68. 

2 

69. 

61, “ + 
fl — 1 

«o 3a - 7 

6-C + 3 

64. 

2y -7 


15(y + 1) 

70. il. 

4m 

67. 

68. 

71. — - 
7o 

73. 

74 . 

76. ^^-2. 


y 

4y +3 



Exercise 20 


1 . 3 . 

6. ~l 

2. 1 

7. No solution. 

4. 

8. 


2x +3 

2(x + 1) 
x + 2 

2(5x - 4)(2x + 1) 

TTi- 

27»r - 17 

(3m - 2) (15m + 7)' 
X - 3 

X + r 

3x - 1 

5x + 2 ' 

2(x - I) 

3(x + !)■ 
r + Z + ] 

X 


- 1 . 

2 . 

6. 

1 . 

4. 

4. 

- 12 . 

I ^ 

s- 

5a + 7 
6 

26-11 

a - 3 ■ 
36-3 

4 - a ' 
y + 5 

Oy - 13 ' 
-h 



I 

i 
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Answers 


10. 

3 

4‘ 

11. 

-4. 

13. 

No solution. 

14. 

1 

5® 

16. 

No solution. 

17. 

No solution. 


6 - a 


a 


2a - 1 

19. 


20. 


22. 



G + a 


9 

a 

23. 

1 

4' 

26. 

-4. 

26. 

-4. 

28. 

9 

IT- 

29. 

3. 

31. 

•mr* 


Exercise 21 

1. 47, 94. 2. 76. 

6. 76, 38, 57. 7. 50^ 65^ 65^ 

10. 13 by 17. 11. 4, 10. 

14. 48 of the $20 prizes and 208 of the $5 prizes. 


16. 1201b. 
20. 1120 mi. 
26. 36, 82. 
29. 

34. 2xt days 


17. 16 oz. 

22. 98. 

26. 15,35. 

31. 15 mph. 

36. 2-^ days. 


38. 5|4idays. 

41. 89,000 at 3^% and $11,000 at 4%, 


40. 4. 6. 
43. 16f hr. 


44. 72 hr. 


46. I7- hr and 2\ hr. 


4. 34, 76. 

8. 30*. 60®, 90®. 

13. 39 dimes, 31 quaitera. 


19. 10 mi. 

23. 89. 

28. 58, 14. 

32. l^mph. 
37. 4|4 days. 


47. U qt- 


Exercise 22 

1. -13. -3. 17. -I. 2. -1^, 1^, -1. 

4. 0, 0, -14, -6. 6- 0. 0. 0. -V. -TT, 90' 

7. 4x^ - 1.1* - 1, + 2t, Ji* - 1.+ 2(* 

+ 1 1 + * 1 + I* 

10. 9. -16, 5i + 1, 26, 35, 3. 11. i - 1. 4i* + 8x* - 33 


13. 6 + A, 2i + A. 
X - 5 

16. » = —;r 
19. A = i6A. 


; X = 2j/ + 5. 


11. X - 1, 4i* + 8x* - 3x 
-1 

4(4 +A)’*(*+*) 

X -1 1 +y 

20. p =• X*. 


10. y = 2x — 6. 

.. 4x - I 
14. y = —^- 

19. 0. 

23. -1,4. 


Exercise 24 
X - 4 

11. y = —■ 

16. y = 2x. 


20 . 0 . 

26. 0.6, -3.1. 


13. y “ -*• 

17. y ® "i*- 
22 . - 1 - 6 , 1 . 6 . 
26. 0. 
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1. I = 4, y = 2. 

6. X = -1. 1/ * -*■ 

10 . liicoasisteiit. 

14. I = - y = I- 
19. Incon^Utcnt. 


Exercise 26 

2. X =3. y = -1. 
7. X = 5, y = -1. 
11. Dc|>oii<li*iit. 

16. X = §, y = 0. 
20. X = I, y = -i- 


4. X = -2, y = 3. 

8 . X « I, y = 1. 

13. x= -|.y= -V-. 
17. * = §, y = §• 


1. X 

6. X 
10. X 

14. X 
19. X 

23. X 

26. X 

29. X 
32. X 


1. y = 

3. y = 

4. y = 
^■.y = 

i.y = 
b. y =■ 

a + 6 

1 

<1 

a + 6 
6 

a — 6 . 


-3. 

- 2 . 

- 6 . 

- 1 . 
— a. 

y = 


a 


- J> 


b 

n — 6 


y “ - 

y ^ b 


Exercise 27 

2. X = -i y = 5 . 

7. X = i y = 2. 

11. X = -2, y = 0. 
16. X = j, y = —3. 

20. X = H. y = -¥ 

26. X = 
28. X 
31. X 


(2 

— a. 


4. X « -4, y = -3. 
8 . X « - 1 . y s 2 . 
13. X = -[- 5 . y * -5. 
17. X = -1. y = 

2 

22 . X » 2 , y -- 

b -2a 

• y = 


a 


a + fc a 4* 6 
6 + (/ /» — c 

y 

ee — bj 


at — bd 


y = 


ad + be 
af - ed 

ae — bd 


Exercise 28 


1 . 

X 

s 

l. y = 

2. 2 = 3. 

2 . 

X 

a 

-i.y = 2 .2 = 

4. 

X 

S 

3, y » 

-1. 2 = 2. 

6 . 

z 

ax 

2, y =* 0, 2 =■ 

7. 

u 

a 

3. e = 

0, ID =“ 0. 

8. 

u 

a 

0. f = —1, m 

10 . 

u 

a 

3. e - 

2. la - -4. 

11 . 

u 

8 

J. H - 3, U) = 

13. 

X 

a 

a. y = 

n, 2 = —a. 

14. 

X 

a 

1 1 

y = 2 « 

16. 

u 

a 

2.V = 

3. la = -1. 

17. 

u 

s 

u 0 

- K = J, IX 

19. 

X 


-4. y 
3 

" 4.2 = i 

1 4 

20 . 

X 

S 

5. y = 7 .2 = 

22. 

X 


y = 
a 


23. 

X 

a 

V'- y = “1,2 

26. 

u 

a 

H. «» = 

i “» = -J- 

26. 

ti 

a 

A. *’ = A. ix 

28. 

X 


T. y = 

t4. 2 “ §• 

29. 

X 


A. y = Ai 2 


= 1 . 
-3. 


-i 


Exercise 29 


1. 34 and 04. 

6. i 


2. 14 and 27. 

7. and 2^ mph. 

10. A, iSiV days; B. 28j days; C. 20| days. 

11. A, 15 hr; B, GO hr; C, 30 hr. 

13. 28| lb of 851* coffee and 71^ lb of ^2^ cofTce. 

14. 18|| gal of cream and 481^^ gal of milk. 

16. 14 and 42. 17. 20 and 40. 

19. 82000 at 2\%, 86000 at 3%, 84000 at 3*%. 

20 . 80 lb and 100 lb. 22 . 16 ft 

23. 100 games played, 45 won. 26. 5, n, und 17. 


4. 4 by 13 and 6 by IG. 
8 . 30 and 210 mpb. 



318 


Answers 


Exercise 30 


1. 15. 

2. 43. 

4. 2. 

6 . -18a. 

7. 24. 

8 . 4. 

10. 47. 

11. -50. 

13. 0. 

14. 7. 

Exercise 32 


1 . 6 . 

2 . 

4. 1 

6 . 8 . 


8 . 

10 . 6 . 

11 . 1 

13. 42. 

14. 30. 

16. - 22 f 

17. 22. 

19. 25. 

20 . 

22 . V- 

23. 0.9. 

26. 45. 

26. 3, - 3. 

28. 22 . 

29. -i 

31. 27 and 45. 

32. $25.05 and $58.45. 

34. 120 mi. 

36. 3.2 nu. 


37. I3j ft. 38. 4f in., 6 in., 8 f in., 9 to 4. 

40. 4 to 25. 41. Areas 121 to 9, volumes 1331 to 27. 
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^ i*yz 


37. 

38. — • 

4 

40. x". 

41. 2''+*. 

43. 5V. 

44. -^■ 

2Sn 

46. ■ 

47. . 

49. ^ 

2-Jx" 

ahj'^b 


2x'“ 



60 

Exercise 36 


1- tV' 

2. 1. 

4. f 

6. 1. 

7. 5. 

8. G. 

10. i- 

11. t*5 

13. 

14. y 

16. -8. 

17. *. 

19. i 

20. 25. 

22. 1 

23. 25. 

26. H- 

26. A- 

28. -■ 

29. ~ 

31. —• 

y 


6c* 

32. 

34. x^y. 

36. 

c 

3 

37. 18m. 

38. 

40. ^:. 


0 

3a 

4a*b^ 

43. ^ • 

44. ?«!. 

3r« 

6» 



46. -• 

Q* 


49. ^4. 

60. 1 

62. !,^ - 

63. ^ 

Exercise 36 

r’ + j/’ 


1. 5. 

2. 4. 

4. 4. 

6. 81. 

7. -32. 

8. -5. 

10. T^. 

14. f 

11. i- 

16. 5. 

12. 2^- 
17. 0.01. 

19. -ft. 

20. U- 

22. X*. 

23. a’‘. 

i!v 


29. a’’*. 

37. i^. 



a* 

32. 

34. 2'’a. 

36. -J-. 
a ^5 

37. —. 

125 

38. —. 

16 

40. lax^^ 

a»‘ ■ 

4 .. 12 


43. -jT-r- 

44. 8ry\ 

46. jWyH. 

47. 

8a’» 

x^ 

49.- 


y 



320 


Answers 


60. 

66. X - 1. 

69. X — y. 


3o6‘Mi 

62. -- 

4 

66. X - 2x'iy^ + y. 
61. X + y. 


63. 




9o^ 

68. 2x + - 12{/. 


Exercise 37 


1. 


2. 


5. 

V^. 

7. 


10. 

a</h\ 

11. 

y/-2a^. 

14. 

aV^ (x - u)*. 

16. 

a\ 

19. 

« 

C3 

20. 

6«a»6« 

23. 

{X - y)^. 

26. 

-a^h^. 

28. 


29. 

3«a« 

32. 


34. 

V!2a^. 

37. 

V^. 

38. 

V^. 

41. 

- 8. 

43. 

V'3z(x + y)- 

46. 

2\/2. 

47. 

2 Vs. 

60. 

3a6V^. 

62. 

-2</^. 

66. 

26c V^. 

66. 

Zyyf^. 

69. 

-JVg. 

61. 


64. 


66. 


5a 


3z 

68. 

- </mj?yh\ 
bz 

70. 

5x* / — 
— V^. 
3yz 

73. 

y/b. 

74. 

Via. 

77. 

xy'/2y. 

79. 

aVxp. 

82. 


83. 

5 

86. 


88. 



4. Sn/o. 

8 . 


13. V5»(x + y). 
17. 2^a^. 

22 . 2*^(1 + y)^. 
26. 7^x'S/’<. 

31. \/T8- 

36. ^2^. 

40. V 4 - X . 

\a + 6 

49. 2<i6-\/6. 

63. 3zy-V^. 

68 . ^Vz. 

62. 

67. - Vl4k. 

2c 

71. ^ •N/soiJI. 
6 y^r 

76. ot^V^. 

80. j/rV^xV. 

85. Vfl. 

89. -C^lxy. 


Exercise 38 


1 . -2V3. 

6 . ■V’V^- 

10. (26 - 4a + l)\/a6. 

14. (20+2)-^._ 

17. (x -y - DVi - y. 

^ - 2 

___ VX- — W . 

X* - y* 

23. (3y + 1 )V^ - 2xv^. 
26. (2t/ + 1)V^- 


2 . 6 \/ 2 . 

7. fsV^* 

11 . 0 . 


4. -2\/6. 

8 . -§-v/ro. 

13. -9-^- 


16. (a + 6 + l)Va + 6. 
19. ¥^3 + 


22 . 


2(1 - y) _ 

26. (6a*-3)V2a-2aV2a. 

28. (2x + y + 1)V^- 



Answers 


1. VB. 

6. 2y\/r- 
10 . 20 . 

14. IG. 

19. -2a\/2. 

23. 2sy. 

28. 

32. -c/n. 

37. -1. 

41. 44 + 5v/6. 

46. 14 - 2-s/iO + 2v/l4 


Exercise 39 

2. 5-</2. 

7. 2\/3. 

11. 50a. 

16. 3-C^. 

20. 24v^. 

26. -v/iS. 

29. -J'C'ms. 

34. 5 + 2v/6. 

36. 1. 

43. 30 - i4v/3. 

— 2\/35. 


4. Gx^/S. 

8. 

13. -24. 

17. 4o. 

22. 4x«/. 

26. v^. 

31. 

36. 7 - 4\/3. 
40. 70 - 12v/5. 
44. -4 - 4 v/5. 


1 . Vs. 
6 . 

10 . 1*5 
14. 

19. 2. 


Exercise 40 

2. ive. 

11 . ~ v^. 

X 

16. Vz. 

20 . 


23. 2 V 3 - zVl. 

1 + Vs 


28. - 


32. 


3 V 2 + 2 


26. Vs + V 2 . 
2 - V 2 


29. 


34. 


2 Vg - 2 


12 4-7V2 

37. --- 10.949. 


38. 


4(V^ + V^) - Vg - 


16 


14 


-0.419. 


4. VTS- 

8 . gVs. 

13. I Vs. 

17. \Vn2. 

22 . + 

3 

27 V 2 + sVi 

G 

31. 2(V5+ V3). 

36. 0 - 2 V 6 . 


40. 


43. 


_ 1 + 4Vg 

10 

2 + j + 2 V^ 

2 - X 


-1.080. 


46. 


49. 


Vg - 3 

3 

2V3 4-3V2 + V30 
6 


.. -l+V^ 

41- -r -» 2.458. 


44. 


47. 


J + 2 V^ + y 

^ - y 

5 + 3 V 3 


60. 


VTs - Vg 


321 


3 
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Answers 


Exercise 41 

1 . —5, V 2 , and — 4 are real numbers; 2 — t and 2 + V —5 are imaginary 

numbers: 3i and \/—2 are pure imaginary numbers. 


2. 3 + 3i. 

4. 5 + 5t. 

6 . lOi. 

7. 9(K. 

8. 3iV2. 

10. -xy^t. 

11. 2 - 3tv/5. 

13. 3 + 12i\/3. 

14. 9i’. 

16. -3iV2. 

17. iV^. 

19. 2 - 3t. 

20. 17 - IQi. 

22. 2 + i. 

23. 17 - 51». 

26. 13i. 

26. -7 + i. 

28. 7 - 24t. 

29, -y^ - 2xvi. 

31. 2 + 1 . 

32. 1. 

34 . ® - «. 

36. 1 - 2i. 

37. i. 

4 - 7i 

38. ‘ 

e 

40. 12 - tVs. 

41. 14 - »V2. 

0 

7 - Ih Vs 

43.- 

36 - iV2 

44. -—- 

46. -36. 

4 

22 


47 . -2iVl5. 

49. 10, -4i, 29. 

80. 2a, 2bi, a* + b\ 


1 . 

8 . 

i»- 4 - 4- 

14. 4a^6c. 

5i^ 


19. 


2Z2* 


ri 

28- ^ 
9x® 


32. 


27a^ 

4{.» 


(I - y)' 


66 . 

69 . 


Supplementary Problems 

2. 12z®. 

7. 4*“". 

11. iV “ A’- 

5z* 

16.- 

y 

26 - Si- 

96‘ 


29. 


m»n® 


J/* 


34. f 


6 * 4-a* 


4. x^. 

8 . 3*"-^. 


17. 


13. 3z*i^. 

^v. 

3 

22 . 6 r®<*. 

8pV 


26. 


31. 


a 


xy 

. aW. 

a 6 ( 6 » + a’) 

1 

43- -n- 

x*y» 

44. 

. 9x*y. 

4v 

47 —• 

49. 

a» 

'■ 166' 

81x” 

% 

62. 4a. 

x« 

66 . 

63. 

68 . 

■ 16 

y 

x'^ 

61. 2 + -TT + 

62. 

y 

y^ x^ 



hV* 
36. 6 . 

40. a^‘ 

8 

6 » 


125a^ 

1 

96’'^’ 

8 x 

1 

P 9 ; 


-zV- 
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64. -u - 4x^ 
68 . ~ ■V'^ 2^. 


«• — 6 * 

77. 5 V 2 . 

82. 3V^. 

86 . - ax^VSx. 


66 . — V^. 
46 

70. — 

3 x1/ 

74. x-yV^. 

79. V^. 

83. --H:\^3. 

88 . W^. 


2x „-; 

67. - - VOxi/2. 
3i/ 

71. >^'2x*uV*. 

76* xy". 

80. 0. _ 

86. t>i/V^2xi/. 

89. 

2 y* 


2xy. 


Exercise 42 

1. logs 10 » 4. 2. log&25 ® 2. 4. logs J = —3. 

8 * logfi 5 ^— 1 . 7. logio 10 » I. 8. logs 3 ^ !• 


10. logjg 6 =» 

11. logs, 4 = i. 

13. lug, 1 = - 

14. logs 4 = -|. 

16. log,.) -f = — 2. 

17. logi, J = 2 

19. 2- =. 4. 

20. 6* « 36. 

22. 9‘» « 3. 

23. 8'» = 32. 

26. 10‘ = 10. 

26. 4® = 1. 

28. 3-* = i 

29. 2-» - 1. 

31. (J)"* = 27, 

32. (i)-» = 32. 

34. 4. 

36. 2. 

37. i 

38. i 

40. 1. 

41. 1. 

43. 0. 

44. -2. 

46. 100. 

47. 5. 

49. 2. 

60. 10. 

52. 

63. 9. 

66. 1. 

66. 64. 

68. 5. 

69. 4. 

61. 81. 

62. i 

64. tjV- 

66. 1 


Exercise 43 

1 . log 852 + log 561 + log 473. 2. 3 log 78 + log 7.12. 

4. log 83 - log 51 - log 47. 6. log 14 + log 33 - log 28 - log 61. 

7. J log 57 + J log 91-4 log 18.4. 

8. i(log 28 4- log 44 + log 21 - log 978). 

10. log 85 + i log 67 - 2 log 43 - i log 65. 

11. 0.9030. 13. 0.7781. 14. 1.6811. 

16. 0.3597. 17. 0.7269. 19 . o 4203 

20. 1.5050. 22. 2.1582. 


1 . 1 . 

6 . 2 . 

10. -4. 

14. -2. 

19. 0.08634. 
23. 0.08634. 


Exercise 44 

2 . 1 . 

7. -1. 

11. -5. 

16. 863.4. 

20. 0.8634. 

26. 0.0008634. 


4. 3. 

8 . - 2 . 

13. 3. 

17. 8.634. 

22 . 86 ^ 0 . 

26. 0.0001VS(’.34. 
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Answers 


1. 0.49G9. 
6 . 0.9586. 
10 . 2.8808. 
14. 5.7604. 
19. 9.35. 
23. 0.0448. 
26. 1000. 


1. 1.8341. 

6 . 8.9941 - 10. 
10. 7.0484 - 10. 
14. 1.0216. 

19. 3.2407. 

23. 5.8724. 

28. 1057. 

32. 0.03011. 

37. 1.710. 

41. 21600. 

46. 0.01023. 


1. 233.8. 

6 . 4.487. 

10. 0.5510. 
14. 68.52. 

19. 172.2. 

23. 292.5. 

28. 0.003805. 
32. 36.51. 

37. 82.72. 

41. 2.007. 

46. 7.632. 

60. 0.002402. 
66 . 0.2683. 
69. 0.004640. 


1. 3. 

6 . 2 . 

10. 1.404. 
14. 1.887. 
19. 0. 

23. -1.857. 


Exercise 46 

2. 1.7574. 

7. 7.9031 - 10. 
11. 2.9542. 

16. 15.3 
20. 54000. 

25. 0.000704. 

29. 99.9. 


Exercise 46 

2. 0.8938. 

7. 4.8066. 

11. 8.0004 - 10. 
16. 9.9087 - 10. 
20. 3.8820. 

26. 594.7. 

29. 99650. 

34. 0.1360. 

38. 17.70. 

43. 0.5464. 

47. 0.001084. 


Exercise 47 

2. 4.293. 

7. 0.3555. 

11. 3.260. 

16. 0.1001. 

20. 6173. 

26. 0.4027. 

29. 0.00004126. 

34. 0.6593. 

38. 22.77. 

43. 0.4637. 

47. 0.2735. 

62. 0.8004. 

66 . 1.803. 

61. 4.250. 


Exercise 48 

2. 3. 

7. -1. 

11. 1.233. 

16. 0. 

20. 0.5750. 

26. 18.80. 


4. 4.7604. 

8 . 8.7634 - 10. 
13. 9.5911 - 10. 
17. 309. 

22. 0.475. 

26. 1.01. 


4. 9.9944 - 10. 

8 . 1.9960. 

13. 4.9566. 

17. 6.4881 - 10. 
22. 4.9952. 

26. 6.463. 

31. 0.004593. 

36. 0.01400. 

40. 2090. 

44. 0.0492. 


4. 1.657. 

8 . 05.28. 
13. 0.0670. 
17. 46.62. 
22. 85.68. 
26. 2.532. 
31. 7.390. 
36. 0.9445. 
40. 4.230. 
44. 2.054. 
49. 0.04048. 
63. 0.8124. 
68 . 6.081. 
62. 50.51. 


4. 2. 

8 . - 2 . 

13. 0.8857. 
17. 0.8414. 
22. -0.2043. 
26. -5.795. 
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Exercise 49 


1. 

4.605. 

2. 5.063. 

4. 

5.755. 

6 . 

4.701. 

7. -1.265. 

8 . 

-1.679. 

10 . 

2.090. 

11. -3.194. 

13. 

1.100 . 

14. 

-2.144. 






Exercise 60 



1 . 

±3. 

-H 

4. 

±2. 

6 . 

±3. 

7. d= Va¬ 

8 . 

±<i. 

10 . 

bi 

±-■ 

il. ± 3 j. 

13. 

7i 

± — 


a 



2 

14. 

±iV7. 

16. 

17. 

±■5 Vo. 

19. 

-1.2. 

20. -3, 2. 

22. 3. 4. 

23. 

-8. -1. 

26. -2. -i. 

26. 

— ^ » 
3. 3 

28. 

-i. -i 

29. -is. 

31. 

-i i 

32. 

1. 1- 

34. -i i 

36. 

1 3. 

37. 

a, 3a. 

38. - i. 

40. 

-2. 



a a 



41. 

3. 

43. -6. -1. 

44. 

a, 6. 

46. 


A 7 “ ^ 

47* — — ► — • 




a 

b Q 




1. -3. 1. 

6 . -4, -3. 

10. I i 

14. -2 ± \/3. 
4 ± -n/s 


19. 


23. 


26. 


3 ± 2 V 2 
4 

3 ± 1V3 


2 

32. - -■ 

a a 

37. -2a, 36. 


1. -3, 2. 

6. 5. 

10. 1. 


Eiercise 61 
2. 2. 3. 

7. -1. I 

11 . -I i 


16. 3 ± 2\/3. 


20 . 


7 ±V7 
2 


26. -3 ± 2i. 
29. 


34. a — 6, u + f>. 


Exercise 62 

2. -3, 4. 

7. -i,2. 

11. -i. - 5. 


4. -5, 4. 

8 . I 2 . 

13. 1 ± v/5, 
„ -2^ 
2 

22 

5 

26. 4 ± 3i. 


31. 2a, - 

2 

36. 6, a — b. 


4. —5, -4. 

8 . - 1 . 

13. 


2 
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37 . _2<i - b, -3a + 6. 38. m - n, -2(m - n). 

40. I * 2j/. I “ 2 - y: y = y - 2 — I. 

41. I « y + 1. X = fy: 1/ “ * “ ^ = t*- 

43. I =* -3y, X = ^ : y = - Jj, y * 3r + 2. 

O 

44. z = 1 - y, X = -y - 2; y * 1 - X. y * -X - 2. 

^ 4z +5 ± VSx +9 
46. z = 2y - 1 ± Vy: y --r-- 


1. ±3. 

6* :^2i, ±tV^* 

10. -f 1. 

14. ±1. ±8. 

'i9. 1 . 

23. ±3, ±i. 

28. -i -1, i, 1- 

32. -3, 


Exercise 63 

2. ±\/2, ±t. 

7. -i i 

11 . ± 1 , ±\. 

18. 25. 

20. I J. 

26. -2. -1.2,3. 

29. -I, i 

, 3 ± 

34. -I 1,-g- 


4 . ±i\/2, ±2». 

8 . - 1 , 2 . 

13. -64,-27. 

-JT. 16. 

22 . -1 ±Vb- 
5±V^ 

26. 1. 4.- - - 

31. -Y,3. 

36. -1,2, -I ± Ve- 


1. 5. 

6, -I, 4. 

10. y. 

14. -3. 
19. 7. 

23. 0. 2. 
28. 3. 4. 


Exercise 64 


2. 

61. 

4. 

±2. 

7. 

-1 

8. 

No solution 

11. 

-1. 2. 

13. 

7. 

16. 

6. 

17. 

6. 

20. 

3. 

22. 

4. 

26. 

2. 

26. 

±1. 

29. 

-2. 

31. 

3. -1 
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Exercise 66 


1. Real, equal, rational. 

4. Imaginary, unequal. 

7. Rea), unequal, irrational. 
10. Rea), equal, irrational. 

13. Rea), equal, rational. 

16. f. 

20 . 2 , 


2. Real, unequal, rational. 
6. Imaginary, unequal. 

8. Imaginary, unequal. 

11. Heal, unequal, irrational. 
14. Real, unequal, rational. 

19. 1, 13. 


17. 3. 

22 . - 1,-1 


1 . 2 . i 

6. 3. 

10. -3. 0. 

• ffi 4- 

19. 9j- + Oo: - 8 = 0. 
23. + 4 = 0. 

28. 9r^ - 12i + 5 - 0. 
32. 3. 

^ ±9. 

41. 2. 


Exercise 66 

2 . I - 2 . 

7. -h -I. 

11. 0. i 

16. - I - 2 = 0. 

20. lOr- - 29x + 10 = 0. 
26. - 4x + 2 = 0. 

29. 25r- - 20z - 14 = 0. 
34. 21. 

38. 

43. -2. 


4. -5, -7. 

8. 0, 9. 

13. -I -I 

17. x* - 7x + 12 = 0. 

22. x^ - 2 « 0. 

26. x2 - 2x - 2 = 0. 
31^12. 

M. 0. 

40. 10. 

44. 4. 


16. 2, min —6. 
20. 1, min 0. 
26. 0, min 
29. 9 and 9. 


Exercise 67 

17. 2, max 10. 

22. 0, min 
26. 1, nun 0. 

31. 4 and 4. 


19, 2, max 20. 
23. 0, max 
28. 12,100 sqrd. 


Exercise 68 

1. 11, 13 and-13, -11. 2. C, 7 and -7, -6. 4. 5. 6 and -6 -5. 

6. Sin. by 11 in. 7. 20 in. by 21 in. 8. 1 in. 

10. Depth 4i in., width 9 in. 11 . 15 ft. 

13. 9.00 in. by 15.06 in. 14 . 40 and 55 niph. 

16. Approx. 57 minutes after the second ship starts. 

17. 1 hr and 1.5G hr after the first man is at the intersection. 

20. 12 min and 20 min. 22. 80. 

26. 21 days and 28 days. 26. 2 sec. 


19. 150 mpb. 
23. 40. 

28. 10 sec. 


Exercise 60 


1. (-4. ±3). (4, ±3). 

(-V?, ±v^). (y/^, ±\/3 ). 
7. (-1. ±2«). (I, ±2i). 

19- (1. ±iV2). (-1. ±iV2). 


2. (-2. ±5), (2, ±5). 

5. (-•n/TT. ±v^), (-ylT. ±%/5). 
8. (-41. ±3i). (4i. ±3.-). 

11» (—»'s/3, ±Vo), (»v^. ±\/5). 
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Exercise 61 


1. (2, -1). {-4, 11). 2. (- 

4. (1,3), (3. 1). 6. (- 

7. (3, -3). (-1, 5). 8. (2 

10. (2, 1), (-4, -3). 11. (4, 

13. (3, 0), (5, -2). 14. (4, 

16. (-1,1), (-^,1). 

17 -3 - 3>/5 \ / ZVI -3 + 3 V 5 

^\4’ 2 /’\4’ 2 


2. (-1,3), (-21. -7). 

6. (-2, 3). (3. -2). 

8. (2 + 1 , 3 - 0, (2 - 1 , 3 + *•)• 
11. (4, 3), (-2, -5). 

14. (4, 1). (6. 4). 


Exercise 62 

1 . ( 2 . 2 ), (- 2 . - 2 ), ( 1 . 2 ), (- 1 . - 2 ). 

2 . ( 1 , 2 ).(- 1 , - 2 ). (n/S, -2V5). (-•n/5.2-v/5). 

4. (- 2 , 2 ). ( 2 , - 2 ). 6 . ( 0 . ±tV 2 ). (3, 1 ), (-3, - 1 ) 

7. (-2.3). (2. -3). (-i^). (i 

/5V^ V87\ / sVir \/w\ 

8 . (V3, -V3 ). ), (-^5 -ir)' (■ ”5^’ 

/8\/7 4\/7\ / SV? 4\/7\ 

10. (3, -2). (-3, 2). {- - 

/svTio -s/nox / 5vTO Vn9’\ 

11. (:,5i), (-1. -5.), - 

/ 22 4 \ / 22 4 \ 

13. (2. 3). (-2, -3). 

14. (Vi, - 3 V 2 ), (-V 2 , 3 V 2 ). 


i. (3. -1). (-3. I). ( 


1V34 3»V34 


)■(- 


1V34 -3«V34 


Exercise 63 

1. (2. -3). (h 0). 2- (3. *)• (a- 3)- (-3. -2). H)- 

6. (±2. -2). (±^V4r. -I)- (3. 4), {-1, -2). 

8. (0, 1), (2, -3). 10. (4, -1), (1, -$). 11- (2, 0). (1, i). 

13. (3, 1), (1, 3). (-3 + 2i. -3 - 2i), (-3 - 2i, -3 + 2i). 

14. (2, 2), (V2. - V2). (-V2. )■ 16. (4, 2), (2. 4). (8. G), (6, 8). 


1 . 7 and 9. 

6 . 4 in., 4 in., 2 in. 
10. 3%, 82800. 


Exercise 64 

2 . 8 by 12. 

7. 9 in., 16 in. 

11. 12 hr and 24 hr. 


4. 10, 13, 13. 

8 . G0<!. 40. 

13. 200 mph, 800 mi. 
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Exercise 66 


1 . 16 , 19 . 

6. Not Jirithmi'lic. 

10 . - 2 . 

14. -X + IGy. -3 j +2l>y. 
17. 2. 

22. 23 rV. 

26. d « 

31. d = i. 


1. 70. fr48. 

6 . 12 , 0 . 

10. ri = 14, S = 248^. 


2 . 0 . - 2 . 

7. N'ot arit1»iiu‘tic. 
11. 1.7, 1. 


16. -28. 


19. -123. 
23. -47.2. 
28. d = 5. 


Eiercise 66 

2. 45, 520- 
7. I 10. 

11. fl = 4. 5 = 220. 


4. 16, 20. 

8 . Not aritlimotic. 

13. 8x - 111 /, IOj - 13i/. 


20. 25.3. 

26. Vis - 12y. 
29. d = -1. 


4. —52. —255. 

8 . 31. 300i. 

13. .1 = - 25. d = 5. 


14. n = 13, d = f 
17. n = 12. i = -21. 

20. n = 0, (1 = 8; n = 9, « = —4. 


23. ‘>90. 
28. 15 sec. 


26. 406. 

29. ?o6,400. 


16. n = 4. «i = —9; n = 12. o = 7. 
19. II = 8. a = -13. 

22. 1170. 

26. 832.40. u = 141. 
31. 8465. 


32. The second proposition jviys 850 more per year limn tlio first. 

„ S (n - l>d , 8 (n - l)d 

36. o = - - -. / = - + ^- 

n 2 n 2 


Exercise 67 


1 . 

192, 381. 

2 . 

35||. 



4. 

W. 50| 

6 . 

l72x^oVr- 

7. 

5|i. 



8 . 

-42. 

10 . 

2077- 

11 . 

-20*. 



13. 

r = 2. 

14. 

r = i 

16. 




17. 

r-l 

19. 

0=^,5 = 121^. 



20 . 

n 5, 5 

= 26g-. 

22 . 

n = 3. f = 2i 



23. 

r = 4. f = 1. 


26. 

r»ia =¥:«• = 

-i n = 

= 24. 

26. 

a = 27, n 

= 4 

• % 

28. 

r = —2, 0 = 6. 

29. 

8592.59. 



31. 

3,543,122 

32. 

59<^o, 23. 

34. 

8231.85. 



35. 

1263^T- 

37. 

842,949,672. 

38. 

40.95‘“o. 





40. The first proposition jmys 85800 for the fifth year and 824.500 for the fivt'-yoar 
period. The second proposition pays 85856.40 for the fifth year and 824,420.40 for the 
five-year period. 

Exercise 68 

I 2. i 

6. 12j. 7. |. 

10- 6j. 11. _30« 

t- 16. U- 


8 . 0 . 2 . 
13. |. 
17. 
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19. 

23. U. 

28. 2, 

32. 100 in. 


90 28 I 

20 . 

26. |. 

29. 0.9.0.89986. 
Exercise 69 


22 . 

26 * TBT- 

31. 600 ft. 


13' X <4. 14. j > 4. 16. X < 

17. X < - J. 19. I < f 20. I < 1 

22. -5 < X < 5. 23. I < -4 and x > 4. 26. 1 < x < 3. 

26. —2 < X < 3. 28. No solution. 

29. .A,ll real values except x = 0. 31. All real values. 

32. All real values of x. 34. -| < x < 2. 36. 1 < x < I-. 

37. X < 3 but not equal to 2. 38. x < 5 but not equal to —2. 

40. X < -3, -1 < X < 2. 41. -5 < X < 3. X > 6. 43. -2 < x < 10. 

44. X < -4. X > 4. 46. -2 < x < 8 . 47. x < 1, x > 3. 

49. -3 < X < 4. 60. X < i X > f 62. I < x < 2. 

63. X < -5, X > 3. 66. x < -3. x > 0. 66. 0 < x < 3. 


1. 720. 
6. 144. 
10 . 8 . 
14. 252. 
19. nl 


Exercise 70 

2. 5040. 

7. 702. 

11. 90. 

16. n. 

20. n!. 


4. 48. 

8. 230. 
13. 

17. n + 1. 


Exercise 71 

1. a* - iah + 6aV - 4flx* + x*. 2. a* + Sa*y + 24aV + 32ay* + 10^ 


4. 0® + lOfl* + 40a’ + 80a’ + 80a + 32. 

6. 8Io^ + 216o’i/ + 216aV + 96ai^ + KV. 

7. x’ + 7x* + 21x‘ + 35x^ + 35x* + 21x’ + 7x + 1. 

8. 1 - 8x + 28x’ - 56x’ 4- 70x* - 56x* + 28x« - 8x’ + x®. 

10. + 9m*n + 36m’n’ + 84m®n* + 126m®n* + 126Hi®n® + 84m*n* + 36m*n’ + 

9mn* + n®. . . ? 

11. m'® - 10;n®n + 45m«n’ - 120mV + 2I0m®n® - 252niV + 210m<n® - 120m’n^ 

+ 45mV — 10/nn® + n‘®. 

13. G4a* - 192o®j/ + 2-lOaV “ IGOaV + ODaV - ]2ay^ + /• 

14. 32x'® - 80x*y + 80xY - 40xV + lOx^y* - y®. 

16. 128x’ - 448i«r + 072xy - SCOxV + 280x’y8 - 84x’y'® + I4xi/“ - f*- 

17. a*’ - 18a‘®y + 135aV - 540a*y’ + !215oV - 1458oy + 729/. 


/ Sx^^lSx* _^(i0 96 64 

64 8 4 X* X® x« 

a® 6a® 15a’ ^ 156’ . 66® ^ 6® 

20-^ + -tr + -^ + 20 + -;;r + -^ + ^* ^ 

22. x® - S/y + 3xy’ - / + Zxh - 6xyz + S/r + 3xr’ - Syz* + ^ • 

23. 8a’ + 12o’6 + 0a6’ + 6’ - 36a’c - 36a5c - 96’c + 54ac* + 276c^ 


- 27c’. 
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Exercise 72 
2. -792aV. 

7. 70a^6‘. 

11. V- 


1 . 462aV. 

6. 495a*6®. 

10. TliV 

14. 

17. fl"- - 2a"’j + 3rt"V - 4a“V + 
19. a"^ - 124+ 90a-* - 5404"’ + 
1 5 15 „ ,35 . 

+ + + +"■• 

22. I + Jy + ii/' + -n’/ + 


4. 1120jV- 

o 73.210 ,, , 

«• iir" 

13. 3003. 


16. 1 + X + j- + x’ + 


V 


23. + 

50. 25 


L 




25. 5-'»[i25--5 + ^5'--5>+...]. 


28. 3.037. 
32. 1.025. 


29. 3.009. 
34. 0.329. 


31. 0.990. 
36. 0.497. 


Supplementaiy Problems 

1. x-» + 6x-* + 12i-‘ + 8. 2. x*^ + 3xy^ + Zz'^ + y*». 

4. x®y‘® - lOxVi* + 40x*y*z« - 80x*y<:» + SOxjr;'- - 32.’‘*. 

6. I + ISx^' + 90x + 270x‘^ + 405r' + 243x‘». 

7. X* - 3x*’y + V-xV - ix‘'y- + ^xy* - -^x'V + 

8. 4*‘ - 5a26‘^ + 10a% - 1046^ + 5a V - b\ 


11. 1.105. 13. 2.5. 14. 0.80. 

16. 9604. 17. 970,299. 19. 3025. 

20. 8464. 

Exercise 74 

1. 0. 2. 3. 4. -9. 

6 . -25. 7. -50. 8. -193. 

10. -V- 11- -17. 13. 43. 

14. -5. 32. X* - 7x + 6. 


34. X* + 6x2 + 1 lx + 6 = 0. 
37. I* + x2 - 12x = 0. 

40. 9x» - 7x + 2 - 0. 

43. I* - 3x = 0. 


Exercise 76 

2. z2 + 4x - 9. 3. 
7. 5x* + 3x + 4, 0. 


35. X* - 3x2 - 4x + 12 - 0. 
38. 2x» - 7x2 + 7x - 2 » 0. 
41. x* - 2x2 - 2x + 4 = 0. 


1. 2x* -5x - 2, -!. 

6 . 4x* - 8i + 25, -70. 


4. 3x2 _ 3 j. ^ _2l. 

8. 4x2 ^ 3_ _3_ 
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11. 2x^ + - 3x + 10, -17. 

14. I* - 2i® + 5i2 - lOi + 21, -41. 
17. 2j^ - 21* - 2x2 + 4 g_ 


10. I® + x2 + 2x - 3. -8. 

13. + x2 + 2x2 + 3x + 6_ j 3 

16. x^ + x’ - x2 - 6, -23. 

19. -19, -19, -46. 20. 54, 152, 14. 


1. -0.9, 1.7, 3.2. 

6. -3.1, -0.8, 2.9. 
10. -3.1. 

14. -1.7, -1, 1, 1.7. 


Exercise 76 

2. 0.8, -1.5, -3.2. 

7. -1.7. -0.2, 2.9. 
11. 3.2. 

16. 0.3, 1.5. 


22. -25, 2, 57. 


4. -2.2, -0.8, 2.9. 

8. -4.9, 1.5, 3.4. 
13. -1.7, 1.7. 


Exercise 77 

1. -j. -4. 2. 2 +3t, -1. 4. —n/ 5. -f. 

6. l+\/2,- 3 . 7. l+2i, ±1. 8. - V?, 2 ± 2i. 

10. -2 + \/3, itt. 11. x* - 2x + 4 » 0. 

13. x^ - 4x2 + 6x2 - 4x + 5 = q I4. x* - lOx* + 27x* + 20x - 58. 

16. x^ - Gx* + 8x2 + 2x - 1 » 0. 17. i« - Ci* - Sx* + 42x - 28 = 0. 

19. x^ - 12x2 ^ Q5_p2 _ 2i2x + 2G0 « 0. 

20. -4, -7. 22. 0. 1. 23. 7, 0. 

25. 0, 3. 26. i -4. 

28. x* - 3x2 - 6x + 8 = 0. 29. x» + 2x2 _ igj. = q. 

31. x* - 7x2 + 14x - 8 = 0. 32. X* + 3x2 - 4 = q. 

34. x2 + 2x2 - 4x - 8 = 0. 36. x« - 2x» - x* + 2x « 0. 


Exercise 78 


1. 

-3, 1. 

2 . - 1 , 3 . 

4. 

-2, 1. 

6. 

-1. 4. 

7 . - 3 , 4 . 

8. 

-3, 3. 

10. 

- 3 . 3 . 

11 . - 6 , 5 . 

13. 

-2, 2. 

14. 

- 4 . 3 . 

16. -1.2. 

17. 

-2. 3. 


19. One positive root and two imaginary roots. 

20. One negative root and two imaginary roots. 

22. One negative root and two imaginary roots. 

23. One negative root. The other two are cither positive or imaginary. 

26. Three roots are positive or one root is positive and the others imaginary. 

26. Three roots are positive or one root is positive and the others imaginary. 

28. One positive root, one negative root, and two imaginary roots. 

29. There is one positive root. The other roots are all negative or one is negative 


'^"sL^Tliete Is positive root. There are four, two, or no negative roots. Hence 

there are zero, two, or four imjiginary roots. 

32 There are two positive roots or no positive roots, and two negative roots or no 
noffAtive roots. Hence there arc zero, two, or four imaginary roots. 

34. There are cither three positive rooU or one positive root. There is one ncgativ 

root. Hence there are two or four imaginary roots. 
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Exercise 79 


1. 

1. 

±2i. 

2. 

-1. ±iv 3. 

4 . 


2. -2. 3. 

6. 

1. 

1. -4. 

7. 

3, 1 ± i 


8. 

2, 

2 ± 3j. 

10. 

1 

if 

±1. 

11. 

1 ±3.-. 


13. 

— 

1 -1 i 

2 . 2. 2* 

14. 


V X i 

3* 3* 

16. 

m 

”3* “ 

1 ± 2«. 

17. 

2. 







-1 ± 

22. 

0, 


19. 


3 . - 2 , ± 1 . 

20. 

-2. 3, 

2 

-1.2, 4. 

23. 

— 

1 0 . ±i. 

26. 

y y 

•i> 3i 


26. 

— 

§. i ±«- 


28. {I - 2){4j2 + 4x + 5). 29. (2z + l)(x2 - 4^ + 11). 

31. (j - l)(x + !)U + 2)*. 32. (X - 2)(r + 2nr - 4x + 5). 

34. (X + l)-{x - l)(x +2)(x - 2). 


Exercise 80 


1. 

1.51. 



2. 

2.27. 



4. 

1.68. 



6. 

2.04. 



7. 

0.33. 



8. 

2.93. 



10. 

0.36. 



11. 

1.38. 



13. 

-1.11, 

1.25, 

2.86. 

14. 

-0.83, 

0.34, 

3.49. 

16. 

-0.94, 

2.46, 

3.47. 

17. 

-0.2.5, 

1.45, 

2.80. 

19. 

-0.47. 

1.12. 

2.35. 

20. 

-0.93. 

0.52, 

2.08. 

22. 

0.89. 




23. 2.07. 


Exercise 81 


1. x2 + 3x + 5 = 0. 

4. 2x* - 3x - 4 - 0. 

7. x^ - 3x + 2 = 0. 

10. X* + x2 - I - 6 = 0. 

13. 4x* - 4jr + X + 2 = 0. 

16. _ 4 4 _r 2 + i.i2j - 1.592 = 0. 


2. 3x= - 6x - 1 = 0. 

6. x' - 6x^ - 4x2 + 2x - 1 _ Q 
8. x2 — 5x + 0 = 0. 

11. 3x2 + 4x2 - X - 14 - 0. 

14. 2x2 - 11x2 + 12x = 0. 

17. x* - 8,5x2 - 9.25X - 3.375 = 0. 


Exercise 82 


1. 0.513. 2. 

6. 2.328. 7. 

1.272. 

2.376. 

4. 3.691. 

8. 1.550. 

10. 2.382. 

13 -1.935,1.463,2.473. 

16. -1.929, -0.482, 1.077. 

19. -0.93. 2.42. 

22. -1.58,0.88. 


11. -2.115, 0.254, 1.861. 

14. -1.247, 0.445, 1.802. 

17. -1.473, 0.126, 1,347. 

20. 0.36, 3.06. 

23. -0.90, 1.50. 


Exercise 83 

22. V2 (cos 45* + I sin 45*). 
26. 2(cos 60* + » sin 60*). 

28. 2(cos90* + isin90*). 

31. 2(cos 45° + j sin 45*). 


23. 4v^ (cos 315* + i sin 315°). 
26. 4(cos 300* + 1 sin 300*). 

29. 3(cos 180* + i sin 180*). 

32. 16(cos 330* + 1 sin 330*). 
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34. 2-\/7 (cos 300° + i sin 300°). 
37. -s/SO (cos 338° + i sin 338°). 


36. 5(cos 53° + i sin 53°). 

38. 25(cos254° + isin254°). 


40. V3 + i. 


.. 5 V 3 ^ 5 . 

49. 1.26 + 1.55i. 


1 . 12i. 

, ZVZ 3 
6 - -^ + 2 *- 

,.5 5 V 3 . 

2 2 


41. 4 + 4iV3. 
46. - 61 . 

Exercise 84 
2 . - 12 . 

7. 2i. 


V2 V2 

47. 2 O 1 . 


11 . 12 . 


14. 0.766 + 0.6431. 

17. 6\/2 (cos 345* + i sin 345°). 
20. 20\/2 (cos 135° + 1 sin 135°). 

V 2 

23. — (cos 345° + i sin 345°). 
26. |(cos30°+isin30°). 


, 7 7 V 3 . 

"2'^“2“‘- 


8. -9. 


13. 0.643 + 0.766t. 

16. 2 V 2 (cos 75° + i sin 75°). 

19. 81 . 

22. 6 V 2 (cos 315° + i sin 315°). 
3X^2 

26. (cos 45° + i sin 45°). 

28. 4(cos 330° + i sin 330°). 


Exercise 86 


1. 9(co8 40° + i sin 40°). 

4. 25(cos80° + isin 80°). 

7. cos 340° + i sin 340°. 

10. 8 (cos 90° + t sin 90°). 

13. 1024(cos 00° + i sin 60°). 


2. 8 (cos 105° + t sin 105°). 

6 . 256(cos 200° + i sin 200°). 

8 . I28(cos300° +» sin 300°). 

11. 10(cos 240° + I sin 240°). 

14. 128v^ (cos 135° + 1 sin 135°). 


16. 5(cos 67° + t sin 07°). 5(cos 247° + i sin 247°). 

17. 3(cos 50° + 1 sin 50°), 3(cos 170° + i sin 170°), 3(cos M0° +1 sin 290 ). 

19. cos 20° + I sin 20°. cos 92° + i sin 92°, cos 164° + i sin 164°, 

CO.S 230° + I sin 236°, cos 308°+i sin 308°. 

20. 2(cos 70° + I sin 70°), 2(cos 160° + » sin 160°), 2(cos 250 + 1 sin 250 ), 

2(cos 340° + 1 sin 340°). ^ 

22. CO.S 30° + i sin 30°. cos 150° + » sin 150°, cos 270 + t sin 270 . 

23. cos 67^° + i sin 67^°. cos 157^° + * sin I57|°, cos 2471 + : sm 247J , 

co.s337i° + isin337^°. „ .. 

26. 3. 3(cos 00° + i sin 90°). 3(cos 180° + t sin 180°), 3(cos 270 + * sm 270 ). 
26. 3(003 60° + i sin 60°), 3(cos 180° + i sin 180°), 3(cos 300 + * sin 300 ). 


28. -243. 


31. i. 


1 V3 . 

29. -2 + ^'- 

1 Vs. 

32. - r - — *• 

2 2 


34. 1.38 + 0.05471, 0.376 + 1.33.-. -1.15 + 0.769i. -1.09 - 0 . 868 .-. 0.480 - LSOt’, 
36. —0.493 + l«45i, —1.01 — l.ISi, 1.50 — 0,290?. 
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\/2 V2 V2 V2 . 


V2 , V2 V2 . 


i. 


38. -1, 1, 


40. -I,». 


-1 ± iV^ 1 ± 1 V 3 


2-1 v '2 V 2 , 2 + Vi Vi 
-2--2-2~ '■ 


1 . 


6 . 


X + l X 

4 3 


3x + I 3x - I 


2 4 

10. --r + 


2x + 3 2x - 3 X 

5 4 3 

13. -r-- + 


Exercise 86 

2 . 1 -!— 

X X + 3 
2 3 

7. :- + 


1-3 x-4 x+2 

-18 4 

+ 2— - 3— 


3x + 1 X - 1 


1 


4. 


+ 


1 


2x - 1 X - 2 

8.-L+_L 

2x + 3 X - 2 
■> 


11 . - + 

X x-4 x+2 

1 1 2 
14. - + 


x+2 x-2 x+1 


1 . 


4. 


r _ 4 (r - 4)2 


I 


+ 


I 


Exercise 87 

2 . 


X - 1 (X - 1)2 (X - 1)» 

7 _3_!- + _l_. 

■ X - 2 X - 1 (X - 1)2 

2 3 2 , 14 

■ X X* X - 3 (x - 3)2' 


(2x - 1)2 2x - 1 

r 2 3 

6. r-r - ^-5 + 


8 . 


II. 


3x + 1 (3x + 1)2 (3x + 1)2 

10 4 3 

X +6 X + I (X + 1)2' 

_1 _ 2 _ 

x + 1 (X - 1)*' 


13. 


1 


I 


+ 


1 


+ 


2x - 3 3x + 2 ■ X - 2 ’ (X - 2)2 
1 2 1 1 2 
3x + 1 “ 2x - 1 X +3 (X +3)*' 

1 , 2 ,1.1 

2x - 1 '*■ (2x - 1)2 x-2 **■ (X - 2)2 


1 . 


4. 


-1- + ^ 
X - 2 ^ x2 + 5 
-5 a 


1-2 2x2 + 2x + 1 

7.-^_^+ 


10 . 


13 . 


x + 2 x + 1x2 + 2 
3x 2 

** +i + 1 

x + 1 


(x - 1)2 
X 


Exercise 88 


2i* + x + 2 3x2- x + l’ 


2 . 


6 . 


1 


1 


x + 1 X* + 3 
■» 3x + 2 


x-i x*-x-5' 

“■i + xVr+iVi- 


11 . 


3x + 2 2x - 3 


x* + l x2 + 2‘ 

14. - + 2 

x2 + 2x + 2‘'’i*-l>x + 2 
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Exercise 89 


^ 3i 2r + 5 

■ ^+2 “ (r2 + 2)2' 

+ 1 2j - 1 

(2-2 + 2)- 

7 _^ 

' + 1 ^ (l2 + 1)2 (x2 + 1)J 

1 2 X - 4 

x2 2x2 + 1 ^ (2 j2 + 1 )2 

13 2 :-3 2x 

■ (x2 - 2x + 2)2 x2 - 2x + 2 


„ X + 1 2x - 3 
x2 + l (x2 + l)*' 

g 1 _ 3x - 5 

®'x2-x + 4 (x2-x + 4)’' 

g 3___1 _ 2:r-3 

X x* - 2x + 3 (x2 - 2x + 3)2 

12 X 2 

i (x2 + 5)2 “ TTs’ 


.. 2 . x + 1 . 2x-5 

14. ■— + ^ ^ 

2x - 1 x2 + X + 2 (x2 + X + 2)2 


Exercise 90 


1. IG, 12. 

8 . 30,000. 

10. 6,760.000; 3.276,000. 
14. 72. 

19. 30.240; 17,280; 8640. 


2. 125, 60. 

7. 1024. 

11 . 210 . 

16. 2880; 17,280; 5760. 
20. 75, 126. 


4. 375, 72. 
8 . 30. 36. 
13. 144. 

17. 72, 144. 


Exercise 91 


1. 7, 210, 840, 5040. 

6 . 5040:40.320:604,800. 
10. 60,480. 

14. 12. 630. 1512. 

19. 13.860. 

23. 1440, 3600. 


2. 64. 

7. 60. 

11. 4320, 720. 
16. 1260. 

20. 720. 5040. 


Exercise 92 


1. 465; 2600; 10,626; 1287. 
4. 66. 


8 . 330, 462, 672. 
13. 20,592. 

17. 127. 

22. 70. 


2 . 1820. 

6 . 36. 84. 

10 . 112 . 

14. 8820; 16,170. 

19. 1023. 

23. 90. 


4. 120, 20, 60. 
8 . 72. 

13. 34,560. 

17. 90,090. 

22. 80,640. 


7. 35. 

11. 1960. 

16. 246,960. 
20. 42. 

26. 210. 


1. k- 
e. I i ^ 

10. 

14. i f 

19. tM- 


Exercise 93 


2. 4. T- 

7. 


tVi iV» tV- 
11. tV. I 
H' tVsV- 

BTi tV. I- 


16. 

20 . 


4. 

8 . 

13. TTTi tVp tV- 
17. 
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Exercise 94 


i 16 2 ^ 2 0 

!• ?T. s r- 

c I \ \ II 

TST5» VrcfZf tZXS’ 

10. U 

14. i $37o. 

19. «,00. W.29. 


n 1 

6. I ff. TS- 

7 1 u 

• Tir. iT- 

U 7 7 T 

• TT* 515. TT- 

16. I, ttj- 
20. ^7.07, $S.-10. 


4- rnrr. Tfor. bV- 

8 2 1 0 3 17 A 

• X5T5. TJT. 51521 

13* T57* T51« 

17. $GGi 925, S6|. 


Exercise 96 


1 3 1 _fL 

!• X. 4. tir- 

4 1 6 IS 20 I 0 0 I . Q 

• 7T. BT. rt- 5T. ?»T. BT. BT- ■>• 

7. 2 1. 

10. -rta'T- sH' ro'4T' rB'-ii- 


11. 0.887, 0.770, 0.r)02. 
16. 0.702, 0.271. 


A a 1 a .“v « 3 .s _a o_ 

2 . rrrs, isffff. T7 7^- 

6. 0.2^01, 0.41 Hi, 0 .3483. 
8. O.OOG, 0.180, 0.288. 


13. $-1,704.4.5. 
17. 0.271. 0.50*1. 


14. $843.14, $'U4.15. 
19. 0.«07. 0.203. 


1. -06. 
6. -26. 
10. -225. 


Exercise 97 


2. 61$. 
7. 406. 
11. 1083. 


4. -132, 
8. 4. 

13. 27. 


Exercise 98 

1. X = y = -H- 2. X = 10, y = 25. 4. x = 1, y = 2, a = -3. 

5. X = 3, y = 0, 2 = 2. 7. X = 1, y = -1, 2 = 1. u- = -1. 

8. I = 2, y = -3, 2 = -2, u> = -1. 10. x = 2, y = 0, 2 = -3, u» = -4. 

11. I = j, y = ?-, 2 = 1. w = —I- 13. X = -2, y = 3, 2 = §, «t> = — 

14. X = -® 5 ^, y = - 5 , 2 “ 2. = “i- 


Exercise 99 

1. X = §, y = —V 2. Inconsbtcnt. 4. x = —4, y = 2. 

6. X = 4, y = —3. 7. Inconsistent. 8. x = 2, y = 2, 2 = —2. 

10. X = 1, y = 3, 2 = —2. 11. Inconsistent. 

13. X = 0, y = 0. 14. X = |A;, y = k. 

16. X = 2k, y = —3fc, 2 ■» k. 17. x = k, y => Jfc, 2 = fc, 

19. I = 2A-, y = A-, 2 = fc. w =. -4*. 20. x * \k, y = ^k, 2 = ffr, u. = k. 






INDEX 


Abscissa, 67 

AI)solute inequality, 197 
Absolute value, 3 
of a complex number, 244 
Addition, algebraic, 3 
associative law for, 3 
commutative law for, 3 
of complex numbers, 120, 242 
of fractions, 42 
of radicals, 114 
Algebraic expression, 2 
American Experience Mortality Table, 
304 

Antilogarithrn, 131 
Arithmetic means, 183 
Arithmetic progression, 182 
common difference of an, 182 
elements of an, 185 
extremes of an, 183 
means of an, 183 
nth term of an, 183 
sum of an, 184 

Associative law, for addition, 3 
for multiplication, 0 
Axes, coordinate, 67 
Axis, pure imaginary, 243 
real, 243 

Base, 10 

of a logarithm, 124 
Binomial, 3 
cube of a, 20 
nth power of a, 203 
square of a, 17 
Binomial formula, 203 
general term of the, 204, 205 
proof of the, 209 
Binomial theorem, 202, 203 
Braces, 7 
Brackets, 7 

Characteristic, 128 

rule for the, 130 
Clearing of fractions, 55 
Coefficients, 2 


Coefficients, in terms of the roots, 223 
Combinations, 268 
formula for, 269 
total number of, 270 
Common difference, 182 
Common logarithms, 128 
table of, 302, 303 
Common ratio, 188 
Commutative law, for addition, 3 
for multiplication, 9 
Complete quadratic equation, 141 
Completing the square, 143 
Complex fractions, 46 
Complex plane, 243 
Complex number, 119 
absolute value of a, 244 
amplitude of a, 244 
graphical representation of a, 243 
imaginary part of a, 119 
polar form of a, 245 
powers of a, 249 
real part of a, 119 
rectangular form of a, 244 
roots of a, 249 
trigfinometric form of a, 245 
Complex numbers, conjugate, 119 
fundamental operations with, 120, 242 
Conditional equation, 50 
Contlitional inequality, 197 
Consistent equations, 76 
Constant, 64 
of proportionality, 97 
of variation, 97 
Coordinate, axes, 67 
system, 67 

Coordinates of a point, 67 

Cube of a binomial, 20 

Cubes, factors of tlie difference of two. 

27 

factors of the sum of two, 27 
table of, 301 

Degree, of an equation, 212 
of a polynomial, 24 
De Moivre’s theorem, 249 
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Denominator, lowest common, 42 
Dependent equations, 76 
Dependent events, 276 
Dependent variable, 65 
Depressed equation, 228, 229 
Descartes’ rule of signs, 225, 226 
Determinant, element of a, 284 
expansion of a, 88, 284, 288 
minor of a, 289 
of nth order, 283, 284 
of second order, 88 
of third order, M 
properties of a, 284 
value of a, 284 
Difference, common, 182 
of two cubes, 27 
of two squares, 25 
Direct variation, 97 
Discriminant, 153 
Division, definition of, 12 
of fractions, 39 
of multinomials, 13 
of numbers in polar form, 247 
of radicals, 116 
rule of signs for, 13 
synthetic, 214 
Double roots, 220 

Element, of a determinant, 284 
ofaG.P., 188 
of an A.P., 185 
Elimination, by addition or subtraction, 
78 

by substitution, 77 
Ellipse, 167 
Equations, 50 
conditional, 50 
consistent, 76 
containing radicals, 150 
degree of, 212 
dependent, 76 
depressed, 228, 229 
equivalent, 51 
exponential, 138 
fractional, 79 

graphical solution of, 73, 74,158,169, 
170,218 

inconsistent, 76 
independent, 76 
in quadratic form, 147 
linear, 52 
members of, 50 


Equations, of nth degree, 212 
operations on, 51 
polynomial, 212 
quadratic, 141 
rational integral, 212 
roots of, 50 
solution of, 50, 70 
systems involving quadratic, 166 
systems of linear, 73, 297, 299 
transformations of, 234 
Events, dependent, 276 
independent, 275 
mutually exclusive, 277 
Expansion, of a binomial, 202, 203 
of a detenninant, 88,284, 288 
rth term of a binomial, 204, 205 
Expectation, mathematical, 278 
Exponential equations, 138 
Exponents, positive integral, 10,103 
laws of, 103 
negative integral, 105 
zero, 105 

Expression, algebraic, 2 
rational integral, 24 
Extraneous roots, 52 
Extremes, of a progression, 183,188 
of a proportion, 95 

Factors, 2 
common, 30 
literal, 2 

of difference of two cubes, 27 
of <lifference of two squares, 25 
of sum of two cubes. 27 
prime, 25 

Factor theorem, 213 
converse of the, 213 
Factorial n (n!), 201 
Formula, binomial, 203 
proof of the binomial, 209 
quadratic, 146 
Fourth proportional, 95 
Fractions, addition and subtraction of, 
42 

complex, 46 

lowest common denominator of, 42 
multiplication and division of, 39 
partial, 253 
proper, 253 

reduction to lowest terms, 37 
rules of signs for, 36, 37 
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Functions, 65 
RTuph of a, 69 
linear, 71 
zeros of a, 70 
Functional notation, 65 
Fuiuliunentul operations, 2 
with complex numbers, 242 
Fundamental theorem of algebra, 219 

General term of the binomial formula, 
204, 205 

Geometric progression, 188 
elements of a, 188 
extremes of a, 188 
infinite, 192 
means of a, 188 
nth term of a, 188 
sum of a, 188, 193 
Graph, of a function, 69 
of a linejjr function, 71 
of a polynomial, 218 
of a quadratic function, 157 
Graphical solution, by successive en¬ 
largements, 230 
of polynomial equations, 218 
of quadratic equations, 158 
of systems of linear equations, 74 
of systems of quadratic equations, 170 
Grouping symbols, 7 
rules for removing and inserting, 8 

Homer’s method, 237 
Hyjjerbola, 168 

Identity, 50 

Imaginary number, 118, 119 
pure, 119 

Imaginary roots, 153, 221 
Imaginary unit (i), 119 
Inconsistent equations, 76 
Independent equations, 76 
Independent events, 275 
Independent variable, 65 
Induction, mathematical, 206 
Inequality, 195 
absolute, 197 
conditional, 197 
members of an, 195 
properties of an, 195, 196 
sense of an, 195 
symbols of an, 2, 195 
Interpolation, 133 


Inverse variation, 98 
Inversions, 283 
Irrational equation, 150 
Irrational number, 1 
Irrational roots, 153 
by Horner's method, 237 
by successive enlargements, 230 

Joint variation, 97 

Law, associative, 3, 9 
commutative, 3, 9 
distributive, 9 
I^ws, of exponents, 103 
of logarithms, 126, 127 
of radicals, 111 
Like terms, 3 
combining or collecting, 4 
Limits for the roots, 224 
Linear cciuations, 52 
systems of, 72, 297, 299 
I^ogarithnis, 124 
base of, 124 
characteristic of, 128 
common, 128 
laws of. 126, 127 
mantissa of, 128 
natural, 128 

rule for the characteristic, 130 
table of. 302, 303 
to different bases, 139 
Lowest common denominator, 42 
I/)wost common multiple, 33 
Ix)wost terms of a fraction, 37 

Mantissa, 128 

Mathematical expecbition, 278 
Mathematical induction, 206 
Mathematical prol)abiIity, 280, 281 
Maximum value of a quadratic function 
160 

Mean proimrtional, 95 
Means, arithmetic, 183 
geometric, 188 
of a proi>ortion, 95 
Mcinl)er, of an equation, 50 
of an inequality, 195 
Minimum value of a quadratic function 
159 

Minor of a determinant, 289 
Monomial, 3 
Mortality table, 304 
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Multinomial, 3 
square of a, 17 
Multiple, lowest common, 33 
root, 220 
Multiplication, 9 
associative law for, 9 
commutative law for, 9 
distributive law for, 9 
of fractions, 39 
of multinomials, 11 
of radicab, 115 
rule of signs for, 10 
Mutually exclusive events, 277 

Nature of the roots, 153 
Negative exponents, 105 
Notation for functions, 65 
Number, absolute value of a, 3 
complex, 119 
imaginary, 118 
irrational, 1 
literal. 2 

numerical value of a, 3 
pure imaginary, 119 
rational, 1 
real, 1 

roots of a, 107 
Number scale, 1 

Operations, fundamental, 2 
on equations, 51 
^\-ith complex numbers, 120, 242 
with zero, 14 
Order of a radical, 108 
Ordinate, 67 
Origin, 67 

Parabola, 157 
Parentheses, 7 
Partial fractions, 253 
Pascal's triangle, 211 
Pennutations, 264 
circular, 267 
formula for, 265 
of things not all different, 266 
Point, coordinates of a, 67 
Polynomial, 24 
degree of a, 24 
graph of a, 218 

Powers, 10 
of a binomial, 202 
of a complex number. 249 


Powers, of i, 119 
table of. 301 
Prime factor, 25 
Principal root, 108 
Probability, experimental, 280, 281 
in multiple events. 275 
in repeated triab, 279 
in single events, 273 
mathematical, 274 
Product of the roots, 154, 223 
Product of the sum and difference, 16 
Progression, arithmetic, 182 
geometric, 188 
infinite geometric, 192 
Proof of the binomial formula, 209 
Proper fraction, 253 
Properties of a determinant, 284 
Proportion, 95 
extremes of a, 95 
means of a, 95 
Proportional, fourth, 95 
mean, 95 
tliird, 95 

Proportionality constant, 97 
Pure, imaginary axis, 243 
imaginary number, 119 
quadratic equation, 141 

I 

Quadrants, 67 

Quadratic equation, 141, 166 
complete, 141 
discriminant for a, 153 
formula for a, 146 
graphical solution of a, 158 
nature of the roots of a, 153 
product of the roots of a, 154 
pure, 141 

solution by completing the square, 143 
solution by factoring, 142 
standard form of a, 141 
sum of the roots of a, 154 
Quadratic form, 147 
Quadratic formula, 146 
Quadratic surd roots, 221 
theorem on, 221 

Radical equation, 150 
Radicab, 108 
addition of, 114 
disTsion of, U®, . 
equations containing, 150 

index of, 108 
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Radicals, laws of, 111 
like, 114 

inuUi|)li('atioi) of, 115 
onler of, 108 
simplest form of. 111 
Radical sign, lOS 
Radicand, 108 
Ratio, 94 
common, 188 

Rational integral equation, 212 
Rational integral expre.-^sion, 24 
Rationalizing the <lennminatur, 111 
Rational number, 1 
Rational roots, 153, 227 
Real axis, 243 
Real number, 1 
Real number system, 1 
Rectangular coordinate system, 67 
Reduction of a fraction, 37 
Remainder theorem, 212 
Repeated trials of an event, 279 
Root, of a number, 107 
of a complex number, 249 
principal, 108 
Roots of an equation, 50 
double, 220 
equal, 153 
extraneous, 52, 150 
imaginar>', 153, 221 
limits for the, 224 
multiple, 220 
nature of the, 153 
rational, 153, 227 
real, 153 
simple, 220 
triple, 220 

Roots, a table of, 301 
Rounding off, 133 
Rule of signs, 3, 4, 5, 10, 13 
Descartes’, 225, 226 
for fractions, 36, 37 

Sequence, 182 

Simplest form of radicals, 111 
Square, of a binomial, 17 
of a multinomial, 17 
Squares, a table, 301 
difference of two, 25 
Standard form, 141 
Stated problems, 57. 85, 162 
Statistical probability, 281 
Subtraction, definition of. 4 


Subtraction, rule of signs for, 5 
Successive enlargements, 230 
Symbol, factorial, 201 
Symbols, of grouping, 7 
of inequalities, 2, 195 
Syntbetic division, 214 
System of coordinates, 67 
Systenis involving quadratic equations. 

160 

Systems of linear equations, 73, 299 

Table, of logarithms, 302, 303 
of mortality, 304 
of powers and roots, 301 
of trigonometric functions, 305 
Terms, 2 
like, 3 

of a determinant, 284 
of an expression, 2 
of a sequence, 182 
Theorem, binomial, 202, 203 
I)e Moivre's, 249 
factor, 213 
fundamental, 219 
remainder, 212 
Tbirtl proportional, 95 
Transformations of eejuations, 234 
Transposing terms, 53 
of an inequality, 196 
Trial divisor, 238 
Trinomial, 3 
factoring a quadratic, 28 
square of a, 17 

Unit, imaginary, 119 
Unknowns, 50 

Value, absolute, 3, 244 
maximum, 160 
minimum, 159 
numerical, 3 
of a determinant, 284 
Variable, 64 
dcj)endent, 65 
indepwiident, 65 
Variation, direct, 97 
inverse, 98 
joint, 97 

Zero, as an exponent, 105 
of a function, 70 
ojorations with, 14 
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